A MAY-TYPE SPECTRAL SEQUENCE FOR HIGHER TOPOLOGICAL

HOCHSCHILD HOMOLOGY

G. ANGELINI-KNOLL AND A. SALCH

ABsTRACT. Given a filtration of a commutative monoid A in a symmetric monoidal sta-
ble model category C, we construct a spectral sequence analogous to the May spectral
sequence whose input is the higher order topological Hochschild homology of the associ-
ated graded commutative monoid of A, and whose output is the higher order topological
Hochschild homology of A. We then construct examples of such filtrations and derive
some consequences: for example, given a connective commutative graded ring R, we get
an upper bound on the size of the THH-groups of Eq-ring spectra A such that 74 (A) = R.
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Suppose A = FpA 2 F1A 2 F,A 2 ... is afiltered augmented k-algebra. In J. P. May’s
1964 Ph.D. thesis, [24], May sets up a spectral sequence with input Ext*;* (k, k) and which
EO

*
A

converges to Ext} (k, k). Here EfA = ®,>0F,A/F, 1A is the associated graded algebra of

A.

In the present paper, we do the same thing for topological Hochschild homology and
its “higher order” generalizations (as in [28]). Given a filtered E-ring spectrum A, we
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construct a spectral sequence
(1.0.1) E., ~THH,(EfA) = THH,(A).

Here Ej A is the associated graded E-ring spectrum of A; part of our work in this paper
is to define this “associated graded E.,-ring spectrum,” and prove that it has good formal
properties and useful examples (e.g. Whitehead towers; see 1.0.5, below).

More generally: given any generalized homology theory H, and given any simplicial
finite set X,, we construct a spectral sequence

(1.0.2) Eyy 2 Es(Xe ®EFA) = E(Xo ® A).

We recover spectral sequence 1.0.1 as a special case of 1.0.2 by letting E, = 7, and letting
X, be a simplicial model for the circle S'.

A major part of the work we do in this paper is to formulate a definition (see Defi-
nition 3.1.1) of a “filtered E,-ring spectrum” which is sufficiently well-behaved that we
can actually construct a spectral sequence of the form 1.0.2, identify its E'- and E®-terms
and prove its multiplicativity and good convergence properties. Actually our constructions
and results work in a somewhat wider level of generality than commutative ring spectra:
we fix a symmetric monoidal stable model category C satisfying some mild hypotheses
(spelled out in Running Assumptions 2.0.2 and 2.0.3), and we work with filtered com-
mutative monoid objects in C. In the special case where C is the category of symmetric
spectra in simplicial sets, in the sense of [15] and [30], the commutative monoid objects
are equivalent to E,-ring spectra. Our framework is sufficiently general that an interested
reader could potentially also apply it to monoidal model categories of equivariant, motivic,
and/or parametrized spectra.

In the appendix, we construct a version of spectral sequence 1.0.2 with coefficients in a
filtered symmetric A-bimodule M:

(1.0.3) Ey, = Ey.(Xo® (EfAEfM)) = Ey(X. ® (A, M)),
and as a special case,
(1.0.4) E,L* ~ E.«THH(EJA,E;M) = E,THH(A,M).

Some of the most important cases of filtered commutative ring spectra, or filtered com-
mutative monoid objects in general, are those which arise from Whitehead towers: given
a cofibrant connective commutative monoid in C, we construct a filtered commutative
monoid

(105) A= T;()A =2 T)]A =2 T;zA 2...

where the induced map 7, (t>,A) — 7,(T>m—14) is an isomorphism if n > m, and
7n(t>mA) = 0 if n < m. While the homotopy type of 7=,,A is very easy to construct,
it takes us some work to construct a sufficiently rigid multiplicative model for the White-
head tower 1.0.5; this is the content of Theorem 4.1.5.

If C is the category of symmetric spectra in simplicial sets, then the associated graded
ring spectrum of the Whitehead tower 1.0.5 is the generalized Eilenberg-Mac Lane ring
spectrum Hrry (A) of the graded ring 7, (A). Consequently we get a spectral sequence

(1.0.6) El, = Ey.(X. ® HryA) = E (X @ A),
and as a special case,
(1.0.7) E., =~ THH, (Hn.A) = THH,(A).
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Many explicit computations are possible using spectral sequence 1.0.7 and its general-
izations with coefficients in a bimodule (defined in Definition 3.4.6, and basic properties
proven in Theorems 6.0.16 and 6.0.19). For example, in [1], G. Angelini-Knoll uses these
spectral sequences to compute the topological Hochschild homology of the algebraic K-
theory spectra of a large class of finite fields.

In lieu of explicit computations using our new spectral sequences, we point out that
the mere existence of these spectral sequences implies an upper bound on the size of the
topological Hochschild homology groups of a ring spectrum: namely, if R is a graded-
commutative ring and X, is a simplicial finite set and E is a generalized homology theory,
then for any E,-ring spectrum A such that 7, (A) =~ R, E4(X. ® A) is a subquotient of
E.«(X. ® HR). Here we write HR for the generalized Eilenberg-Maclane spectrum with
7+ (HR) =~ R as graded rings.

Consequently, in Theorem 5.2.1 we arrive at the slogan: among all the E;-ring spectra
A such that my. (A) = R, the topological Hochschild homology of A is bounded above by the
topological Hochschild homology of Hr,.(R). This lets us extract a lot of information about
the topological Hochschild homology of E,-ring spectra A from information depending
only on the ring ny(A) of homotopy groups of A. We demonstrate how to apply this idea
in Theorem 5.2.4 and its corollaries, by working out the special case where R = Zp [x]
for some prime p, with x in positive grading degree 2n. We get, for example, that for any
E 4 -ring spectrum A such that 7, (A) =~ Z,, [x], the Poincaré series of the mod p topological
Hochschild homology (S /p)«(THH(A)) satisfies the inequality

S am ) < L

and:

e If p does not divide n, then THH,;(A) = 0 for all i congruent to —p modulo n
such that i < pn — p — n, and THH,;(A) = 0 for all { congruent to —n modulo p
such that i < pn — p — n. In particular, THH)(p,—,—n)(A) = 0.

e If p divides n, then THH;(A) = 0, unless i is congruent to —1, 0, or 1 modulo 2p.

There is some precedent for spectral sequence 1.0.1: when A is a filtered commutative
ring (rather than a filtered commutative ring spectrum), M. Brun constructed a spectral se-
quence of the form 1.0.1 in the paper [8]. In Theorem 2.9 of the preprint [3], V. Angeltveit
remarks that a version of spectral sequence 1.0.1 exists for commutative ring spectra by
virtue of a lemma in [8] on associated graded FSPs of filtered FSPs; filling in the details to
make this spectral sequence have the correct E'-term, E-term, convergence properties,
and multiplicativity properties takes a lot of work, and even aside from the substantially
greater level of generality of the results in the present paper (allowing X, ® A and not
just S' ® A, working with commutative monoids in symmetric monoidal model categories
rather than any particular model for ring spectra, working with coefficient bimodules as
in 1.0.6), we think it is valuable to add these very nontrivial details to the literature.

We are grateful to C. Ogle and Ohio State University for their hospitality in hosting us
during a visit to talk about this project and A. Blumberg for a timely and useful observation
(that the Reedy model structure on inverse sequences may not have certain desired proper-
ties). The first author would like to thank Ayelet Lindenstrauss, Teena Gerhardt, and Cary
Malkiewich for helpful conversations on the material in this paper and for hosting him at
their respective universities to discuss this work.
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2. CONVENTIONS AND RUNNING ASSUMPTIONS

Conventions 2.0.1. By convention, the “cofiber of f : X — Y will mean that f is a
cofibration and we are forming the pushout ¥ [ [ O in the given pointed model category.
By convention we will write Y/X for Y | [,, 0 when f : X — Y is a cofibration.

We will write Comm( () for the category of commutative monoid objects in a symmetric
monoidal category C, we will write sC for the category of simplicial objects in C, and we
will write A for the symmetric monoidal product in a symmetric monoidal category C
since the main example we have in mind is the category of symmetric spectra where the
symmetric monoidal product is the smash product.

Running Assumption 2.0.2. Throughout, let C be a complete, co-complete left proper
stable model category equipped with the structure of a symmetric monoidal model category
in the sense of [32], satisfying the following axioms:

o The unit object 1 of C is cofibrant.

e A model structure (necessarily unique) on Comm( () exists in which weak equiv-
alences and fibrations are created by the forgetful functor Comm(C) — C.

e The forgetful functor Comm(C) — ¢ commutes with geometric realization of
simplicial objects.

e Geometric realization of simplicial cofibrant objects in ¢ commutes with the monoidal
product, i.e., if X,, Y, are simplicial cofibrant objects of C, then the canonical com-
parison map

1Xe A Y| = |Xo| A Y]
is a weak equivalence in C.
Here are a few immediate consequences of these assumptions about C:

(1) Since being cofibrantly generated is part of the definition of a monoidal model cat-
egory in [32], C is cofibrantly generated and hence can be equipped with functo-
rial factorization systems. We assume that a choice of functorial factorization has
been made and we will use it implicitly whenever a cofibration-acyclic-fibration
or acyclic-cofibration-fibration factorization is necessary.

(2) Smashing with any given object preserves colimits. Smashing with any given
cofibrant object preserves cofibrations and weak equivalences.

(3) Axioms (TC1)-(TCS5) of May’s paper [23] are satisfied, so the constructions and
conclusions of [23] hold for C. In particular, we have a natural filtration on any
finite smash power of a filtered object in ¢, which we say more about below.

(4) Since C is assumed left proper, a homotopy cofiber of any map f : X — Y between
cofibrant objects in C can be computed by factoring f as f = f,o f; with fj : X —
Y a cofibration and f> : ¥ — Y an acyclic fibration, and then taking the pushout
of the square

1

X;f/
0.

(5) In particular, if f is already a cofibration, the pushout map ¥ — Y ][0 is a
homotopy cofiber of f.

Running Assumption 2.0.3. In addition to Running Assumption 2.0.2, we assume our
model category C satisfies the following condition: a map X, — Y, in the category of
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simplicial objects in C is a Reedy cofibration between Reedy cofibrant objects whenever
the following all hold:

(1) Each object X,, and Y, of C is cofibrant.
(2) Each degeneracy map s; : X, — X, and s; : ¥,, — Y,41 is a cofibration in C
(3) Each map X,, — Y, is a cofibration in C.
A consequence of this assumption is that the geometric realization of a map of simplicial
objects in ( satisfying Item 1, Item 2, and Item 3 is a cofibration.

The main motivating example of such a category C satisfying Running Assumption
2.0.2 is the category of symmetric spectra in a pointed simplicial model category D, de-
noted S pp, as in [30]. In the case when (C is the category S pyp, then Comm((C) is the
category of commutative ring spectra and it is known to be equivalent to the category of
Es-ring spectra. The existence of the desired model structure on Comm(() is proven in
Theorem 4.1 of [32]. We ask that D admits the mixed X-equivariant model structure of [30,
Thm. 3.8], so that S p, may be equipped with the stable positive flat model structure. The
fact that the forgetful functor Comm(C) — ¢ commutes with geometric realization in the
stable positive flat model structure on ( is a consequence of [14, Thm. 1.6].

Under the additional hypothesis that D is a graded concrete category (see [2, Def. 3.1]),
the category S pp satisfies Running Assumption 2.0.3, as the authors prove in [2]. In fact,
in this setting Item 2 of Running Assumption 2.0.3 can be weakened to: each degeneracy
map s; : X, — X4 is levelwise a cofibration in 9. The main example of a category D
that satisfies all of these conditions is the category of pointed simplicial sets. Consequently,
the category of symmetric spectra in simplicial sets equipped with the stable positive flat
model structure satisfies all of our running assumptions.

3. CONSTRUCTION OF THE SPECTRAL SEQUENCE.
3.1. Filtered commutative monoids and their associated graded commutative monoids.

Definition 3.1.1. By a cofibrant decreasingly filtered object in C we mean a sequence of
cofibrations in C

B B A
such that each object I; is cofibrant.
Definition 3.1.2. By a cofibrant decreasingly filtered commutative monoid in C we mean:
e a cofibrant decreasingly filtered object
by g g
in C, and
e for every pair of natural numbers i, j € N, a map in C
Pij - I,' VAN Ij - I[+j,
and
e amapn: 1 — I,
satisfying the axioms listed below. For the sake of listing the axioms concisely, it will be
useful to have the following notation: if i’ < i, we will write fl.’/ : I; — Iy for the composite
f}i/ = Jir+1 Oﬁ/+2 Q- Oﬁ_l Oﬁ.

Here are the axioms we require:
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(Compatibility.) For all i, j,i’, j e Nwithi’ <iand j < j, the diagram

Pi.j
I,' N Ij e Ii+.i

" ! i+
T~ j Lffﬂ
Py

J
Ii/ /\I]/ éli/_i_j/

commutes.
(Commutativity.) For all i, j € N, the diagram

IiAIj

D
Xi.1; L o

Ij AN I,' ﬁp” 1i+j

commutes, where .1, : I; A I =1 i A I is the symmetry isomorphism in C.
(Associativity.) For all i, j,k € N, the diagram

id; Apjk
I,' AN [j AN Ik%I[ AN Ij+k

Pij /\id,kl Lpi,j+k

livj N I ———> Lt
commutes.
e (Unitality.) For all i € N, the diagram
1AL
nAid,,l \
Iy A I e I;

commutes, where the map marked = is the (left-)unitality isomorphism in C.
We will sometimes write 1, as shorthand for this entire structure.

Note that, if I, is a cofibrant decreasingly filtered commutative monoid in C, then I,
really is a commutative monoid in ¢, with multiplication map po : Io A Ip — Iy and unit
map 7 : 1 — Iy. The objects I; for i > 0 do not receive commutative monoid structures
from the structure of /,, but instead play a role analogous to that of the nested sequence of
powers of an ideal in a commutative ring.

Definition 3.1.3. Suppose I, is a cofibrant decreasingly filtered commutative monoid in C.

o We shall say that I, is Hausdorft if the homotopy limit of the I, is weakly equivalent
to the zero object: holim,, I,, ~ 0.

o We shall say that I, is finite if there exists some n € N such that f,, : I, — L, is
a weak equivalence for all m > n.

