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ABSTRACT. We calculate the cohomology of the extended Morava stabilizer
group of height n, with trivial mod p coefficients, for all heights n and all primes
p >> n. The result is an exterior algebra on n generators. A brief sketch of
the method: we introduce a family of deformations of Ravenel’s Lie algebra
model L(n,n) for the Morava stabilizer group scheme. This yields a family of
DGAs, parameterized over an affine line and smooth except at a single point.
The singular fiber is the Chevalley-Eilenberg DGA of Ravenel’s Lie algebra.
Consequently the cohomology of the singular fiber is the cohomology of the
Morava stabilizer group, at large primes. We prove a derived version of the
invariant cycles theorem from Hodge theory, which allows us to compare the
cohomology of the singular fiber to the fixed-points of the Picard-Lefschetz
(monodromy) operator on the cohomology of a smooth fiber. Finally, we use
some new methods for constructing small models for cohomology of reductive
Lie algebras to show that the cohomology of the Picard-Lefschetz fixed-points
on a smooth fiber agrees with the singular cohomology H*(U(n);Fp) of the
unitary group, which is the desired exterior algebra.
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1. INTRODUCTION

1.1. What this paper is about. In this paper we calculate the cohomology
H*(Aut(Gy/p,); (Fp)eriv) of the full Morava stabilizer group scheme Aut(Gy/,,) of
height n, with trivial mod p coefficients, for all primes p >> n. Equivalently,
we calculate the cohomology H*(Gy;Fpn) of the extended Morava stabilizer group
G, = Aut(Gy /,®r,Fpn ) xGal(Fpn /IFp) of height n for all p >> n, with Gal(F,» /F,)
acting on Fp» via its natural action and with Aut(Gy /) acting trivially on the Ga-
lois fixed-points IF,, € F». In particular, we verify an old folklore conjecture that
H*(Gy; Fpn) is isomorphic to the exterior Fp-algebra A(z1,...,z2,-1) on a single
odd generator in each odd degree from 1 to 2n — 1. Here is the main theorem:

Theorem A. Let n be a positive integer. Then, for all sufficiently large primes p,
H* (Gy;Fpn) is isomorphic, as a graded Fp-algebra, to the associated graded of a
finite filtration on the singular cohomology H*(U(n);F,) of the unitary group. In
particular, H* (Gn; Fpn) is isomorphic to H*(U(n);Fp) as graded Fp-vector spaces.

This calculation with mod p coefficients seems to be complementary to the cal-
culation of the cohomology of G, with rational coefficients in the preprint [I] of
Barthel-Schlank—Stapleton—Weinstein: as there is no known single integral lift de-
fined simultaneously for all primes p, there is no way to deduce a mod p result for
all sufficiently large primes from a rational result, and conversely. So there seems
to be no way to deduce our result from theirs, or theirs from ours. Our methods
are also entirely different from those of [IJ.

For various rephrasings of Theorem [A] we refer readers to appendix[A] which has
a brief summary of basic properties of the different versions of the Morava stabilizer
group, including the applications of their cohomology groups in spectral sequence
calculations in stable homotopy theory. The known methods for computing the
K (n)-local and E(n)-local stable homotopy groups of finite spectra—mostly no-
tably, the K (n)-local and E(n)-local stable homotopy groups of spheres—all begin
with knowledge of the cohomology ring

(1) H* (GuiE(Gy/y @5, Fpn)u/(poun, .- tin—1)) = H (Gyi Fyn [u*!]) .

Consequently it is of fundamental importance to calculate the ring . At primes
p >> n, where the structure of the ring is independent of the prime p, the
ring has been described only for n < 4: the cases n = 1,2 are in [I§], the
case n = 3 is handled in [24],[33],[14], and the case n = 4 is described additively
(and multiplicatively, up to possible multiplicative extensions in a certain spectral
sequence) in the preprint [27].
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For all n, the ring (T) is periodic: multiplying by u?" ! is an isomorphism. Hence
the ring (I consists of a certain smaller graded ring, H* (Gp; Fpn [u1]) /(1—uP" 1),
which is then repeatedly periodically. At primes p >> n, the Fp-linear dimension
of that smaller graded ring is as follows:

n  dimp, H* (Gy; Fpo [ut!]) /(1 —u?" 1)
1 2
2) 2 12
3 152
4 3440.