Remark 3.1.4. Definition 3.1.2 has the advantage of concreteness, but there is an equiv-
alent, more concise definition of a cofibrant decreasingly filtered commutative monoid.
Observe that the the data of a decreasingly filtered commutative monoid, without the cofi-
brancy conditions, is the same as the data of a lax symmetric monoidal functor

I : (N, +,0) —(C, A, 1).
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Recall that due to Day [9], the category of lax symmetric monoidal functors in ¢ is
equivalent to the category Comm " of commutative monoid objects in the symmet-
ric monoidal category (CN“P,®Day, Ipay) Where ®pay is the Day convolution symmetric
monoidal product also constructed in [9] and 1p,y is a cofibrant replacement for the unit
of this symmetric monoidal product. (See [13] for a modern treatment of this in the setting
of quasi-categories.)

In particular, a decreasingly filtered commutative monoid is therefore equivalent to an
object in Comm . Now we claim that ¢ with the projective model structure is cofi-
brantly generated and it is a monoidal model category satisfying the monoid axiom in
the sense of Schwede-Shipley [32]. The fact that a functor category with the projective
model structure is cofibrantly generated follows from [20, A.2.8.3]. Therefore, whenever
C is cofibrantly generated, as we assume in Running Assumption 2.0.2, then ' ad-
mits the projective model structure and it is cofibrantly generated. The fact that ¢ is a
closed symmetric monoidal model category satisfying the pushout product axiom follows
by Propositions 2.2.15 and 2.2.16 of the thesis of Isaacson [16]. To apply the theorem of
Isaacson, we need to enrich N°P in C by letting

1 >
iy { o=

0 otherwise,
where 1 is a cofibrant model for the unit of the symmetric monoidal product on C. This
ensures that all morphisms are “virtually cofibrant” in the sense of Isaacson [16]. We claim
that if I, is a cofibrant object in the projective model structure on ", then it is a sequence

/3 L f I bl Io

such that each map f; is a cofibration and each object /; is cofibrant, and we will prove this
in Lemma 3.1.5, which follows. We do not prove the converse statement that all cofibrant
objects in the projective model structure on ¢*'" are of this form and we make no claim to
its validity.

Due to Schwede-Shipley [32, Thm 4.1], if we equip the category Comm " with the
model structure created by the forgetful functor U : Comm """ — ¢, then cofibrant
objects in Comm ™" forget to cofibrant objects in " since ¢! is cofibrantly generated,
closed symmetric monoidal, and satisfies the pushout product axiom. Therefore cofibrant
objects in Comm ™" are cofibrant decreasingly filtered commutative monoids in C as
defined in Definition 3.1.1.

Lemma 3.1.5. Let D be a cofibrantly generated model category, and let inrO; ; be the
category of inverse sequences in D, i.e., functors N°° — D, equipped with the projective
model structure. (Recall that this is the model structure in whichamap F : X — Y isa
weak equivalence, respectively fibration, if F(n) : X(n) — Y(n) is a weak equivalence,
respectively fibration, for all n € N.) Let P be a cofibrant object in @5:5/" Then, for all
n € N, the object P(n) of D is cofibrant, and the morphism P(n+1) — P(n) is a cofibration
in D.

Proof. First, a quick definition:

e given a morphism f : ¥ — Z in D and a nonnegative integer n, let b, f : N — D
be the functor given by letting b, f(m) = Y if m > n, letting b, f(n — 1) = Z, and
letting b, f(m) = 1if m < n — 1. Here we are writing 1 for the terminal object
of D. We let b,f(m + 1) — b, f(m) be the identity map on Y if m > n, we let
b.f(n) = b,f(n—1)bethemap f : ¥ — Z, and we let b, f(m + 1) — b, f(m)
be the projection to the terminal objectif m < n — 1.
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¢ Given an object Y of D and a nonnegative integer n, we write ¢,Y for b, where

is the projection ¥ — 1 to the terminal object. It is easy to see that ¢, : D — D"

is a functor by letting ¢, f(m) : ¢,Y(m) — ¢,Z(m)be f : Y — Zif m > n and
cnf(m) =id; if m < n.

Fix some n € N, let ¢ : P(n) — W be a map in D, and let g : V — W be an acyclic

fibration in . We have a commutative diagram in Z)fr of"

(3.1.1) eV

h

P——sc,W

where h(n) : P(n) — ¢,W(n) is ¢ if m = n, where h(m) is the projection to the terminal
object if m < n, and where, if m > n, then h(m) is the composite
P(m) = P(m—1) = - > P(n+ 1) = P(n) - W = ¢, W(n).

Since ¢ and id; are both acyclic fibrations, the map c,g is an acyclic fibration in the pro-
jective model structure on D" . So there exists amap £ : P — ¢,V filling in diagram 3.1.1
and making it commute. Evaluating at n, we get that £(n) : P(n) — ¢,V(n) = V is a map
satisfying g o £(n) = ¢. So 0 — P(n) lifts over every acyclic fibration in D, so P(n) is
cofibrant in D.

Now suppose the map P(n < n+1) : P(n+1) — P(n) fits into a commutative diagram

v

(3.1.2) Pn+1)—

Vv
P(n<n+1) l lt

P(n) — w
in D, in which ¢ is an acyclic fibration. We have a commutative diagram in Q)Et’:j:

(3.1.3) eV

!

P_]> bn+1t
where i(n) : V. — W is t, where i(m) = idy if m > n, and where i(m) = id, if m < n; and
where j(n) : P(n) — Wis ¢, where j(n+1) : P(n+1) — Visy, where j(m) is projection
to the terminal object if m < n, and where, if m > n + 1, then j(m) is the composite
P(m) — P(m—1) — -+ — P(n+ 1) — P(n) -2 W = byt(n).

Since idy and ¢ and id; are all acyclic fibrations, we know that i is an acyclic fibration
in the projective model structure on D" . So there exists a map £ : P — ¢,V filling in
diagram 3.1.3 and making it commute. Evaluating ¢ at n yields a map

t(n): P(n) > c,V(n) =V



A MAY-TYPE SPECTRAL SEQUENCE FOR HIGHER TOPOLOGICAL HOCHSCHILD HOMOLOGY 9

such that

tof(n) =i(n)of(n)

i(
J(n)

(3.1.4) = ¢, and

tn+1)=idyol(n+1)
in+1)ot(n+1)
= jln+1)

=1, and

{myoPm<n+1)=c,Vin<n+1)ol(n+1)

(3.1.5) = idy oy,

Equations 3.1.4 and 3.1.5 express exactly that the map £(n) fills in the diagonal of dia-
gram 3.1.2, making it commute. So P(n < n + 1) lifts over every acyclic fibration. So
P(n < n+ 1) is a cofibration in D. O

Definition 3.1.6. (The associated graded monoid.) Let I, be a cofibrant decreasingly
filtered commutative monoid in C. By EI,, the associated graded commutative monoid of
1o, we mean the graded commutative monoid object in C defined as follows:

e “additively,” that is, as an object of C,
Efl =] [ I/l
neN
e The unit map 1 — E[1, is the composite

1 -5 Iy — Ip/I — E}IL.

(Note that Ej 1, is constructed as an Iy/I,-algebra).
e The multiplication on Ej 1, is given as follows. Since the smash product commutes
with colimits, hence with coproducts, to specify a map

Eil. A Ejl, — Ej1,
it suffices to specify a component map
V,"j : I,'/I,'+1 A Ij/1j+1 — Eakl.
forevery i, j € N. We define such a map V; j as follows: first, we have the commu-

tative square

Pi+1,j
Ligi A —— 14

fix1 /\idle lf}+j+l
Pi.j

Ii/\]j—>1i+j

so, since the vertical maps are cofibrations by Definition 3.1.2, we can take vertical
cofibers to get a map

Vij Liflivi AL = L/ ji,
which is well-defined by Running Assumption 2.0.2.
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Now we have the commutative diagram

Pi+1,j+1
Tivi A Tjg Tiyjyo
. Pi+1,j
Jrrrnidyyy, lipy A livjn
Jitj+2
Pij+1
Ii /\Ij-‘rl Ii+j+l Sitj+1
Pij
I,' AN Ij Ii+j
Vit
Li/livq A Ty Tivjv1/livj2
0
id/,-/li_*_] /\f}+1 ~
Vi)
Li/Tigy A Iivj/Iiy j+1

in which the columns are cofiber sequences. So we have a factorization of the com-
posite map V; ; o (id,l. Ly N fj+1) through the zero object by Running Assumption
2.0.2 Item 4. Thus, we have the commutative square

1,'/1,‘+1 AN Ij+1 —0

Lid’i/’ﬂrl A+ j

Li/Iigy A L)Ii+j/1i+j+l
and, taking vertical cofibers, a map
Li/ligy A /Ty — Tig /i s
which we compose with the inclusion map Iy j/liy jy1 — Ejl, to produce our

desired map V;j : Ii/Iiy1 A 1j/1;11 — E[ .. (Note that all these maps are defined
in the model category C, not just in Ho(C).)

3.2. Filtered coefficient bimodules. Now we lay out all the same definitions as in the pre-
vious subsection, but with extra data: we assume that, along with our filtered commutative
monoid object /,, we also have a choice of filtered bimodule object M,. These definitions
are necessary in order to get a THH-May spectral sequence with coefficients, something
that has already proven important in practical computations (e.g. of THH(K(F,)), in a
paper by G. Angelini-Knoll [1]), but these definitions involve some repetition of those in
the previous subsection, so we try to present them concisely.

Definition 3.2.1. Suppose we have a cofibrant decreasingly filtered commutative monoid
1. of a commutative monoid Iy in C. We therefore have structure maps p; j : I; A 1; — Iiy
and maps f; : ;1 — I; for each integer i and j. Let the sequence

&n+1 &n 82

M, M, -2

M,
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be a cofibrant decreasingly filtered object in C in the sense of 3.1.1. We call the sequence
a cofibrant decreasingly filtered /,-bimodule if we have maps

{ﬁij . M,‘ A Ij—>M,'+j
l,llf»ij . Il' AN Mj—>M,'+j
satisfying the following axioms. To write the axioms it will be helpful to use the notation,
8n = 8nm+1°8m+20 .08y forn=m.
(1) (Associativity.) The relations,
W;ﬂ;k © (Wij Addy) = ‘M,Hk o (idy, /\P./lk)
‘Mﬂ;k © (Wf,j Aidy) = wﬁ,f+k(idli /\lﬁ;,k)
wz‘[,ﬂ-k o (idy, /\‘//f‘,k) = wi[-&—j,k (pij A ida,)
hold for all integers i, j, and k.
(2) (Compatibility.) For i, j,i', ' integers such that i > i', j > j, the following
relations hold:
i’ M -
&ivj Vi =Viyo& A T)
i . o
giurjj © lﬁf, = lﬁ,'[/,j' © (le A gj' )-
(3) (Unitality.) The diagrams,

M0<—:M0/\S S/\MO;MO
idy, nm mAaid
Y0 j . MOL %
M() A\ 10 10 N M()

commute.

We say that the cofibrant decreasingly filtered bimodule M, is symmetric if the factor-swap
isomorphism
Xij - M; A Ij—>1j A M; satisfies lﬁ:] = lﬁfz o Xij-

Remark 3.2.2. As in Definition 3.1.3, we will say that a cofibrant decreasingly filtered
I,-bimodule M, is Hausdor{f if holim, M, is weakly equivalent to the zero object, and
we will say that M, is finite if there exists n € N such that f,, : M,, — M, is a weak
equivalence for all m > n.

Remark 3.2.3. Just as a cofibrant decreasingly filtered commutative monoid in C can
be considered as a cofibrant object in Comm " (See Remark 3.1.4), we can define a
cofibrant decreasingly filtered /,-bimodule as an cofibrant symmetric /,-bimodule in the
category of functors ™' .

Definition 3.2.4. (The associated graded bimodule.) Let I, be a cofibrant decreas-
ingly filtered commutative monoid in C, and let M, be a cofibrant decreasingly filtered
I,-bimodule. By ES‘ M,, the associated graded bimodule of M,, we mean the graded Eg‘ I,-
bimodule object in C defined as follows:

e “additively,” that is, as an object of C,
EXM, = ]_[M,,/M,,H.

neN
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e The left action map ESI, A EfM, — EjM, is defined as follows. Using the fact
that f; and g; 1 are cofibrations in the diagram,

W§+1,i
Ligi AMi —— M j14

fjAlM'l ngm

Ij/\Mif)Mi-Fj

it

we get a map ‘i’i,j s Li/ligy A Mi—> Miyj/M;y j11. We then observe that the

diagram,
¢§+1,i+1
i1 A Mgy Miyjia ,
. . w§+l.i
T niduy liy1 A M; Mitj
8i+j+2
l
Jit1
1A Miyy My fivjr
v,
Ij N M,' Mi+j
\i”flzﬂ
Li/liv1 A Mig Miyjr1/Miy 2
0
dryn g AgiA ¥
Jid
I/l A M; My /M i

produces a factorization of the the composite (id,j. L1 A git1) o ;. j through the
zero object. There is a commutative diagram

Ij/1j+l VAN Mi+1 — 0

iy, /\gil/ j

¥,
Li/Tisn A M; —= M /My j 1

which, since the maps f; and g; are cofibrations by Definition 3.2.1, produces a
map,
Wij o /T A Mi/Mipy — Moy j/ M.
We therefore have a module map,
Y U[j/1j+1 A HMi/Mi+1 —>uMk/Mk+1,
JjEN ieN keN

given on each wedge factor by the composite,

Litj

\Pi"
Li/lisy A Mi/Mi ) ——= Miyj/Miyjor — [ L Mi/Mis1,

where i,y j is the inclusion.
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e The right action map Ef Ms A Ef I, — EF M, is defined in the same way as above
and the symmetry of M, along with these maps gives E;M, the structure of a
symmetric bimodule over EjI,.

3.3. Tensoring and pretensoring over simplicial sets. We will write fS et for the cate-
gory of finite sets. First we introduce the pretensor product, which is merely a convenient
notation for the well-known “Loday construction” of [18]:

Definition 3.3.1. We define a functor
—&®— : sf Sets x Comm ¢ — s Comm C,
which we call the pretensor product, as follows. If X, is a simplicial finite set and A a
commutative monoid in C, the simplicial commutative monoid X XA is given by:
e Foralln € N, the n-simplex object
(X.®A), =[] 4
xeX,
is a coproduct, taken in Comm(C), of copies of A, with one copy for each n-simplex
X € X,,. Recall that the categorical coproduct in Comm(C) is the smash product
A.
e For all positive n € N and all 0 < i < n, the ith face map
d; (X0®A)n - (X0®A)n—l
is given on the component corresponding to an n-simplex x € X,, by the map
A — H A
YEXu—1
which is inclusion of the coproduct factor corresponding to the (n — 1)-simplex
5,'()6).
e For all positive n € N and all 0 < i < n, the ith degeneracy map
S;: (X0®A)n i (X0®A)n+l
is given on the component corresponding to an n-simplex x € X,, by the map
A- [] A
YEXp41
which is inclusion of the coproduct factor corresponding to the (n + 1)-simplex
oi(x).
We have defined the pretensor product on objects; it is then defined on morphisms in the

evident way.
We define the tensor product

—® — : sf Sets x Comm ¢ — Comm C
as the geometric realization of the pretensor product:
X. ®A = |X.RA|.

It is easy to check that X,®A is indeed a simplicial object in Comm(().

In the case that C is the category of symmetric spectra, the tensor product X, ® A
agrees with the tensoring of commutative ring spectra over simplicial sets. (This is proven
in [25], although using (an early incarnation of) S-modules, rather than symmetric spec-
tra; the symmetric monoidal Quillen equivalence of S-modules and symmetric spectra, as
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in [31], then gives us the same result in symmetric spectra.) The same is true when E is
a commutative S -algebra and C is the category of E-modules. In fact, the tensor product
defined in 3.3.1 agrees with the tensoring over simplicial sets in every case of a symmet-
ric monoidal model category whose category of commutative monoids is tensored over
simplicial sets that is known to the authors.

In particular, when X, is the minimal simplicial model for the circle, i.e., Xo = (A[1]/dA[1]).,
then X,&®A is the cyclic bar construction on A, and hence (by the main result of [25]) X, ®A
agrees with the topological Hochschild homology ring spectrum THH (A, A).

For other simplicial sets, X,®A is regarded as a generalization of topological Hochschild
homology, e.g. as “higher order Hochschild homology” in [28]. For the definition of ten-
soring a simplicial finite set with a commutative monoid with coefficients in a bimodule,
see the appendix.

3.4. The fundamental theorem of the May filtration. The fundamental theorem of the
May filtration relies on the following lemma. This lemma also occurs as Lemma 4.7 in
May’s [23]. (May’s treatment of this particular lemma addresses the question of the com-
patibility of cofiber sequence 3.4.1 with other cofiber sequences that arise naturally in this
context, but this is omitted from our treatment.)

Lemma 3.4.1. Suppose I,J are objects of C and I' — I and J' — J are cofibrations.
Suppose 1, J,I',J' are cofibrant. Let P denote the pushout (which, by Running Assumption
2.0.2, is a homotopy pushout) of the diagram

' AN ——T AJ.

|

IAJ

Let f : P — I A J denote the canonical map given by the universal property of the pushout.
Then f is a cofibration by the pushout product axiom in the definition of a monoidal model
category, as in [32]. Then the cofiber of f is isomorphic to (I/I') A (J/J'), where I/I' and
J/J' denote the cofibers of I' — I and J' — J, respectively. So

(3.4.1) P-Lsrnd— ) A /T
is a cofiber sequence.
Proof. We define three diagrams in C:
I'ANT ——1IAJ

X - l
I'AJ
I'ANT——=1InJ
X - l
I'AJ
'n(JJJ)y——=1nAJ/T)

o]

0
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The obvious maps of diagrams

X — X, — X3
are trivially seen to be levelwise cofiber sequences. Since colimits commute with colimits,
we then have a commutative diagram where each row is a cofiber sequence:

colim X; —— colim X, ——— colim X3

P InJ (1/ry n (J)J7).

Definition 3.4.2. (Some important colimit diagrams 1.)
o IfS is a finite set, we will equip the set N® of functions from S to N with the strict
direct product order, that is, x <y in NS if and only if x(s) < y(s) forall s € S.

/
o IfT LS Sisa function between finite sets, let NT 25, NS be the function of
partially-ordered sets defined by

@) ()= > x0).
{teT:f(t)=s}
One checks easily that this defines a functor
N~ : fSets — POSets

from the category of finite sets to the category of partially-ordered sets.
e For each finite set S, we also equip N° with the L'-norm:

|-|:N* - N

= D x(s):

SES

One checks easily that, if T LS Sisa function between finite sets, the induced
map N/ preserves the L' norm, that is,

x| = [N ()]
forall xe NT,

Definition 3.4.3. (Some important colimit diagrams II.)

e — IfS is a finite set, for each n € N we will let D3 be the sub-poset of N°
consisting of all functions x € NS such that |x| > n.

;
-IfT LS Sisa function between finite sets, let DI N DS be the function
of partially-ordered sets defined by restricting N/ to DI. One checks easily

that, this assignment f+—— Dﬁ;x respects composition of functions in the
variable f.
e — Foreach x € NS and each n € N, let Q),f;x denote the following sub-poset of
NS :
Dy ={yeNS :y>ux, and |y| > n+ |x|}.

=4 . .
So, for example, DS6 = D3, where 0 is the constant zero function.
n

n’
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-IfT L. Sisa function between finite sets and x € N” and n € N, let
DT D—f> DS
- ) (x)

ing N/ to Q)nT;X. One checks easily that, for each n € N and each x € N7, this

defines a functor

be the function of partially-ordered sets defined by restrict-

D, - | Sets — POSets
from the category of finite sets to the category of partially-ordered sets.

Definition 3.4.4. (Some important colimit diagrams III.)
e Let S be a finite set and let n be a nonnegative integer. We write E for the set

fik: {xe{O,l,...,n}S :Zx(s) Zk}

ses
where k = n. We partially-order E,f . by the strict direct product order, i.e., x' < x
if and only if X' (s) < x(s) for all s € S. When n = k, we simply write ES for this
poset.

e The definition of ES is natural in S in the following sense: if T L. Sisa injective
map of finite sets, then N/ naturally restricts to a function EI — E5.
Definition 3.4.5. (Some important colimit diagrams IV.)
e Suppose I, is a cofibrant decreasingly filtered object in C and suppose S is a finite
set. We will let
FS(L): (N)® > ¢
be the functor sending x to the smash product
Nses IX(S) >
and defined on morphisms in the apparent way, and let
Fi(L): (p)” — ¢
be the functor which is the composite of F5 (1) with the inclusion of D> into N5 :
(29)" — ()" = ¢,
o Ifx € D3, we will write F,5(1,) for the restriction of the diagram ¥ (1,) to Dy...
i.e., F,5.(1.) is the composite
(Dh)7 = ()" e
e Finally, let M3 (1,) denote the colimit
M (1,) = colim (%, (1))
. . . S . S
in C. By the natural inclusion of D, into D,,_,,
(3.4.2) = 0 (1) — M (1) — M5 (L) — Mg (1) = AsesTo.

We refer to the functor N°° — C given by sending nto M (1) as the May filtration
on Ageslp.

we now have a sequence in C:
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o The May filtration is functorial in S in the following sense: if T L Sisa map of
finite sets, we have a functor

p ol - D

(Pl@) o) — Y
{teT:f(t)=s}
and a map of diagrams from F,I (I,) to F3 (I.) given by sending the object
T (1)(x) = Awerly
to the object
'r}—ns (I') (@,{(}C)) = Ases IZ{reT:f(t):x}x(t)
by the map
/\zeTIx(z) — Nses IZ(,GT:f(,):S}x(t)

given as the smash product, across all s € S, of the maps

AT =sH () = I qer =g x(0)

given by multiplication via the maps p of Definition 3.1.2.

To really make Definition 3.4.5 precise, we should say in which order we multiply
the factors /,(,) using the maps p; but the purpose of the associativity and commutativity
axioms in Definition 3.1.2 is that any two such choices commute, so any choice of order of
multiplication will do.

Definition 3.4.6. (Definition of the May filtration.) If I, is a cofibrant decreasingly
filtered commutative monoid in C and X, a simplicial finite set, by the May filtration on
X &Iy we mean the functor M*+(1,) : N — A" given by sending a natural number n
to the simplicial object of C

P J—
M (L) == M, (I.) == M;*(l.) =— ...
~— —

with M (1) defined as in Definition 3.4.5, and with face and degeneracy maps defined as
follows:
e The face map
d; : 3 (1) — M7 (1)
is the colimit of the map of diagrams
_’]'—,,X/(I-) N j_.nX/ﬂ (1.)
induced, as in Definition 3.4.5, by 6; : X; — X;_1.
e The degeneracy map
si M0 (1) — M7 (1)
is the colimit of the map of diagrams
-{}—nX/(I') - j_.anﬂ (1.)
induced, as in Definition 3.4.5, by o; : X; — X4 1.
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Remark 3.4.7. Note that the associative, commutative, and unital multiplications on the
objects I;, via the maps p of Definition 3.1.2, also yield (by taking smash products of the
maps p) associative, commutative, and unital multiplication natural transformations

(3.4.3) Fn (1) A (1) = Fon (L),
hence, on taking colimits, associative, commutative, and unital multiplication maps

My (1) A M (1) = 9., (1),
i.e., the functor

N? — ¢
noe (L)

is a cofibrant decreasingly filtered commutative monoid, in the sense of Definition 3.1.2.
Note furthermore that, if f : T — S is a map of finite sets, then the induced maps
FI(1,) — %3 (I,) commute with the multiplication maps 3.4.3, and so M (1,) — M (I.)
is a map of cofibrant decreasingly filtered commutative monoids.

Consequently, for any simplicial finite set X,, we have that Mxe (L) is a simplicial ob-
ject in the category of cofibrant decreasingly filtered commutative monoids in C. Since
geometric realization commutes with the monoidal product in ¢ by our running assump-
tions on (, this in turn implies that the geometric realization ’M.X’ (I.)| of MF(1,) is a
cofibrant decreasingly filtered commutative monoid in ¢ by Running Assumption 2.0.3. It
can easily be shown that 2 (I.) satisfies Running Assumption 2.0.3’s Item 2 for each n

whenever [ is cofibrant as an object in Comm C. Running Assumption 2.0.3’s Item 1 and
Item 3 are satisfied by definition of 94, (I.) and by definition of the maps

M (1) — M (1)

Therefore, the decreasingly filtered commutative monoid |_’M.X (I.)| is a cofibrant decreas-
ingly filtered commutative monoid in C. Recall that, by the main theorem of the authors’
paper [2], there is a symmetric monoidal model structure on symmetric spectra in simpli-
cial sets in which Running Assumption 2.0.3 holds.

Lemma 3.4.8. Let I, be a cofibrant decreasingly filtered object in C and let S be a finite
set. Suppose n € N. We have the canonical inclusion of categories t : @’f s D3, Let

75\ (1.) be the left Kan extension of #,5_,(I.) : (D)) — C along (*®, i.e., if we write
Kan : C(@f+1)0p N C(DS)OP
for the left adjoint of the map c@D™ C‘(@'erl)Op induced by t, then
ﬁns+1(10) = Ka”(TnSH(I-))
By the universal property of this Kan extension, we have a canonical map c : in S+] (I.) —
7. (1s)-
Then the cofiber of the map
colim (%5, (1)) 25 colim (%3 (1)) ,

computed in C, is isomorphic to the coproduct in C

u ((AsesTus)) / (colim £ (14))) -

{xeNS:|x|=n}

This isomorphism is natural in the variable S.



A MAY-TYPE SPECTRAL SEQUENCE FOR HIGHER TOPOLOGICAL HOCHSCHILD HOMOLOGY 19

n+#(S))

(It is a elementary exercise in combinatorics to show that there are ( summands

in this coproduct, where (S ) is the cardinality of S.)

Proof. One knows that the left Kan extension of 77, | (1,) agrees with 75 (I,) where both
are defined, so

?—nSJrl (L) (x) = Tnsﬂ (L) (%)

= Aseslxs)
forall x € D | < D7. The elements of D; which are not in D}, are those x such that
|x| = n, and by the usual basic results (see e.g. [21]) on Kan extensions one knows that,

for all x such that |x| = n, we have an isomorphism of %75 | (I,) (x) with the colimit of the
values of Tnﬂ ,(1,) over those elements of (ﬂDf 1) which map to x, i.e., the colimit of the
values of %5, (I.) over (D} ) < (D7, ), i.e., colim (fo(l.)).

The map ¢ can be shown to be a cofibration by iterated use of the pushout product
axiom, so the cofiber of c is a homotopy cofiber. By the previous paragraph the levelwise
cofiber cof ¢ : (DS ) — ( of the natural transformation c is given as follows:

0 if |x|>n

(cof¢) (x) = { (£5(1.))/ (colim <Tlsx(1.))) if |x| =n

Hence, on taking colimits, we have
cof colime¢ = colimcofc
= I ((resl) / (colim 7 (1)) .
{xeNS:|x|=n}
as claimed. O
Lemma 3.4.9. Suppose S is a finite set and suppose Z;, — Zs is a cofibration for each
s € S. Suppose the objects Zs 1, Z are all cofibrant. Let Gy : (‘Zf )P — ( be the functor
given on objects by
Gs (x) = AseSZs,x(s)’
and given on morphisms in the obvious way.
Then the smash product
NseS Zs,O — Nses (Zs,O/Zs,l)
of the cofiber projections Zso — Zs0/Zs.1 fits into a cofiber sequence:
colim Gs — /\.YESZS,() — Nse§ (Zs,()/Zs,l) .
Proof. 1f the cardinality of S is one, the statement of the lemma is true by the definition of
a cofiber.
The case in which the cardinality of S is two is precisely Lemma 3.4.1, already proven.

For the case in which the cardinality of S is greater than two, we introduce a notation
we will need to use: let PO denote the category indexing pushout diagrams, i.e.,

(1]

(1] (0]

the symbols [1'], [1], [0] each representing an object, and the arrows each representing a
morphism. We observe that PO and Zf are not arbitrary small categories but are in fact
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partially-ordered sets; this simplifies some of the arguments we will give in the rest of the

proof.

Suppose the cardinality of § is greater than two. Choose an element sy € S. We will

write S’ for the complement

S’ '={seS:s# s}
of 5o in §. Define objects X|, X}, Y|, Y} in C as follows:
Y, = colim Gs
Xi = Ases'Zsp
Yé Zg,1
X, = Zyo

Now we apply the statement of the lemma, in the (already proven, above) case S = {1,2}
and using X{, X}, Y], Y, in place of Z o, 250, Z;,1, Z5, to obtain a cofiber sequence

(3.4.4)

where B is the functor PO — (C given by:

B ([1'])
3 ([1])
3 ([0])

colim B — NseS ZA‘,O — Nses (ZX,O/ZS,I) ,

(COlim gS’) A Zso,l
(/\JES’ZSO,O) A Zs(),l
(colim Gs/) A Z, 0.