Clearly H* (Gp;Fpn[u®!]) /(1 — uP"~1) is bigger than an exterior algebra on n
generators. What we calculate in this paper, and prove to be isomorphic to such
an exterior algebra, is the subring

H* (G By [0 0]) /(1= 0" 71) = B (G By {u’))
= H" (Gn;FP")

of H* (Gp; Fpn [u®!]) /(1 —uP" 1),

A topological way to think about this subring is as follows: for all primes p and
positive integers n such that the p-primary Smith-Toda complex V(n — 1) exists,
the E(n)-Adams spectral sequence for V(n — 1) has signature

(3) Byt~ g (Gn;wpn{utﬂ}) = 1 o(LpmV(n—1)),

with E3" trivial for ¢ odd. The notation F,»{u'/?} denotes the F-linear span of

ut/? inside Fpn [u™']. Plotting (3)) with the usual (Adams) convention, the subring

H* (Gy;Fpn) calculated in Theorem [A|is precisely the diagonal line of slope —1

through bidegree (0,0) in this spectral sequence. This same line is repeated peri-

odically every 2(p™ — 1) stems as one looks to the left or the right in the Fs-page.
We now sketch how Theorem [A] is proven.

1.2. The reduction to Lie algebra cohomology. The first step is to compare
the cohomology of the Morava stabilizer group to the cohomology of a Lie algebra.
This relies heavily on ideas of Ravenel [23], [24], [25, chapter 6]: for each prime
p and each integer n, Ravenel constructed an n2-dimensional solvable Lie graded
F,-algebra L(n,n) with the property that, for p > n + 1, there exists a spectral
sequence

) B{* = HY*(L(n,n)iFy) = H* (G Fype[u®']) /(1 — " 1),

We refer to L(n,n) as Ravenel’s Lie algebra model for the Morava stabilizer group.
In the preprint [28], we called the Ravenel-May spectral sequence. The main
result of that preprint is that the Ravenel-May spectral sequence collapses imme-
diately at all primes p >> n, and that there are furthermore no multiplicative
filtration jumps in the abutment. Consequently, for p >> n, the Lie algebra coho-
mology H**(L(n,n);F,) is isomorphic, as a graded Fy-algebra, to the cohomology
H* (Gy; Fpn [ut']) /(1 —u?"~1). That is, at sufficiently large primes, Ravenel’s Lie
algebra model has the same cohomology, with mod p coefficients, as the Morava
stabilizer group. To be clear, Theorem [A] relies on the main result of the preprint

28].
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As a consequence, we may calculate the subring H* (Gy; (Fpr )triv) by calculating
the part of the Lie algebra cohomology H**(L(n,n);F,) in internal degreeﬂ divis-
ible by 2(p™ — 1). The cohomology of the Lie algebra L(n,n) is the cohomology of
its Chevalley-Eilenberg [3] differential graded algebra CE*(L(n,n)). Consequently
our task is to show that the sub-DGA of CE®(L(n,n)) consisting of elements in
internal degrees divisible by 2(p™ — 1) has cohomology A(x1,x3,...,29,—1). We
call this sub-DGA of CE®(L(n,n)) the critical complex of height n, and we write
cc®(L(n,n)) for it.

1.3. Deformations of Ravenel’s Lie algebra model for the Morava stabi-
lizer group. One of the new constructions in this paper is a one-parameter family
of deformations of the Lie algebra L(n,n). In section we construct a family of
Lie k-algebras, parameterized over the affine line A}, whose fiber at 0 is Ravenel’s
solvable Lie model L(n,n), and whose fiber at every nonzero point in A}c is instead
a reductive Lie k-algebra. We take the fiberwise Chevalley-Eilenberg differential
graded algebra of these Lie algebras, yielding a bundle A} of differential graded
k-algebras over Al\{0}.