By Lemma 3.4.1, we know that the map colim G/ — A5/ Z; is a cofibration in the
case S = {1,2}. Since colim B is constructed as a pushout, the pushout product axiom en-

sures that the map colim B — A ;e5Z; ¢ is also a cofibration as long as colim Gg» — Ages:Z;p

is a cofibration. It suffices to show that colim B =~ colim Gs. This will show that the map
colim Gy — AesZ; is a cofibration and allow us to identify the cofiber, thus completing
the induction on the cardinality of the set S. We can reindex, to describe colim B as the

colimit of a larger diagram #:
H o (E5)P x PO
(e [1])
(x, [1])
(x, [0])
We have a functor
P:(E)P x PO

(x,[0]) (s)

111

C
( seS’st( )/\Zs 1
(Ases'Zsp) A Zgy

(Ases'Zs () A Zsoo
if
if

S # 8o

S =950
S # 8o
s =90
if
if

s # 8o
S =50

Now we claim that the canonical map colim # — colim Gy given by P is an isomor-

phism in C. We define a functor

()

{

(E5")°P x O

('(x), [1])
(I'(x), [0])

if
if

x(s0) =1
x(s0) =0
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where I' : (£7) — (EISI)‘”D is the functor given by restriction, i.e., I'(x)(s) = x(s) for
s € S'. Now we observe some convenient identities:

(/\YES’Zs,x(x)) A an,l if Jj= [1/]

(GS o P)(x9 ]) = (AseS’Zs,x(S)) A ZSU’O it J= [O]
Nses Zs0) N Zsya 1 -
( Zs0) A Zy,, if j=[1]
= #(x,j), and
— (/\s’Zs,X(S)) NZgyy if xg =1
Glonx) = { (A Zats)) A Zao  if x5y =0
= gS (x)

We conclude that P,/ give mutually inverse maps between colim Gy and colim #, i.e.,
colim Gg =~ colim A and hence colim Gg =~ colim B, as desired. So from cofiber se-
quence 3.4.4, we have a cofiber sequence

colim Gs — AsesZso — Ases (Zs0/Zs1)

as desired.
From inspection of the colimit diagrams one sees that the cofiber sequence 3.4.4 does
not depend on the choice of sy € S, and naturality in S follows. O

Lemma 3.4.10. Let S be a finite set, let n be a positive integer, and let x € NS. Let E5 and
Q),f;x be as in Definition 3.4.3 and Definition 3.4.4. Let J,f;x be the functor (i.e., morphism
of partially-ordered sets) defined by

Bow - o),
(Jux()(s) = x(s) +¥(s).
Then J,., has a right adjoint. Consequently J,., is a cofinal functor, i.e., for any functor F

defined on ... such that the limit lim F exists, the limit lim(F o J,f;x) also exists, and the

canonical map lim(F o J5

5..) — Um F is an isomorphism.

Proof. We construct the right adjoint explicitly. Let K,f;x be the functor defined by
K :»5. — £
(Kpa))(s) = min{n, y(s) — x(s)}.

(We remind the reader that every element y € Dj. has the property that y(s) > x(s) for all

s €8,s0y(s) — x(s) will always be nonnegative.)
Now suppose z € %, andy € D;. .. Then:

z < K;..(y) if and only if z(s) < K5, (y)(s) forall se S,

e ie., z < K. (y)if and only if z(s) < min{n, y(s) — x(s)} forall s € S.

e By the definition of £}, z(s) < n for all s € S. Hence z < K}..(y) if and only if
z2(s) < y(s) — x(s) forall s€ S,

e i,z <K (y)if and only if x(s) + z(s) < y(s) forall s € S,

e ie,z<K; (v)ifandonlyif J5. (z) <.

Hence homys (z, K., (y)) is nonempty if and only if hom,s (J3..(z),y) is nonempty. Since

£5 and D5 are partially-ordered sets and hence their hom-sets are either nonempty or

nx

have only a single element, we now have a (natural) bijection
homgs (z, K. (v)) = homys (J5.(2), )

nix

which is exactly what we are looking for: J3., is left adjoint to K.,.
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For the fact that having a right adjoint implies cofinality, see section IX.3 of Mac Lane’s
[21]. (Mac Lane handles the equivalent dual case.) m]

Theorem 3.4.11. (Fundamental theorem of the May filtration.) Let I, be a cofibrant
decreasingly filtered commutative monoid in C, and let Xo be a simplicial finite set. Then
the associated graded commutative monoid E; |£M Xe(1,)| of the geometric realization of
the May filtration is weakly equivalent, as a commutative graded monoid, to the tensoring
Xe ® E(’)"I. of X with the associated graded commutative monoid of I, :

Ey |mM* (1) ~ X. @ Ef L.

Proof. We must compute the filtration quotients
. Xe ~ . 20
|5 ()] / |23, (1) = |5 (1) /6%, (1)

We handle this as follows. First, we claim that there exists, for any finite set S and for all
n € N, a cofiber sequence

(345  colim (%5 (1)) = colim (£5 (1)) = [  (Ases (Iw/Tix(s)))

XeENS:|x|=n

in C, natural in S. We have already defined (in Definition 3.4.5) how anS is natural, i.e.,
functorial in S'; by taking the obvious coproduct of quotients, this naturality in S induces
a naturality in S on the terms [ [ s =, (Ases (L(s)/T14+x(s))) appearing in 3.4.5. The
claim that 3.4.5 is a cofiber sequence implies that

(3.4.6) @)/ (L) = [T (rvex (L /M) »
XENYk: | x|=n
and naturally implies the necessary naturality with respect to the face and degeneracy maps.
We now show that the cofiber sequence 3.4.5 exists. First, by the universal property of
the Kan extension, the map of diagrams %, fﬂ(l.) — F5(1,) factors uniquely through
the map to the left Kan extension #° (I,) — %2 (I,) from Lemma 3.4.8, and the

cofiber of the map colim(F, S+1 (1)) — colim(#$ (1.)) agrees with the cofiber of the map

n

(1,)) — colim(#S (1,)). By Lemma 3.4.8, this cofiber is the coproduct
[T ((rweshi) / (colim (1))

{xeNS:|x|=n}

colim(%5 ,

In Lemma 3.4.10, we showed that the functor J;., is cofinal, hence that the comparison
map of colimits
colim (., (1.) o Jy1.x) — colim (F..(1,))
is an isomorphism. (We here have a colimit, not a limit as in the statement of Lemma 3.4.10,
since Fi..(I,) is a contravariant functor on Q)f;x. Of course Lemma 3.4.10 still holds in this
dual form.)
Now Lemma 3.4.9 identifies the cofiber

(Asesys)) / (colim (Fi..(1L) 0 J.))

with A g (Ix(x)/11+x(s)) , as desired. So we have our cofiber sequence of the form 3.4.5.
All isomorphisms in the lemmas we have invoked in this proof are natural in S, with

the exception of the isomorphisms from Lemma 3.4.10 and Lemma 3.4.9 which directly

involve EIS, only because we did not specify in Lemma 3.4.9 how Gg is functorial in S. In
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the present proof, Gs is Fi.x(1s) © J1.x, and the cofinality of Jj., together with the fact that

K oJix= idfls implies, on inspection of the colimit diagrams, that the isomorphism
colimgs = colim (F. (1) 0 Jy)

colim (., (1))

is natural in S; details are routine and left to the reader. We conclude that the cofiber
sequence 3.4.5 is indeed natural in S.
Now we have the sequence of simplicial commutative monoids in C:

lIe

MO (1) == M (1) = M"(1,) —
o (L) =" (L) ===, (L)
-~

-
21 == 90 (1) == M (1) = ...
-

-
My (L) == My (L.) == M;*(I.) =— ...
B —— _—
o —
and geometric realization commuting with cofibers together with the isomorphism 3.4.6
implies that the comparison map
(3.4.7) Xe ®Efl, — EF |9%(1,)|

of objects in C is a weak equivalence. Hence the comparison map 3.4.7 in Comm(C) must
also be a weak equivalence, since the weak equivalences in Comm(() are created by the
forgetful functor Comm(C) — ¢, by assumption. ]

3.5. Construction of the topological Hochschild-May spectral sequence.

Definition 3.5.1. By a connective generalized homology theory on C we shall mean the
following data:
e for each integer n, a functor H, : Ho(C) — Ab, and
e for each integer n and each cofiber sequence
X—->Y—>Z
in C, amap 6x~Y=2: H,(Z) — H,_1(X),
satisfying the axioms:
Exactness: For each cofiber sequence

x Lyt 7z
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in C, the sequence of abelian groups

H, (g)
oo Hy1 (Y) = H, 1 (2)
6X~>Y~>Z )
n+1
- Hn
Ha(X) —L g1, (v) s g, (2)
6y)x(~>Y~>Z )
[ Huy—1(f) H,—1(g)

H,l_l(X) éHn_l(Y) —_— ...

is exact.
Additivity: For each integer n and each collection of objects {X;}ic; in Ho(C), the
canonical map of abelian groups

]_[ Hy(Xi) — Hn(]_[ Xi)
iel iel
is an isomorphism.
Naturality of boundaries: For each integer n and each map of cofiber sequences

X —sY ——7

X—sY——7

the square of abelian groups

§X' =Y =z

H, (Z/) — >y (X/)

Hn(h)l/ lHnl(g)

Hy(Z) —— Hy—1(X)

commutes.

Connectivity of the unit object: We have H,(1) ~ 0 for alln < 0.

Connectivity of smash products: Suppose that X, Y are objects of C, and that A, B
are nonnegative integers such that H,(X) = 0 for alln < A, and H,(Y) = 0 for
alln < B. Then H,(X A Y) = Oforalln < A + B.

Clearly Definition 3.5.1 is just a formulation, in a general pointed model category, of the
Eilenberg-Steenrod axioms (from [12]) for a generalized homology theory with connective
(i.e., vanishing in negative degrees) coefficients. The “connectivity of smash products”
axiom is easily proven anytime one has an E-homology Kiinneth spectral sequence in C,
which is the case in (for example) any of the usual models for the stable homotopy category.

Definition 3.5.2. If 1, is a cofibrant decreasingly filtered commutative monoid in C, X, is a
simplicial finite set, and H. is a connective generalized homology theory on C, then by the
topological Hochschild-May spectral sequence for X,®1, we mean the spectral sequence
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in 4 obtained by applying H,. to the tower of cofiber sequences in C

(3.5.1)

|95 (1) ——= 265 (1.)| / |26 (1.)]

|27 (1) —— |96 (1)] / |26 (1))

2 (1

|7+ ()| —— |9" (7

That is, it is the spectral sequence of the exact couple

D = @, Hi |94 (1) ©;; Hi |91 (1.)| = D},
El . =@ H |2 (L) /(¢ (1)

Lemma 3.5.3. (Connectivity conditions.) Let H.. be a connective generalized homology
theory on C. Suppose C is stable, and suppose that there exist objects Z, H of C such that
H,.(—) is naturally isomorphic to [X*Z,H A —].

o Let
(3.5.2) s Y, Y > Y

be a sequence in C, and suppose that H,(Y;) =~ Oforalln < i. Then [X"Z, holim;(H A
Y:)] = 0 for all n.
e Suppose that A is a nonnegative integer and that

-~
e —_—

(3.5.3) X, X, X,
- —_—
-~

is a simplicial object of C. Suppose that H,(X;) = 0 for all n < A and all i. Then
H, (|X.]) = 0 foralln < A.

Proof. e Since (C is assumed stable, the homotopy limit holim; Y; is the homotopy

fiber of the map
n Y 1d T H Y
neN neN
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in Ho(C), where T is the product of the maps ¥, — Y, occuring in the se-
quence 3.5.2. For each object Z of C, we then have the long exact sequence

. id—T .
[ZJZ’ HnGN H A Yn] ; [ZJZ’ HI‘LGN H A Yﬂ] >

[ id-—T

[/~ Zholim; H A V)] —— [E7'Z [ [ew H A Vo] —= [T Z [ [, H A Vo] >

p

[Z/72Z, holim; H A Y;] — [Z/2Z, [ [,an H A V2]

id-—T

hence the Milnor exact sequence
0 — R'lim[X/"'Z H A Y] — [£/Z, holim; H A Y;] — lim[Z/Z, H A Y;] — 0.
1 1

The assumption that [£/Z, H A Y;] = 0 for j < i guarantees that the sequence
o > [YIZH A Yy — [ZZ,H A Y] — [TZ,H A Yo

is eventually constant and zero for all j, hence both its limit and R!1lim vanish for
all j, hence [£/Z, holim; H A ¥;] = O for all j.

e The Bousfield-Kan spectral sequence, i.e., the H-homology spectral sequence
of the simplicial object 3.5.3, has input E}", ~ m,(H A X,;) and converges to
H;.;(|X.]), since [Z*Z, holim H A Y;] vanishes. The differential in this spectral
sequence is of the form d" : Ef, — E{_ . |, hence this spectral sequences has

a nondecreasing upper vanishing curve at E', hence converges strongly. Triviality

of Ey, for s < A and t < 0 then gives us that H, (|X,|) vanishes for s < A.

[m]

Lemma 3.5.4. Suppose H. is a connective generalized homology theory as defined in
Definition 3.5.1, and Mf (1,) is the i-th degree of the May filtration for a finite set S and a
cofibrant decreasingly filtered commutative monoid I, as defined in Definition 3.1.2. Then,
if Hy(I;) = 0 for all m,i € N such that m < i, then

Hy (947 (1)) = 0
for all m,i € N such that m < i.

Proof. The proof is inductive on the cardinality of S, which we denote #(S). First recall
that by Definition 3.4.5,

M (1,) = colim 7 (I,)
and %5 (1,) is a functor

72 (L) (D)) — ¢,
where (D7) is the full sub-poset of (N¥)°P containing exactly the objects x € N such
that |x| > i. Also, recall the definition

Erf,k = {xe {0, ...,n}S| Zx(s) >k}
seS
where k > n and the convention of writing Z5 when n = k. One can easily see that the
diagram (5 )°° — ¢ is cofinal in in the diagram (D) — (.
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The case #(S) = 1 is trivial since the constant diagram /; is cofinal in fl.s (I.). The
claim follows by the assumption that

for all m,i € N such that m < i.

The case #(S) = 2 and i = 0 is trivial as well by the following argument. First, the
constant diagram /\ ¢ Iy is cofinal. Second, we assumed that H,,(ly) = 0 for all m,i € N
such that m < 0, and, by Definition 3.5.1, a connective generalized homology theory,
satisfies H,,(X A Y) = 0 for m < m; + mp whenever H;(X) =~ H;(Y) = Oforalli < m,
and all j < m;.

Suppose #(S) = 2. Inthe case i = 1, the diagram #,° (I, ) contains the pushout diagram

Il/\llél()/\ll

|

11/\10

as a cofinal subdiagram. This colimit, which is SMIS (I,), is a homotopy pushout by Lemma
3.4.1 and can therefore be written as the cofiber in the cofiber sequence

11 A 11 —>[() A [1 \ [1 A [0 —><Io AN 11 Vv 11 AN IO)/(II N 11) = (10/11 AN Il) \2 (11 A IO/[I)
Since H,(I; A L) = Oform < 2 and H,((Ip ~ ) v (I; A L)) = 0 form < 1, by
the long exact sequence in Hy, H,,(colim 7 (1,)) = 0 for m < 1. This proves the claim
for i = 1. When i > 1, we consider the cofinal subdiagram £’ (I,) : (£°)® — C
of ,‘Fis (1,). By filling in vertices with pushouts, which we denote P, we can write
colim %% (1,) = colim £’ (I,) as an iterated pushout; for example, when n = 2,

————=L AL ——=IyA ]

|

L AL Lnh ——= P
L ATy Py —= P00)-

Note that the colimit of a pushout diagram agrees with the homotopy colimit of that di-
agram when the maps are all cofibrations and the objects are all cofibrant as is the case
here.

On each of the objects £ (I, )(x) and the objects Py where 0 < j+ k < i, the functor
H,,(—) evaluates to zero whenever m < i. The same is true about colim % (I,) = P (o),
completing the case #(S) = 2.

Now assume

H, (96 (1))

=0
for all m,i € N such that m < i, whenever #(S) < n. By the same method of filling
vertices in cubes that we use in the case #(S) = 2, we just need to prove the case i = 1
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and the case i > 1 will follow by the fact that the colimit colim %° (1,) = #£° (1,)) can be
written as an iterated n-cube. It therefore remains to prove that

Ho(3 (1)) = 0

for all m € Z such that m < 1, whenever #(S) = n. We consider a single directed n-cube
missing a single terminal vertex, i.e. a functor

£ (L) (£))®—C
which is a cofinal diagram in %7 (1,) so that colim £} (1,) = a4 (I,).
We then consider the subdiagrams of £} (I,) that are (n — 1)-cube shaped diagrams of

C containing the object £ (I,)(x) such that x(s) = 1 for all s € S. We then remove the
terminal vertex in each of these n — 1-cubes and denote the k-th truncated (n — 1)-cube

z (1)
where k € {1,...,n} runs over all truncated sub (n — 1)-cubes of this type.
We then construct a diagram, which we call B, which is the same as ‘ZIS except that all

the vertexes removed as in the process above are replaced with the colimits colim fls (1),
By universality of the colimit we get maps

‘ZIS(I.)(") e (N (W (N (N )

for each k, where I; is in the k-th position, and by iterated use of the pushout product
axiom, this map is a cofibration. We can therefore consider the map of diagrams

B—> Ef (I.)

and take levelwise cofibers. We call the resulting diagram Cof. By examination of the
levelwise cofibers, we see that

colim Cof =~ \/ (Isy A+ A sy) D (10)W
k=1

where 6, = 01if j # k and oy, = 1. We also observe that colim Cof = hocolim Cof since
it can be written as an iterated pushout of cofibrant objects along cofibrations [10, Prop.
13.10]. The object colim Cof is therefore a model for the homotopy cofiber of the map

colim B — colim £} (I,)

even though this map is not necessarily a cofibration. We therefore get a long exact se-
quence in Hy so H, (¥ (I,)) = 0 for m < min{m’,m"} where H;(colimB) = 0 for
j < m’ and H(colim Cof ) = 0 for k < m”. We know H(colim Cof) = O for all j < 1
since for each k € {1,...,n} there is an isomorphism H, (I5, A ... A Ls5,) = 0 for all
j < 1, and by the inductive hypothesis there is an isomorphism H;(Z} (1,)®)) = 0 for all
j<1l

To prove H;(colim B) = 0 for j < 1, first note that colim B = colim Ei , as defined. We
observe that the object colim ff , can be written as a colimit of » truncated (n — 1)-cubes
whose pairwise intersections are (n — 2)-cubes. We repeat the process and form B; by
eliminating terminal vertices in each (n — 1)-cube and replacing each one with the colimit
of that (n — 1)-cube. Observe that colim B; = colim ‘Els ;- We produce another sequence

colim B; — colim B — colim Cof ,

and as before H;(Cof ;) = 0 for j < 1. This begins an inductive procedure that ends with
B,_» such that colim B,_, =~ colim ‘Efn and since #(S) = n, colim fin ~ Agesli. Since
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Hi(Asesh) = O0for j < 1and H;(Cof ) = Ofor j < landall | <m < n— 2, we have
shown that H;(8) = Oforall j < 1.

The colimit colim £} (1,) therefore has the property that H;(colim £} (1,)) = 0 for
Jj < 1 and, thus, we have proven our claim. O

Theorem 3.5.5. Suppose I, is a Hausdorff cofibrant decreasingly filtered commutative
monoid in C, X, is a simplicial finite set, and H is a connective generalized homology
theory on C. Suppose Hy(—) = [£*Z, — A H| for some objects Z and H in C. Suppose the
following connectivity axiom:
e (Connectivity axiom.) H,,(1,,) =~ 0 for all m < n.
Then the topological Hochschild-May spectral sequence is strongly convergent, its differ-
ential satisfies the graded Leibniz rule, and its input and output and differential are as
follows:
E;,[ = Hs,t(Xo ®Eglo) = H.&(X.®IO)
d i Ey, — El .y,

Proof. Tt is standard (see e.g. the section on Adams spectral sequences in [6]) that the
H-homology spectral sequence of a tower of cofiber sequences of the form 3.5.1 converges
to Hy (|fM0X' (I.)|) as long as [Z*Z, holim; (H A |fMlX (I.)|)] is trivial. By Lemma 3.5.4
H, (}ﬂ\/[lx‘ (I.)|) =~ 0 for all m < i, so by Lemma 3.5.3,

[Z"Z, holim; (H A |2 (1,)|)] = 0
for all n, as desired. Hence the spectral sequence converges to
Hy (|7 (1)) = He(Xe ® D).

That the differential has the stated bidegree is a routine and easy computation in the
spectral sequence of a tower of cofiber sequences.
The sequence

- }%X.(I.)

e Y — |96 (1)]

is a cofibrant decreasingly filtered commutative monoid in C as observed in Remark 3.4.7
and therefore, in particular, it produces a “pairing of towers” in the sense of [11] and there-
fore by Proposition 5.1 of [11] the differentials in the spectral sequence satisfy a graded
Leibniz rule.

The statements about convergence are also standard: the connectivity axiom and the
“connectivity of smash products” axiom from Definition 3.5.1 together imply that our
spectral sequence has a nondecreasing upper vanishing curve already at the E'-term, so
the spectral sequence converges strongly.

O

Remark 3.5.6. Another construction of our 7HH-May spectral sequence
(3.5.4) E,,>H.X.®EiL) = Hy(Xe ®1))

is possible using the Day convolution product. This construction is conceptually cleaner,
but it does not, to our knowledge, simplify the process of proving that the resulting spectral
sequence has the correct input term, output term and convergence properties.

Recall from Remark 3.1.4 that a cofibrant decreasingly filtered commutative monoid
in C is equivalent to a cofibrant object in Comm " where Comm ¢ has the model
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structure created by the forgetful functor to €' and the category ¢ is equipped with the
projective model structure.

Now fix a simplicial finite set X,. A cofibrant commutative monoid object 7 in ™"
is a cofibrant decreasingly filtered commutative monoid object I, in C, and we can form
the pretensor product X,®I,, a simplicial object in Comm "', For example, if X, is the
usual minimal simplicial model (A[1]/6A[1]). for the circle, then X.&I, is the cyclic bar
construction using the Day convolution as the tensor product:

(A[1]/6A[1])e®I = ( I —— 1 ®pay | =——1®pay | Qpay | —— ... )

Since [ is a functor N°° — ¢, we will write I(n) for the evaluation of this functor at
a nonnegative integer n. (If we instead think of / as a decreasingly filtered commutative
monoid, as in most of the rest of this paper, we would write I, instead of 1(n).) We write
((A[1]/6A[1])«®I) (i) for the the simplicial object in C

((A[l]/dA[l])o®I) (l) = < I(l) E (I ®Day I)(l) g (I ®Day I@Day I)(l) g ce >

Applying geometric realization to ((A[1]/5A[1])«®1) (i), we get a cofibrant decreasingly
filtered object in in ¢ (assuming Running Assumption 2.0.3)
[((A[1]/6A[1])e®1) (0)] < [((A[1]/6A[1])e&I) (1)] — [((A[1]/6A[1])e&1) (2)] «— ...

and the spectral sequence obtained by applying a generalized homology theory E to this
cofibrant decreasingly filtered object in ( is precisely the spectral sequence 3.5.4, the spec-
tral sequence constructed and considered throughout this paper. (It is an easy exercise in
unwinding definitions to check that this spectral sequence agrees with the one constructed
in Definition 3.5.2, but to verify that the resulting spectral sequence has the expected input
term, output term, and convergence properties amounts to exactly the same proofs already
found in this paper which aren’t expressed in terms of Day convolution.)

4. DECREASINGLY FILTERED COMMUTATIVE RING SPECTRA.

4.1. Whitehead towers. Let R be a cofibrant connective commutative monoid in €. For
this section and the next, let C be a model for the homotopy category of spectra such as
symmetric spectra, S-modules, or orthogonal spectra. The goal of this section is to pro-
duce a cofibrant decreasingly filtered commutative monoid in C as a specific multiplicative
model for the Whitehead tower of a connective commutative monoid in C. Part of the
proof uses a Postnikov tower of a commutative ring spectrum constructed as a tower of
square-zero extensions, so first we define square-zero extensions in this context.

Definition 4.1.1. By a square-zero extension in C, we mean a fiber sequence
I—A—A
where A is the pullback in Comm C of
A——A
|,
A—LsAx sl

the map € is defined to be the inclusion of A into A x I and d represents a class [d] €
TAQg (A,XI). (For a definition of TAQj (A, XI), see [5] or [22].) Note that, a priori, A
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must be a commutative monoid in C and I must be a A-bimodule. By A x I we mean
the trivial square-zero extension of A by XI; that is, additively A x ZI := A v X2l and its
multiplication is the map

HANAVAANIVIANAVIANTI—AVI
determined by the maps
patANA—>A—>AVI
WorAAT > T—AVI
Y iInA—>T—>AVI
sq:IANTI—>0—>AvI

where 14 is the multiplication on A, y" and y' are the right and left action maps of I as an
A-bimodule and sq is the usual map I A1 — I — A v I, which in this case factors through
the zero object.

Definition 4.1.2. Let R be a connective commutative monoid in C. By a Postnikov tower
of square-zero extensions associated to R, we mean a tower

T<3R T<oR T<IR T<oR
S3HmsR S2HmR >'HmR HrR

of fiber sequences where m;(T<,R) = mi(R) for k < n and my(t<,R) = 0 for k > n, such
that the fiber sequences

X"Hr,R— T<,R— 1<, 1R
are square-zero extensions.

As defined it is not clear that such Postnikov towers of square-zero extensions actually
exist for a given commutative monoid in C, but it is a theorem that they do.

Theorem 4.1.3. Let R be a connective commutative monoid in C. Then there exists a
model for the Postnikov tower associated to R which is a Postnikov tower of square-zero
extensions.

Proof. See Theorem 4.3 and the comments after in [17] and Theorem 8.1 in [5]. Also, see
Lurie’s Corollary 3.19 from [19] for the result in the setting of quasi-categories. O

Recall from Remark 3.1.4 that a cofibrant object in the category Comm " equipped
with the projective model structure is a cofibrant decreasingly filtered commutative monoid.
We may define certain n-truncated decreasingly filtered commutative monoids in the fol-
lowing way.

Definition 4.1.4. Let J, < N be the sub-poset of the natural numbers consisting of all
i € N such that i < n. We give this poset the structure of a symmetric monoidal category
(Jy, +,0) by letting
i+j = min{i + j,n}.

We may consider lax symmetric monoidal functors in (CJ("W) for each n again as a conse-
quence of (9, Ex. 3.2.2] these are equivalent to the commutative monoids in the functor
category under a Day convolution symmetric monoidal product. We may also consider the
model structure on Comm(C’"") created by the forgetful functor to (C'""), where (™" ) has
the projective model structure. In this model structure, it is an easy exercise to show that
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the cofibrant objects are objects IS" in (C'"") such that each [=" is cofibrant in C fori <n

. 1<n <n . . . .
and each map f; : I™" — IY'| is a cofibration in C for each i < n.

Theorem 4.1.5. Let R be a cofibrant connective commutative monoid in C, then there
exists a cofibrant decreasingly filtered commutative monoid in C
o™ Ts9R——> 7o R——> T7>9R
with structure maps
Pij - T),'R AN T;jR I T;[JFJ‘R
such that mp(t=,R) = mi(R) for k = n and m(t=,R) = 0 for k < n. This cofibrant
decreasingly filtered commutative monoid in C is denoted T>4R.

Proof of Theorem 4.1.5. Let R be a cofibrant connective commutative monoid in € and let

TR T<IR T<oR
X2Hrm,(R) SHn(R) Hro(R)

be a Postnikov tower of square-zero extensions of R in the sense of Definition 4.1.2. To
prove the theorem we need to do the following:

(1) Construct 7>,R.

(2) Construct maps p;j : TR A TR —> 754 jR.

(3) Show that the maps p; ; satisfy associativity, commutativity, unitality and compat-

ibility.
The procedure will be inductive. First, define 7>¢R := R where R was assumed to be a
cofibrant connective commutative monoid in ¢ and is therefore an object in Comm .
To construct 7> R, we consider the map of commutative ring spectra R — HmyR. We can
assume this map is a fibration, since if it wasn’t we could factor the map in commutative
ring spectra into an acyclic cofibration and a fibration. We then define 7= R to be the fiber
of this map. By design, we have constructed an object /5! in Comm o Commutativity,
associativity and unitality follow by the definition of a symmetric R-bimodule action of R
on 7> R. This completes the base step in the induction.
Suppose we have a object I5"~! € ob Comm ¢’*—'" for an arbitrary n > 1. As before,

we define 7R to be If"_l for all i < n — 1. Define

Pn = Colimgn T}l‘R N TZjR
where D, is the full subcategory of N°P x N°P with objects (i, j) suchthat0 < i < j <n
and i + j > n. Since I5""! is in Comm ¢’»—'”, there is a unique map P, — 7=,_R.
The fact that the fiber sequence X*Hm R —> 7<tR —> T<;_ R is a square-zero exten-
sion for each k implies that the natural maps

YHmR A X Hr;R— X" 'Hry R,

factor through 0 for each (i, j) € D,. We get an induced map on fibers by considering the
diagrams

Tsz R Tsk_lR

L

S*HmR T<(R T<i—1R
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for k < n. There are therefore commutative diagrams
TR A 7> ;R — X'HmR A 2'Hr;R
| l°
T>p 1R ———=3""'Hm,R
for each (i, j) € D,, hence, the map
7R A TR —>72,R—> 2" '"Hm,R

factors through zero for each (i, j) € D,.
We need the map 7>, 1R — X"~!'Hn,R to be a fibration, so we use the factorization

TR > 'Hr,R

~ 7

T;nflR

into a trivial cofibration followed by a fibration.
We can define 7>, R to be the pullback, in the category of R-modules in C, of the diagram

T;,‘LR _— O

L,

T>,_1R 1 >~ 1Hn,R.