Then we bring in the machinery of connections and monodromy: in Theorem
we show that there is an essentially unique differential-graded multiplicative
connection on this bundle of DGAs which is equivariant with respect to a certain
natural C),-action. By parallel transport in this connection around a loop circling
the puncture at 0 in A}\{0}, we get a Picard-Lefschetz (monodromy) operator
T : H*((A?)sm) = H*((A?)sm) on the cohomology of any of the smooth fibers
(A%)am of A%. We wish to compare the monodromy fixed-points H* ((A%)sm)”
with the cohomology of the singular fiber H* ((A?)o).

The situation resembles that of the local invariant cycles theorem, originally
conjectured by Griffiths in [I2], and proven by Clemens in [4]; see [20] for a very
good expository account. The local invariant cycles theorem asserts the following.
We write D for the unit disk in the complex plane. Suppose we are given

a proper flat holomorphic map X — D,

such that X is a Kdhler manifold,

such that the fiber &; over each nonzero t € D is a smooth complex variety,
and such that the fiber Xy over 0 € D is a divisor with normal crossings.

Then H*(Xp; Q) = H*(X; Q). Write Xy, for any smooth fiber, i.e., X, = X; for
some fixed nonzero ¢t € D. Let D* denote the punctured disk D\{0}. Corresponding
to a choice of generator of w1 (D*), we get a Picard-Lefschetz (monodromy) operator
T : H (Xsm; Q) = H*(Xgm; Q). The local invariant cycles theorem states that the
composite map

H*(Xp;Q) — H*(X;Q) = H*(Xyn; Q)

lands in the fixed-points of T, and furthermore, the resulting map H*(Xy; Q) —
H*(Xgm; Q)T is surjective. A p-adic version of the theorem was proven by Deligne
in [6].

IThe cohomology of L(n,n) is bigraded: the first grading is the cohomological grading, i.e.,
the grading in which the degree ¢ summand is the ith cohomology group. The other grading is
the internal grading, induced by the grading on the Lie algebra L(n,n) itself.
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In Theorem [3.5.3] we prove a certain derived analogue of the local invariant
cycles theorem. See that theorem, and Corollary for the statements, which
are technical. The upshotﬂ is that, for our bundle of DGAs A?,

e we get a surjective map H* ((A%)o) — H* ((A%)sm)” just as in the classical
local invariant cycles theorem,
e but more importantly, we also get an isomorphism H* ((A®)sn,)" = H* (((A2)0)™).

It is not obvious that H* (((A%)o)" ought to make sense at all, i.., that there
ought to be any meaningful version of the Picard-Lefschetz operator on the singular
fiber. The origin of a natural such operator is explained in section [3.5] It has the
property that its fixed-point DGA ((A%)0)7 is a certain well-behaved sub-DGA of
the Chevalley-Eilenberg complex (Ay)o = CE®*(L(n,n)) of Ravenel’s Lie algebra
model for the Morava stabilizer group. We call this sub-DGA the first-subscript
complez of L(n,n).

In Theorem we show that, if p > 2n?, then the first-subscript complex has
cohomology isomorphic to the cohomology of the critical complex. This uses the
derived local invariant cycles theorem together with an additional spectral sequence
argument.

It takes several additional steps, sketched below in section to show that the
cohomology of the critical complex is isomorphic to A(x1,x3,...,%2,-1). But as
a noteworthy consequence of our approach, we get the cohomology of a very large
sub-DGA of CE®*(L(n,n)): the first-subscript complex is of F,-linear dimension
approximately 1/n times the F,-linear dimension of CE®(L(n,n)) itself. In that
sense, we have in fact calculated about “1/n of H*(Gy; Fpn[ut!])” at large primes,
i.e., it is not merely that we have calculated the cohomology in internal degrees
congruent to 0 modulo 2(p™ — 1), but we have also shown that an enormous sub-
complex of CE*(L(n,n)) in degrees not congruent to 0 modulo 2(p™ —1) contributes
nothing to the cohomology of the Morava stabilizer group.