We then also need to replace P, by ﬁ,, where ﬁ,, is the same colimit as P, except that
each instance of 7, R is replaced by 7>,_1R. There is therefore a map P, — ﬁn and
there is a map P, — X"~ Hn,_ R that factors through the zero map by the same consider-
ations as above.

Therefore, by the universal property of the pullback, there exists a unique map g

n

&

T;nR O

| |

T;nflR —_— ZnilHﬂnflR.

By composing the maps 7>;R A 7> ;R — P,and 7>,_|R A Ts;R — P, with the map g, we
produce the necessary maps p; j : T>iRAT> jR — Tominfiy )R Where 0 < i < j < n. This
also proves, by construction, that they satisfy the compatibility axiom (that is, naturality of
the lax symmetric monoidal functor J,* — (). The factor swap map produces all the maps

0ij T2iR A T2 iR — Tomin(it i R

where i > j and the commutativity and compatibility necessary for those maps as well.
The maps po, and p, are the R-module action maps that we produced by working in the
category of R-modules and and again by construction these maps satisfy commutativity
and compatibility with the other maps. Unitality is also easily satisfied for each p; ; with
i, j € {0, ..., n}, since all these maps are R-module maps.
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We just need to check associativity. By assumption, we have associativity for all the
maps p; ; where i, j < n, we therefore just need to show that the associativity diagrams
involving the maps p;; for i or j equal to n. Since the symmetric monoidal product on
R-modules is assumed to be associative, we know that, for i, j, k € {0, n}, the diagrams

T;iR VAN TZJ'R AN Tsz e TZiR AN T>j+kR

| |

T;H.jR AN T}kR —_— T>i+j+kR
commute. We also know, by construction, that the diagram

4.1.1) TR A TR

LN

T}n_]R e — T}nR
commutes for all i + j > n. The diagram

(412) T;iR AN Tan T}nR T}nR VAN TZiR

| | |

T>iRA Ty 1 R—— 75, |1 R<—75,1R A TR

also commutes by construction.
We need to show that for i, j, k € {0, 1, ..., n} with either i, j, or k equal to n, then

(4.1.3) TR A T=jR A TofR —— TR A 7> 1R

| |

TZH‘jR AN T}kR —_— T}nR

commutes. This follows by combining the commutativity of Diagram 4.1.1, Diagram 4.1.2,
and the diagrams of the form of Diagram 4.1.3 when i, j,k < n, and using the fact that
T>pR — T>,—1R is a monomorphism, since it is the pullback of a monomorphism in C by
construction, and hence it is retractile.

We have therefore produced an object in Comm ¢’ . By induction, we can therefore
produce an object in Comm ™" and then cofibrantly replace it to produce a cofibrant
decreasingly filtered commutative monoid in C, denoted 7 .R, as desired. O

op
Jn

Remark 4.1.6. Since we have functorial factorizations of maps and functorial cofibrant
replacement in our setting, the above theorem is entirely functorial, in other words, a
map of connective commutative ring spectra A — B induces a map of Whitehead tow-
ers T>,A — 7>,B compatible with the multiplication maps pf ; and pf - This induces a
map of associated graded commutative monoids in C

E(T (T;.A) —> Eg (T;.B).
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and a map of THH-May spectral sequences
Hy (X ® Ef (T20A)) = Hy (Xo ® A)

| |

Hy(Xe ® E}(1>4B)) == H4+(X, ® B).
Example 4.1.7. Let R be a commutative ring spectrum with homotopy groups 7x(R) =~ Z,,
for k = 0,n and 7 (R) =~ 0 otherwise. Then one can build

0—X"HZ,—R
as a cofibrant decreasingly filtered commutative ring spectrum using Theorem 4.1.5. Since
one can construct a Postnikov truncation of a commutative ring spectrum as a commutative

ring spectrum [5], we can produce an example of this type by considering the truncation of
the connective p-complete complex K-theory spectrum

Y Hrmoku, —> kuf2 — Hnoku,,.

The results of this subsection naturally leads to the question of whether topological
Hochschild homology commutes with Postnikov limit; i.e the question of whether the map

THH(R) — holim THH(RS")

is an equivalence. In the following section, we prove this result in the more general case of
tensoring with a simplicial set. One could therefore try to compute 7HH (R) for some ring
spectrum by computing THH (RS") for each n using the THH-May spectral sequence and
then computing the limit. As an example, we carry this out in the case R = kAup andn =2
in the next subsection.

4.2. Tensoring with simplicial sets commutes with the Postnikov limit.

Lemma 4.2.1. Let X, be a simplicial pointed finite set. Let E be a spectrum and let R be
an Ey-ring spectrum. Suppose that E,(R) is finite for all integers n. Then E,(Xs ® R) is
finite for all integers n.

Proof. We will make use of the “pretensor product” & defined in Definition 3.3.1. The
Bousfield-Kan-type spectral sequence obtained by applying E to the simplicial object
X.®R has E'-term E{, = [ [y E(R), differentials d" : E{, — E’_, ., and converges to
E,+/(Xe ®R). Consequently, this spectral sequence is half-plane with exiting differentials,
in the sense of [6]. Hence, the spectral sequence is strongly convergent, by Theorem 6.1
of [6], and finiteness of E!, for all 5,7 such that s + r = n implies finiteness of E,(X. ®

R). O

Definition 4.2.2. Let R be an E.,-ring spectrum and let n be an integer. We will write RS"
for the n-th Postnikov truncation of R, that is, RS" is R with E-cells attached to kill all
the homotopy groups of R above dimension n. Consequently we have a map of E-ring
spectra R — RS" which induces an isomorphism n;(R) — m;(R<") for all i < n, and such
that m;(RS") = 0 if i > n.

In the statements of Theorems 4.2.3 and 4.2.4, the homotopy limit in 4.2.1 and 4.2.4 can
be taken in E,-ring spectra or in spectra; since the forgetful functor from E,-ring spectra
to spectra commutes with homotopy limits, the maps 4.2.1 and 4.2.4 are weak equivalences
either way.
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Theorem 4.2.3. Let R be a connective E,-ring spectrum. Let p be a prime number such
that the i-th mod p homotopy group (S /p):(R) is finite for each integer i. Let X, be a
simplicial pointed finite set. Then the natural map of E-ring spectra
4.2.1) (X. ®R), — (holim, X, ® (R<"))
is a weak equivalence.
Proof. Since we assumed that (S /p);(R) is finite for each i and since we assumed that X,
is a simplicial finite set, Lemma 4.2.1 implies that (S /p);(Xe ® RS") is finite for all i and
all n. So the first right-derived limit lim, ' (S /p);(X, ® RS") vanishes, by the well-known
vanishing of lim ! for inverse sequences of finite abelian groups.

For each nonnegative integer n, the map of Bousfield-Kan-type spectral sequences

(4.2.2) Ej, =1y (S/p)i(R) === (S /p)s+:(X. ®R)

| |

Ei,z = Hxs (S/p)i(RS") == (S /p)s+:(Xe ® RS")

is an isomorphism on the portion of the E'-page satisfying t < n — 1. The differential
in these Bousfield-Kan-type spectral sequences is of the formd" : E{, — E{_ ., and
consequently both of these Bousfield-Kan-type spectral sequences are half-plane spectral
sequences with exiting differentials, in the sense of [6]. Consequently both spectral se-
quence are strongly convergent, by Theorem 6.1 of [6].

Furthermore, since the map of spectral sequences 4.2.2 is an isomorphism at E' in
bidegrees (s, ¢) satisfying 7 < n — 1, and since elements in total degree u can only interact,
by supporting differentials or being hit by differentials, with elements in bidegrees (s, t)
such that + < u + 1, the map of spectral sequences 4.2.2 is an isomorphism of spectral
sequences when restricted to total degrees < n — 1. Hence the map of abelian groups
(S/p)u(Xe ®R) — (S/p)u(Xe ® RS") is an isomorphism when u < n — 1. Hence the map
of graded abelian groups

(S/p)«(Xe ®R) — lign(S/p)*(X, ®R")
is an isomorphism. Vanishing of lim ! then tells us that the map
(S/p)«(Xe ®R) — (S /p)«(holim, X, @ R<")
is an isomorphism, i.e., that
(4.2.3) X. ® R — holim, X, ® RS"

is a § /p-local weak equivalence, i.e., that 4.2.3 is a weak equivalence after p-completion.
[m]

Theorem 4.2.4. Let R be a connective E,-ring spectrum. Suppose that, for each integer
i, the Q-vector space nt;(R) ®z Q is finite-dimensional. Let X, be a simplicial pointed finite
set. Then the natural map of E,-ring spectra

(4.2.4) Lug(Xe ®R) — Lygq (holim, X, ® (R"))

is a weak equivalence. (Here we are writing Lyq for Bousfield localization at the Eilenberg-
Mac Lane spectrum HQ, i.e., Lyq is rationalization.)
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Proof. Essentially the same proof as that of Theorem 4.2.3; the only substantial difference
is that, rather than lim ! vanishing being a consequence of finiteness of the mod p homotopy
groups, in the present situation we have vanishing of

lim! (r.(X. ® R<")) @z Q)

due to the fact that lim ' vanishes on any inverse sequence of finite-dimensional vector
spaces over a field; see [27]. O

Corollary 4.2.5. Let p be a prime, and let R be a p-local connective E,-ring spectrum.
Suppose that, for each integer i, the Z, -module n;(R) is finitely generated. Let X, be a
simplicial pointed finite set. Then the natural map of E-ring spectra

(4.2.5) Xo ®R — holim, X, ® (RS")
is a weak equivalence.
Proof. 1t follows from the pullback square in rings

Zpy —=Q

|

zp —Q

that a map of connective finite-type p-local spectra which is both a p-complete weak equiv-
alence and a rational weak equivalence is also a weak equivalence. O

Corollary 4.2.6. Let R be a connective E-ring spectrum. Suppose that, for each integer
i, the abelian group m;(R) is finitely generated. Let Xo be a simplicial pointed finite set.
Then the natural map of E-ring spectra

X. ® R — holim,, X, ® (RS")
is a weak equivalence.

Proof. Again, it is classical that a map of connective finite-type spectra which is a rational
equivalence and a p-complete weak equivalence at each prime p is also a weak equivalence.
O

5. APPLICATIONS

We now present two calculations: first, we calculate (S /p)THH(R) when R has the
property that m,(R) =~ Z,[x]/x> where |x| > 0; second, we provide a bound on topo-
logical Hochschild homology of a connective commutative ring spectrum R in terms of
THH(Hn,(R)) and we give an explicit bound in the case 74 (R) = Z,[x] where |x| = 2n
forn > 0.

5.1. Topological Hochschild homology of Postnikov truncations. Let R be a commuta-
tive ring spectrum with the property that m, (R) = Z,[x]/x* with |x| > 0. We will consider
the THH-May spectral sequence

(S/p)«(THH(HZ, x $"HZ,)) = (S /p)«(THH(R))
produced using the short filtration of a commutative ring spectrum R given in Example

4.1.7. First, we compute the input of the S /p-THH-May spectral sequence for this exam-
ple.
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Proposition 5.1.1. Let p be an odd prime, then
(S/p)«(THH(HZ, x £"HZ,)) = E(4;) ®s, P(11) ®=, HH.(E(x))

where |x| = n. The grading of HH(E(x)) is given by the sum of the internal and homo-
logical gradings.

Proof. Due to Bokstedt [7], there is an isomorphism
m+(S/p A THH(HZ,)) = E(;) ®g, P(u1).
Let § x XS be the trivial split square-zero extension of § by X"S. Then HZ and § x 'S
are commutative S -algebras and HZ,, X Z”HZP ~ HZ,, A S x 2'S. By [29, Thm. 3.1],
there are equivalences
THH(HZ, x ¥"HZ,)) =~ THH(HZ, A (S x 2"S))
~ THH(HZ,) A THH(S x X'S)

of commutative ring spectra. Since S /p A HZ, ~ HF,, and the spectrum THH(HZ,) is a
H7,-algebra, the spectrum S /p A THH(HZ,) naturally has the structure of a HF,-module.
Hence, there are isomorphisms

m(S/p A THH(HZ,) A THH(S x X'S))
n«(S/p A THH(HZ,) Ays, HE, A THH(S x £S))
m+(S/p A THH(HZ,)) ®s, HF,,(THH(S x 2"S)).
Now, we apply the Bokstedt spectral sequence
HH,(HF, (S x £'S)) = Hy(THH(S x £'S))

where the input is HH, (E(x)). If [x| is odd, then HH,(E(x)) = E(x) ®g, I'(cx), which

can be seen from the standard fact that Tori(x) (F,,F,) = I'(ox) and a change of rings

argument, for example see [26]. If |x| is even, then one easily computes
E(x) =0
HH,(E(x)) = { ZMC=Dr{1} n=2i—1
THCHD R} n=2i

for i > 1. There is an isomorphism of bigraded rings
HH*,*(E(X)) = E(x)[xi7yj niz 1’] = 0]/ ~

where the degrees are given by |x;| = (2i,2|x|i + |x|) and |y;| = (2j + 1,2/|x| + |x[), and
the equivalence relation is the one that makes all products zero. The representatives in the
cyclic bar complex for x; and y; are x®2+1 and 1 ® x®%+1 respectively. Whether |x| is
even or odd, the Bokstedt spectral sequence collapses for bi-degree reasons. (Also see [4,
Prop. 3.3] for the more general calculation of HH (F,[x]/x") when |x| = 2nandn > 0
and p 1 n.) O

lle 11

Corollary 5.1.2. (Rigidity of S /p A THH for Postnikov truncations ) Let R be a connective
E-ring spectrum with m(R) = Z,[x]/x%, m;(R) = 0 for i # 0, k. Suppose that

p#£k+ 1mod?2k+ 1.
Then (S /p A THH(R)) depends only on nty(R<*); i.e only on p and k.
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Proof. The THH-May spectral sequence
(S/p)ws(THH(HZ, x S*HZ,)) = (S /p)«(THH(R))

collapses since there are no possible differentials for bidegree reasons under the assump-
tions on k with respect to p. O

Remark 5.1.3. Corollary 5.1.2 can be considered a rigidity theorem in the sense that .S /p A
THH does not see the first Postnikov k-invariant in the cases given by the congruences
above.

Corollary 5.1.4. Let p be a prime such that p % 2 mod 3, then
7 (S/p A THH(kufz)) =~ E(A1) ®g, P(u1) ®=, HH4(E(x)),

where |x| = 2 and the degree of HH,(E(x)) in y is given by the sum of the internal and
homological degree.

5.2. Upper bounds on the size of THH. Many explicit computations are possible us-
ing the THH-May spectral sequence; for example, G. Angelini-Knoll’s computations of
topological Hochschild homology of the algebraic K-theory of finite fields, in [1]. These
computations are sufficiently lengthy that they merit their own separate paper.

In lieu of explicit computations using the 7HH-May spectral sequence, we point out
that the mere existence of the 7HH-May spectral sequence implies an upper bound on
the size of the topological Hochschild homology groups of a ring spectrum: namely, if
R is a graded-commutative ring and X, is a simplicial finite set and E is a generalized
homology theory, then for any E,-ring spectrum A such that 7, (A) =~ R, E+(Xe ® A)) is
a subquotient of E, (X, ® HR). Here HR is the generalized Eilenberg-Mac Lane spectrum
of the graded ring R.

In particular:

Theorem 5.2.1. For all integers n and all connective E,-ring spectra A, the cardinality
of THH,(A) is always less than or equal to the cardinality of THH, (Hrmy(A)).

Below are more details in a more restricted class of examples, namely, the E., ring
spectra A such that 7, (A) = Z,[x].

Definition 5.2.2. We put a partial ordering on power series with integer coefficients as
Sollows: given f,g € Z[[t]], we write f < g if and only if, for all nonnegative integers n,
the coefficient of t" in f is less than or equal to the coefficient of " in g.

Lemma 5.2.3 is surely not a new result:

Lemma 5.2.3. Suppose that A is a connective E,-ring spectrum such that the abelian
group m,(A) is finitely generated for all n. Suppose that X, is a simplicial finite set. Then
7.(Xe ® A) is finitely generated for all n.

Proof. First, a quick induction: if we have already shown that the abelian group 7, (A"™)
is finitely generated for all n, then the Kiinneth spectral sequence

TOI'H*(S)(H*A,T[”(AA’")) — ﬂ,*(AAerl)

*,%
is finitely generated in each bidegree and is a first-quadrant spectral sequence (with differ-
entials according to the Serre convention), hence strongly convergent and has E.,-page a
finitely generated abelian group in each total degree. So the abelian group m,(A*"*1) is
also finitely generated for each n.
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Consequently in the Bousfield-Kan-type spectral sequence

E}t =~ m (AN = 1 (X, @A)

d: E;,t - Eg—r,H—r—l

obtained by applying 74 to the simplicial ring spectrum X,®A (here we are using the pre-
tensor product, of Definition 3.3.1), each bidegree is a finitely generated abelian group,
and the spectral sequence is half-plane with exiting differentials, hence also strongly con-
vergent by Theorem 6.1 of [6]. Consequently m,(X, ® A) is a finitely generated abelian
group for each integer n. O

Theorem 5.2.4. Let n be a positive integer, p a prime number, and let E be an E,-ring
spectrum such that n, (E) =~ Zp [x], with x in grading degree 2n. Then the Poincaré series
of the mod p topological Hochschild homology (S /p)«(THH(E)) satisfies the inequality

5 < 1= o=l

N

Proof. Ttis a classical computation of Bokstedt (see [7]) that

(S/p)«(THH(HZ,)) = E(A1) ®z, P(u1),
with A; and y; in grading degrees 2p — 1 and 2p respectively.

Now we use the splitting theorem of Schwinzl, Vogt, and Waldhausen, Lemma 3.1 of
[29]: if K is a commutative ring, and W is a g-cofibrant S -algebra (i.e., up to equivalence,
an A, -ring spectrum), then there exists a weak equivalence of S -modules (not necessarily
a weak equivalence of S -algebras!):

THH(W A HK) ~ THH(W) A THH(HK) ~ THH(W) A HK Apx THH(HK).

In our case, W is the free A, -algebra on a single 2n-cell, and K = Zp. Hence THH(W) A
HK satisfies

(S/p)«(THH(W) A HK) = (HF,)«(THH(W)) = P(x) ®, E(0x),

by collapse of the Bokstedt spectral sequence for bidegree reasons. Hence (S /p)«(THH(HZ,[x]))
is isomorphic, as a graded F,-vector space (but not necessarily as an FF,-algebra!), to

E(A1,0x) ®g, P(u1,x),

(1+Q2p—1)1)(1+(2n+1)1)

which has Poincaré series =20 (1=2p1)

Here are a few amusing consequences:

Corollary 5.2.5. Let n be a positive integer, p a prime number, and let E be an E,-ring
spectrum such that n,(E) = Zp [x], with x in grading degree 2n.
o If p does not divide n, then THHy;(E) = 0 for all i congruent to —p modulo n
such that i < pn — p — n, and THH;(E) =~ 0 for all i congruent to —n modulo p
such that i < pn — p — n. In particular, THH,(,,— ) (E) = 0.
e If p divides n, then THH;(E) =~ 0, unless i is congruent to —1,0, or 1 modulo 2p.

Proof. We split the proof into two cases: the case where p { n and the case where p|n.

o If p does not divide n, then the largest integer i such that the graded polynomial
algebra P(u;, x) is trivial in grading degree 2i is 2(pn — p — n). (This is a stan-
dard exercise in elementary number theory. In schools in the United States it is
often presented to students in a form like “What is the largest integer N such that
you cannot make exactly SN cents using only dimes and quarters?”’) Triviality of
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P(u1, x) in grading degree 2(pn — p —n) also implies triviality of P(u, x) in grad-
ing degree 2(pn — p —n) —2(p + n), hence the triviality of E(1;, 0x) ®g, P(u1, x)
in grading degree 2(pn — p — n), hence (multiplying by powers of x or yu;) the
triviality of E(A;,0x) ®g, P(u1, x) in all grading degrees < 2(pn — p — n) which
are congruent to —2p modulo 2n or congruent to —2r modulo 2p.

So (8/p)2(THH(E)) vanishes if i < pn — p —n and i = —p modulo n or
i = —n modulo p. The long exact sequence

- (S /p)sis1(THH(E)) — THHu(E) —2> THHx(E) — (S /p)u(E) — ...

then implies that THH,;(E) is p-divisible. By Lemma 5.2.3, THH,;(E) is finitely
generated. Since my(E) = Z,, THH(E) is a Z,-module. The only finitely gener-
ated abelian group which is p-divisible and admits the structure of a Z,,-module is
the trivial group.

e If p divides n, then E(A;,0x) ®F, P(u1, x) is concentrated in grading degrees
congruent to —1,0 and 1 modulo 2p. An argument exactly as in the previous part
of this proof then shows that, if i is not congruent to —1,0, or 1 modulo 2p, then
THH;(E) must be a p-divisible finitely generated abelian group which admits the
structure of a Z,-module, hence is trivial.

[m]

6. APPENDIX: CONSTRUCTION OF THE SPECTRAL SEQUENCE WITH COEFFICIENTS.

In this appendix, we construct the spectral sequence of Theorem 3.5.5 with coefficients
in a symmetric bimodule. This has proven computationally useful in the paper [1] by G.
Angelini-Knoll on topological Hochschild homology of K(F,).

For clarity of exposition, we gave the construction of the topological Hochschild-May
spectral sequence without coefficients (i.e., with coeflicients in the commutative monoid
object itself) in section 3. The essential ideas in the construction of the spectral sequence
are clearer in that case. Now we build the more general version of the spectral sequence in
which we allow coefficients in a symmetric bimodule object. Since the necessary construc-
tions are all quite similar to those of section 3, and the reader who understands section 3
will find no surprises here, we have relegated this material to an appendix.

We begin by extending Definition 3.3.1 to include coefficients. For the following def-
initions, let f Sets be the category of pointed finite sets and basepoint preserving maps.
Let C be a model category satisfying Running Assumptions 2.0.2.

Definition 6.0.6. For a cofibrant commutative monoid object A in C, we define a functor
—&(A; =) : sf Sets; xA-mod — sA-mod,
which we call the pretensor product with coefficients, as follows. If Y, is a pointed simpli-

cial finite set with basepoint {+y,}, A is a commutative monoid in C and M is a symmetric
A-bimodule, then the simplicial object in C is given by:

e Forall n € N, the n-simplex object (Y. Q(A; M)), is defined as
(Yo Q(A; M), := M A /\erH*M}A,

i.e, the smash product of M and a copy of A for each n-simplex 'y € Y, — {#y, }.
e For all positive n € N and all 0 < i < n, the i-th face map

di : (Yo®(AaM))n - (Yo®(A7M))n—l
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is a smash product of two maps. The first map is defined as follows: for each
n-simplexy € Y, —{y € Y, : 6;(y) # #y,—1}, we associate a map

A— /\{.\'EY,,_]f{*ynil}}A

which is inclusion into the coproduct in Comm(C) of the smash factor correspond-
ing to the n — 1-simplex 6;(y) € Yo—1 — {*v,_,}. The first map is then defined
using the universal property of the coproduct in Comm(C) and then applying the
forgetful functor to C. The second map

A /\{yGYnf{*Yn}561'()')=*Yn—1}

is given by composing the action map of A on M with itself in the evident way.
e For all positive n € N and all 0 < i < n, the i-th degeneracy is a smash product of
two maps. On the component corresponding to a n-simplex

yeY, — {y €Y, : O'i(y) # *Yn+l}
we define the map
A — A
/\{.\'EYn+]7{*Yn+l}}

as the inclusion of the smash factor corresponding to the (n + 1)-simplex o;(y)
in the coproduct in Comm(C). The first map is then defined using the universal
property of the coproduct in Comm(C) and then applying the forgetful functor to
C. The second map, corresponding to the i-th degeneracy on {+y, }, is the map
M A /\{y/EY,,:O';(y’):*yn“ } A—M
which is given by composing the action map of A on M with itself in the evident
way.
The pretensor product is defined on morphisms in the evident way as in Definition 3.3.1.
For A a commutative monoid in C, we define the tensor product with coefficients

—® (A;—) : sf Sets xA-mod — sA-mod
to be the geometric realization of the pretensor product:
Yo ® (A; M) = |Y.&®(A; M)).

One can check that when M is a commutative symmetric A-bimodule algebra; i.e., the
multiplication map is a map of A-bimodules and the unit S — M factors through the unit
S — A, then Yo ® (A; M) is an object in Comm (.

As one would expect, if Yo = (A[1]/6A[1])s where the basepoint is A[0] = A[1], then
Y. ® (A; M) is identified with THH(A; M); i.e. usual topological Hochschild homology
with coefficients. We note that THH(A; M) will be a module over THH (A).

Definition 6.0.7. (Some important colimit diagrams with coefficients 1.)

o — LetS andT be finite sets with distinguised basepoints %s and %t respectively,
and suppose there is a basepoint preserving map f : T — S. We can equip
NS with the strict direct product order as in Definition 3.4.2 and define a
function of partially-ordered sets N{r :NT = NS by

MWL) = > x0)

{teT:f(t)=s}



A MAY-TYPE SPECTRAL SEQUENCE FOR HIGHER TOPOLOGICAL HOCHSCHILD HOMOLOGY 43

as before. (The only way in which this differs from Definition 3.4.2 is that
we are assured that (N{'_ (x))(*s) has x(x7) as a summand.) This defines a
functor

NE:) : f Sets; — POSets.

— As in Definition 3.4.2, N{_ will preserve the evident L' norm.

Definition 6.0.8. (Some important colimit diagrams with coefficients II.)
e — When S is a pointed set, let DS be the subposet of N° consisting of x € N®
such that |x| = n.

— A basepoint preserving function between finite pointed sets, T — S, induces
s

Dy
a map DY — DS of partially-ordered sets by restriction of N]_;.
— For each n € N, this defines a functor

D, 4 - f Setsy — POSets
from the category of finite pointed sets to the category of partially-ordered
°* - fetts;S' be a pointed finite set. For each x € N® and each n € N, let Q);f;x denote
the following sub-poset of NS :
Dy, ={yeN’:y>x and |y| > n+ |x|}
as in Definition 3.4.3.

- IfT L. Sisa basepoint preserving function between finite pointed sets and
.

xeNlandneN, let DI —5 D5 () be the function of partially-ordered

’ n;Dy (X

sets defined by restricting N‘i to Q),,T;x.

For each n € N and each x € N7, this defines a functor
: f Sets;. — POSets

from the category of finite pointed sets to the category of partially-ordered
sets.

Q)n;x+

Definition 6.0.9. (Some important colimit diagrams with coefficients III.)
e Let S be a finite pointed set and let n be a nonnegative integer. Write Eg for the

set
£ = {xe{O,l,...,n}S :Zx(s) 211}.

seS
We partially-order E{ by the strict direct product order, i.e., X' < x if and only if
X' (s) < x(s)forallseSs.
o The definition of ‘Eg is natural in S in the following sense: if T L, S is a base-
point preserving map of finite pointed sets and x € N”, we have a map of partially-

ordered sets
T s
AR

n

(20) () = mindmy©) = D )+ )

(1€T.f (1) =5}

Note that this functor depends on the choice of x € NT. Functoriality follows in
the same way as in Definition 3.4.4.
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(The only way in which this differs from Definition 3.4.4 is that when we evalu-
ate on the basepoint of S,

(Bhee) () =min S myss) = D) (a0 +3(0)

{teTy f(t)=x*s}
the sum will be nonempty because it contains x(+7) + y(*1).)