2Compare this use of deformations to the standard (since [10] and [21]) uses of deformations in
stable homotopy theory: it is commonplace to talk about a “deformation of homotopy theories” as
being a family of homotopy theories containing some parameter 7. One refers to the whole family
as a deformation of the homotopy theory obtained by setting 7 to zero. The standard example,
due to [I0], is in C-motivic stable homotopy theory: the category of p-complete cellular C-motivic
spectra has a parameter 7 such that setting 7 to zero recovers Hovey’s [I5] stable derived category
of BP, BP-comodules, while inverting 7 recovers the classical category of p-complete spectra. The
former is a special fibre, the latter is a generic fibre, and the two fit together over Spec of a discrete
valuation ring, i.e., the Sierpinski topological space, with two points, one of which is generic.

In our setting, we have a much richer underlying space of our family of deformations. Instead
of having only a generic point and a special point, we have a whole affine line, our parameterized
family is smooth except at 0, and the geometry of the resulting punctured affine line—in particular,
the fact that we can wind around the singular fiber, yielding a nontrivial monodromy action
of 71 (A' — {0})—plays a critical role in our arguments. This is much closer to the way that
deformations are used in geometry, e.g. in the study of variation of Hodge structure as in [12],
than the way that deformations have recently been used and written about in stable homotopy
theory.

We remark that our parameterized family of DGAs indeed lifts to a parameterized family of
homotopy theories: an alternative construction of our family of DGAs is by means of a certain
family of Dieudonné modules parameterized over Al, smooth except at 0, whose singular fiber
is formal and whose smooth fibers are étale. One can take the Morava/Lubin-Tate E-theory
of the whole family to get a meaningful parameterized family of homotopy theories, a family of
deformations of the usual Morava E,. The second author plans to return to this construction in
later work, and is grateful to Anish Chedalavada for an insightful discussion about it.
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For example, at height n = 5, the critical complex in CE®*(L(n,n)) is a modest
247,552-dimensional vector space, comprising only about 0.7 percent of the full
Chevalley-Eilenberg complex of L(5,5), whose vector space dimension is 205" =
33,554,432, The height 5 first-subscript complex is instead 6, 710, 912-dimensional,
which is just over one-fifth the size of the full Chevalley-Eilenberg complex of L(5, 5).
We not only show that the cohomology of the critical complex is the exterior algebra
A(zq, z3, 25, 7,29); we also show that the cohomology of the much larger first-
subscript complex is also A(x1,xs, x5, 27, T9). Further explanation and discussion
of this point can be found in section [3.6]

1.4. Outline of proof of the main theorem.

e Using results on Lie theory in positive characteristic, we know that the
cohomology H*(U(n); k) of the compact Lie group U(n) is isomorphic to
the cohomology H*(gl,, (k); k) of the Lie algebra gl (k), for any finite field
k of characteristic greater than 3n — 3. This result is not new (if k¥ were
instead a field of characteristic zero, the result is extremely well-known),
but we spell out a bit of detail in Proposition 2:5.2]

e Consequently H*(U(n); k) is isomorphic to the cohomology of the Chevalley-
Eilenberg complex A} (gl,, (k)*) for any finite field k of characteristic greater
than 3n — 3. In section [2] we develop some theory for building models of Lie
algebra cohomology. That is, given a Lie k-algebra L, one always has the
Chevalley-Eilenberg differential graded k-algebra CE®(L), but there may
be also be a sub-DGA A® of CE*(L) which is quasi-isomorphic to CE®(L).
We then call A® a model for the cohomology of L.

Our main application of this theory, in Theorem establishes that
the Chevalley-Eilenberg complex Ag ) (gl,, (Fp(w))") is quasi-isomorphic to
the critical complex cc®(gl,(Fp(w))), using a grading on gl,,(F,(w)) defined
in Definition That is, the critical complex cc®(gl,,(Fp(w))) is a model
for the cohomology of gl,,(F,(w)). Here w is a primitive nth root of unity.

e In Theorem[2.6.2] we give a descent argument to show that the isomorphism
of rings H*(cc*(gl,,(Fp(w)))) = H*(U(n);Fp(w)) in fact comes from an
isomorphism of rings H*(cc®(gl,(Fp))) = H*(U(n);F,), as long as p does
not divide n.

e We then use our deformed Ravenel model and the derived local invari-
ant cycles theorem, to prove that, for all primes p > 2n?, the coho-
mology of the critical complex cc®(gl,,(F,)) is isomorphic to the coho-
mology of the critical complex cc®(L(n,n)). This requires the develop-
ment of a substantial body of theory on deformations, connections, mon-
odromy, and invariant cycles for DGAs, as described above in section [I.2}
This material occupies section The main result, the isomorphism
H*(cc®(gl,(Fp))) = H* (cc®(L(n,n))), is Corollary [3.6.3]

e At this point, we have isomorphisms

Il

H*(U(n); Fy) = H™(gl, (Fp); Fp)
(cc* (gl (Fp)))
(cc®(L(n,n)

)
20U (L(n, ) Fy)

Il

~J
~— ~— — ~—
1%

H*
H*
H*

174
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for all primes p > 2n2. For readers who are uncomfortable with results that
depend on a preprint, we point out that the isomorphisms through
do not rely on the results of [28§].

Now we invoke the main result of the preprint [28], which shows that is iso-
morphic to H*(Gy;Fpn) for p >> n, due to collapse of the Ravenel-May spectral
sequence , but does not yield any specific bound on the primes p for which this
isomorphism exists. Our use of this result from [28] is the only reason that Theorem
is stated only to hold for p >> n, rather than for all p > 2n2. If the Ravenel-May
spectral sequence can be shown to collapse for any particular prime p greater than
2n2, then due to isomorphisms through 7 we will have a proof of Theorem
for that particular prime p.

1.5. Acknowledgments and conventions. In 2018, Agnes Beaudry and Doug
Ravenel talked with us about the question of the cohomology of the extended
Morava stabilizer group with trivial coefficients. Beaudry and Ravenel had put
some thought into this problem, but they graciously left off with their investigations
so as to avoid us stepping on each other’s toes. We are grateful to them for this,
as well as for their discussions with us and their interest and support.

Pavel Etingof, Julia Pevtsova, and Dan Nakano generously helped us in a search
for references which answer the following question: given a classical semisimple
Lie algebra g over a field of characteristic p, how large much p be in order that
the cohomology of g is exterior on generators whose degrees are given in terms of
the exponents of g, as it is in characteristic zero? We are grateful to them for
their help. Dan Nakano showed us the paper [9] of Friedlander—Parshall, which is
strong enough for our purposes in this paper. The relevant result from Friedlander—
Parshall is recalled below, as Theorem [2.5.1]

We thank Dan Frohardt for coming up with an ingenious combinatorial argument
to prove an asymptotic dimension estimate which we had conjectured; see the
footnote at the end of section 3.6

By 2020, the first half of this paper was finished, but we did not yet know how to
prove that the critical complex in the singular fiber of our parameterized family of
DGASs had the same cohomology as the critical complex in a smooth fiber. Around
that time, Wayne Raskind was the dean of the College of Liberal Arts and Sciences
at our institution, Wayne State University. In conversation, Wayne remarked that
this situation is quite similar to that of the local invariant cycles theorem. We then
had to go learn about the local invariant cycles theorem, but after a few months
of work, we had the proof we needed. An excellent conversation to have with one’s
dean! We thank Wayne for this important suggestion which turned out to be of
critical importance for this project.

Conventions 1.5.1.

e The symbol |z| denotes the integer floor of z.

e We will often use symbols involving subscripts which are defined modulo
n. In order to simplify various formulas, it will be convenient to use the
representatives 1,...,n for the residue classes modulo n, rather than the
representatives 0,...,n — 1. We will write Z, for the set {1,...,n}.

e Given a commutative ring R, we will write R* for the subset {z : 2" =
0 for some n} U {x : 2™ = 1 for some n} of R, i.e., R" is the union of the
nilradical of R and the set of roots of unity in R.
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e When A is a graded R-algebra and M a graded A-module, we will some-
times need to refer to:

(1) graded R-linear derivations d : A — M, that is, R-linear maps such
that d(ab) = (da)b+ (—1)l%la(db) for all homogeneous a,b € A,

(2) ungraded R-linear derivations d : A — M, that is, R-linear maps such
that d(ab) = (da)b+ a(db) for all a,b € A,

(3) and ungraded R-linear derivations d : A — M which preserve degree,
that is, grading-preserving R-linear maps such that d(ab) = (da)b +
a(db) for all a,b € A.