Definition 6.0.10. (Some important colimit diagrams with coefficients IV.)

o — Ler (I,,M,) be a pair with I, a cofibrant decreasingly filtered commutative
monoid in C and M, a cofibrant decreasingly filtered symmetric I,-module.
Let S be a pointed set with basepoint =g. In this case, let

FS (I, M) : (NS)* — ¢
be the functor sending x to

Mx(*s) A ASES—~{>X<5}~I)C(S)’
and let

TnS(IO:MO) : (Q)S)OP — C

n
be the composite of F5 (1., M) with the inclusion of D; into N5 :
N
(25)7 — (105)® "3 ¢
- Forx € D, wewrite %,3 (1., M) for the restriction of the diagram 5 (1., M,)
10 Dy, i.e. 73 (I, M) is the composite

TS
(D30 — ()" 7= e

— Finally, let M3 (I,, M,) denote the colimit
M (1o, M) = colim (% (1., M.))
in C. We get a sequence in C induced by the natural inclusion of D> into
Doy
6.0.1) > M (Ie, My) — M (1o, Ma) — My (I, Ma) = Mo A Ages — (s51Do-
We refer to the functor N — C given by sending n to M (I,, M,) as the

May filtration with coefficients.
— The May filtration with coefficients is functorial in S in the following sense:

if T L Sisa basepoint preserving function of finite pointed sets, we have
a functor

DI, iD, - D
(2l@) 9 ~ Y
{teT:f(t)=s}

and a map of diagrams from FI (I., M,) to %3 (1., M) given by sending the
object

T (les M) (x) = Mysepy A /\,67_{*T} L
by the map

My A /\zeT—{*r} Ly — MZ{rET:f(z):*S}X([) A /\seS—{*s} IZ{!ET*{*T}:f(1)=S}x(t)
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given as the smash product, across all s € S, of the maps

AgreT—{aryf () =sHx(t) = M per_ gy x(0)

given by multiplication via the maps p of Definition 3.1.2 and the maps

Mi(ir) A A e —(ryif =53 x(0) = M qer =gy ()
given by module maps  of Definition 3.2.1.
To really make Definition 6.0.7 precise, we should say in which order we multiply the
factors using the maps p and i; but the purpose of the associativity and commutativity

axioms in Definition 3.1.2 and Definition 3.2.1 is that any two such choices commute, so
any choice of order of multiplication will do.

Definition 6.0.11. (Definition of May filtration with coefficients.) Let (I, M,) be a
pair with 1, a cofibrant decreasingly filtered commutative monoid in C and M, a filtered
symmetric I,-bimodule in C. Let Y, be a pointed simplicial finite set. By the May filtration
with coefficients on Y,&(Iy; My) we mean the functor

MY (I,,M,) : N® — sC
given by sending a natural number n to the simplicial object of C

P S
%YO(IQ,M.) ﬁ M;'LYI(I.,M.) %E %Yz(lc,Ma) ﬁ”-

- —
-

with M) (Is, M,) defined as in Definition 6.0.7, and with face and degeneracy maps defined
as follows:
o The face map
di : Mqu(Io, Mo) - M[Yj_l (Io’ Mo)
is the colimit of the map of diagrams
Fa' (I, Ma) = 5, (1, M)
induced, as in Definition 6.0.7, by 6; : Y; — Y;_.
o The degeneracy map
5; %yj(["M'> N %Y/+l(l.’M.>
is the colimit of the map of diagrams
(1, M) — F5 (1., M)

induced, as in Definition 6.0.7, by o : Y; — Y. The only way in which this
differs from Definition 3.4.5 is that the maps 6; and o; are now the basepoint
preserving structure maps of the pointed simplicial object Y,.

Remark 6.0.12. Note that the maps p of Definition 3.1.2 and  of Definition 3.2.1 yield,
by taking smash products of the maps p and ¢ associative and symmetric bimodule maps,
}—rrf (1') A Tns (1" M') - i§+m(l" M')

hence after taking colimits, we produce maps
M3 (1) A M (I, M) — M

m n+m

(Io, M.,);

i.e. the functor
N? — ¢

n— My (1. M)
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is a cofibrant decreasingly filtered symmetric 4> (I,)-bimodule in the sense of Defini-
tion 3.2.1. The same considerations as in Remark 3.4.7 give |M*+(I,, M,)| the structure
of a cofibrant decreasingly filtered symmetric |M*+ (I, )|-bimodule in the sense of Defini-
tion 3.2.1.

We now need to adapt Lemmas 3.4.8, 3.4.9, and 3.4.10 to our situtation.

Lemma 6.0.13. Let I, be a cofibrant decreasingly filtered commutative monoid in C and
let M, be a cofibrant decreasingly filtered symmetric 1, bimodule. Let S be a pointed set
and n € N. There is a monomorphism v : D’f s D3 . We write

Kan: CPD)" 5 o207
for the left Kan extension of anS_H (Is, M,) induced by 1°? and define
Fi(Ie, M) := Kan (%5, (1., M.)) .
The universal property of the Kan extension produces a canonical map
c: I?nSH(I"M-) - 7ns+1(1°’M0)-

With these definitions, the cofiber of the map

colim(ﬁnﬂ_l (I.,M,)) colime colimfns (I, M,),
where colimits are computed in C, is isomorphic to the coproduct in C

]_[ ((Mx(*s) AN /\seS—{*g}Ix(s)) / (C()lim,‘flé;x(l., M.))) .
{xeNS:|x|=n}

This isomorphism is natural in the variable S .

Proof. We omit the proof because it follows from an evident generalization of Lemma 3.4.8.
O

Lemma 6.0.14. Let S be a finite pointed set. Suppose the map Yy, 1 — Yy, 0 is a cofi-
bration and for s € S — {xg} the maps Z;; — Zs are cofibrations. Suppose the objects
Yo and Yy, o are cofibrant and that, for s € S — {*s}, Z,1 and Zsy are cofibrant. Let
gSJr : (ZIS )P — C be the functor given on objects by
gSJr ()C) = Y*S,x(*g) A /\sESZs,x(s)
and given on morphisms in the obvious way. Then the smash product
Yis0 A Ases—(s51 250 = Yag 0/ Vg1 A Ases— 1251250/ Zs.1

of the cofiber projections Zsy — Zsp/Zs1 and Y0 — Yug0/Yse1 fits into a cofiber
sequence:

I
colimGy — Yiug 0 A Nses— {51250 = Yas.0/Yag 1 A Ases— (w51 250/ Zs.1-

Proof. Letting Zy, ; = Y, ; fori = 0, 1, we can prove this lemma in almost the same way
as Lemma 3.4.9. The only difference is that in the proof we need to choose sp € S — {5}
so that #g isin S’ = § — {so0}.

O

Lemma 6.0.15. Suppose S is a pointed finite set and n € N. Let x € NS and E5 and D,f;x
be as in Definition 6.0.7 Let J,f;x be the functor defined by

S .S S
Jn;x . fn - @n;x

(Jux(3)) (8) = x(s) + y(s).
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Then J,.x has a right adjoint. Consequently J,., is a cofinal functor; i.e. for any functor
defined on .. such that the limit limF exists, the limit lim(F o J,S,;x) also exists, and the

nx

canonical map lim(F o J5.) — limF is an isomorphism.

nx

Proof. The proof follows easily from the evident generalization of the proof of Lemma 3.4.10.
O

Theorem 6.0.16. (Fundamental theorem of the May filtration with coefficients.) Ler
I, be a cofibrant decreasingly filtered commutative monoid in C, let M, be a cofibrant
decreasingly filtered symmetric I,-bimodule, and let Y, be a simplicial pointed finite set.
Then the associated graded commutative monoid Ej ’M Ye(1,, M.)‘ of the geometric real-
ization of the May filtration is weakly equivalent to the tensoring Yo ® (E;ls; Ef M,) of
Y. with the associated graded commutative monoid of I, with coefficients in the associated
graded symmetric E; I,-bimodule:

(6.0.2) EF |a" (1., M.)

~Y,® (Ejl; EXM,).
Proof. Since geometric realization commutes with cofibers, there is an equivalence

|96 (1o, Ma) /94,3 (1o, Ma)| = |94 (1, Ma) /34,3, (1o, ML)

and we would like to identify this cofiber. Each Y; is some finite pointed set, so we will
compute the cofiber of the map

at

7 (1 M) > 3 (1. M)

on each simplicial level as follows. We claim that for any finite pointed set S
(6.0.3)
S S
M (I Ma) = 985 (I, M) > [ ] Mgy /Mgy or A /\Es_{*s} Ligs) /Tats) 1

XENS;|x|=n

is a cofiber sequence. To prove this claim, first note that M S 1 is defined to be colim TnSH (I, M,).
By Lemma 6.0.13, we can identify the cofiber of the left map in Equation 6.0.3 as the
cofiber of the left map in the diagram:

colim?nSJrl(l.,M.) — colimfns (Ie, M) — L[ (M*S A /\S€S7{*S} Ix(s)) / (colim TIS;X(I.,M.)) .
{xeNS;|x|=n} '

Lemma 6.0.13 also demonstrates naturality in the variable S. By Lemma 6.0.15, the func-
tor J;., is cofinal and hence the map

colim (TEX(I., M.,) o Jy.;) — colim (flS;X(I., M.)
is an isomorphism. (We are applying the dual of the statement of Lemma 6.0.15, which
also holds.) By Lemma 6.0.14, we identify
(M () A Ases— s Ix(s)) /e0lim (Froe(Tos Ma)od i) = (Mgsg)/Mi(agy+1 A Ases— (s Hats) /Dx()+1)

as we needed to prove the cofiber sequence of Equation 6.0.3. The same considerations as
in the proof of Theorem 3.4.11 apply, producing naturality in S.
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We have a sequence of simplicial objects in C
YU - Y —_— Ys

M, (Lo, My) — (I, M) =— (I, M) =— ...

-

-
M (Lo, M) == M" (I, M) =— M"(l.,M,) =— ...

1 - —_—
-

-
M) (I, Mo) == M) (I, Ms) =— M,)* (1., Ms) —= ...

and geometric realization commuting with cofibers implies that the comparison map
(6.0.4) Yo ® (Efly; Ef ML) — EX|M™ (1., M.,)|
of objects in C is a weak equivalence. If M, = I,, then we recover Equation 3.4.7. O

Remark 6.0.17. One can show that the weak equivalence of Equation 6.0.2 in Theo-
rem 6.0.16 is an equivalence of symmetric E;f|#"*(I,)|-bimodules. Also, in the cases
when both sides are objects in Comm(() and M, is a cofibrant decreasingly filtered com-
mutative monoid in C as well as a cofibrant decreasingly filtered symmetric /,-bimodule,
one can show that the equivalence is an equivalence of commutative monoids in C.

Definition 6.0.18. Suppose I, is a cofibrant decreasingly filtered commutative monoid
object in C, M, is a cofibrant decreasingly filtered symmetric 1,-bimodule, and Y, is a
simplicial pointed finite set. Let Hy be a connective generalized homology theory on C as
defined in Definition 3.5.1, then by the topological Hochschild-May spectral sequence for
Yo ® (I.; M,), we mean the spectral sequence in C obtained by applying Hy to the tower
of cofiber sequences in C

|96 (Lo, Ma)| —— |36 (1, M.)| / 1965 (1., M,)|

|94 (1, Ma)| —— |36 (1, M.)| / 1965 (1, M,)|

|94 (1. M) | —— 3" (1. M.)| /|96 (1. M.)|.
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The spectral sequence we refer to is the one associated to the exact couple

©®,; Hi

1~ )
D i Hi

*,% =

Yo
20" (1., M)

Yo
20" (1., M.)

|

Y,
A (1., M,)

~ pl
=D, ,

1 ~
E,. = i,jHi

k. —

/|alz 1o ma)

Theorem 6.0.19. Given I., Mo, Yo and H, as in Definition 6.0.18. Suppose that I, and M,
are Hausdorff as cofibrant decreasingly filtered objects in C. Suppose I, and M, satisfy
Connectivity axiom: H,,(I,,) =~ 0 for all m < n and H,,(M;) = 0 for all m < ¢.
Then the topological Hochschild-May spectral sequence is strongly convergent, and its
input and output and differential are as follows:
E;, = Hy(Ye ® (Egla, EfM.)) = Hy(Ys ® (lo, Mo))

ro. gr r
d: E‘&‘,t - Es—l,H—r—l

Proof. We need to check that [E*Z, holim; (H A },’MIY *(Ie, M,) |)] is trivial, but by an evi-
dent generalization of Lemma 3.5.4 H,, (‘SMIY (I, M,) ’) =~ O for all m < i, so by Lemma
3.5.3, [Z*Z holim; (H A |£Ml.y' (I, M.)|)] = 0 as desired. Thus, the spectral sequence
converges to Hy (|My* (o, M,)|) = H.(X. ® Iy). A routine computation in the spectral
sequence of a tower of cofibrations implies the bidegree of the differential.

The sequence

o [ (1, ML) | —— [ (1., M) | — |34 (1., M.)

is a cofibrant decreasingly filtered commutative monoid in ¢ whenever M, is a cofibrant
decreasingly filtered commutative monoid in C compatible with the I,-action as observed
in Remark 3.4.7 and therefore, in particular, there is a pairing of towers in the sense of [11]
under these conditions. Therefore by Proposition 5.1 of [11] the differentials in the spec-
tral sequence satisfy a graded Leibniz rule when M, is a cofibrant decreasingly filtered
commutative monoid in ¢ compatible with the I,-action.

Convergence is standard and follows as stated in the proof of Theorem 3.5.5. O

We conclude with an example. Suppose 1, is a trivially filtered commutative monoid in
C;ie., I, ~ 0forn > 1. Suppose M, is a cofibrant decreasingly filtered symmetric I,-
bimodule object in € with M,, ~ 0 for n > 2. Then the sequence of simplicial commutative
monoids becomes

[P
M (L, My) == M (1., My) =—— M (1., M) — ...
-~ _—
| l |
[P
%YO(I.’M.) —>E %YI(I.’M.) b; %YZ(I.’M.)é“.

where the realization of SMOY‘ (I, M,) is Yo ® (Iy; My), the realization of .‘Mly' (I,,M,) is
Y.®(lo; M) and the realization of the quotient 3 * (I, M.)/ﬂt/[ly‘ (Ie, M) is MY+ (Iy, Mo/ M}).
The spectral sequence collapses to produce a long exact sequence coming from the cofiber

sequence
Yo ® (Io; M1) — Yo ® (Io; Mp) — Yo ® (o, Mo/ My).
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When Y, = A[1]/6A[1] with the obvious basepoint, this specializes to a cofiber sequence,
THH(Io, M) — THH(Io; Mo) — THH(Iy, Mo/M;)

which recovers a folklore result; i.e., a cofiber sequence in coefficient bimodules induces a
cofiber sequence in topological Hochschild homology. This seems to be well known, but
we do not know where it appears explicitly in the literature.
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