We will always refer to the first as graded R-linear derivations, to the second
as simply R-linear derivations, and to the third as grading-preserving R-
linear derivations.

e Given a commutative ring R and an R-module M, we write Ag(M) for the
exterior/Grassmann R-algebra of M. When M is the R-linear dual of a Lie
algebra, then the exterior algebra of M inherits a differential from the Lie
bracket. We write A% (M) for the resulting differential graded R-algebra,
i.e., the Chevalley-Eilenberg complex [3] of the Lie algebra.

e All differential graded algebras in this paper will be graded so that the
differential increases degree by 1.

e All graded Lie algebras in this paper have bracket of degree zero, and they
furthermore satisfy the alternating and Jacobi identities, not their Koszul
versions which differ from the classical identities by a sign. Explicitly, given
an abelian group A, when we say that g is an A-graded Lie k-algebra, we
will mean that g is a Lie k-algebra which is equipped with a k-module
splitting g = @, 4 9o such that the Lie bracket of an element in degree 4
and an element in degree j lies in degree i + j.

e In this paper, all formal group laws are implicitly understood to be one-
dimensional.

e Given a prime p and a positive integer n, we write Gy, for the p-typical
formal group law over I, classified by the ring map BP, — [F,, sending the
Hazewinkel generator v,, € BP, to 1 € IF,, and sending the other Hazewinkel
generators v; € BP,,i # n, to zero.

e In section [3] we will often refer to AL and AL, —{0}, where R is a commuta-
tive ring. Occasionally we will mean A} or A} — {0} regarded as a scheme;
usually we will instead mean the set of closed points in AL or AL — {0}.
We will rely on context to make it clear which is meant.

2. MODELS FOR LIE ALGEBRA COHOMOLOGY

2.1. Derivations and chain homotopy retractions on Chevalley-Eilenberg
DGASs. In this section, we develop some tools for constructing cochain subcom-
plexes C* of a differential graded algebra A® such that the inclusion map C® — A*®
is a quasi-isomorphism. Our main applications are to the case where A® is the
Chevalley-Eilenberg complex A®(L*) of a Lie algebra L. The resulting cochain sub-
complexes C*® of A®(L*) then have the property that H*(C*) is isomorphic to the
cohomology H*(L; k) of the Lie algebra L. In that sense, C'* is a “model” for the
cohomology of L.

Our “models” for the cohomology of Lie algebras are not minimal models in the
sense of Sullivan [31], but we suspect that our models could be understood as a
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case of some generalization or adaptation of Sullivan’s theory. We have not pursued
that idea, however.

2.2. Some elementary linear algebra. This subsection collects some elementary
linear-algebraic definitions and lemmas that will be used in the proof of Theorem
[2:373] We leave off most proofs in this subsection.

Definition 2.2.1. Let k be a field, let V1, Vs be finite-dimensional k-vector spaces,
and let Dy : Vi = Vi and Dy : Vo — V4 be k-linear transformations. We will write
Dy ® Dy for the k-linear transformation Vi ® Vo — V1 @ Vo given by the formula

(D1 ® D3) (v1 ® v2) = (D1(v1)) @ v2 +v1 ® (D2(v2)).

Remark 2.2.2. By choosing ordered bases for V; and V5, we can express ® as an
operation on square matrices. For example, given ordered bases vy, w; and vg, ws
for V1 and Vb, respectively, we have

at+e f b 0

[a b}@{e f]_ g a+h O b

c d g h c 0 d+e f ’
0 c g d+h

if we choose the ordered basis (v1 ® va, 11 ® Wy, w1 ® Vo, w1 ® wa) for Vi @ Va. Of
course ® is not equal to, or (usually) conjugate to, the tensor/Kronecker product
® of matrices.

A more structural perspective: the data of a k-vector space equipped with
a k-linear endomorphism is equivalent to the data of a k[z]-module. The ten-
sor/Kronecker product ® of representations corresponds to the symmetric monoidal
product on the category of k[x]-modules arising from the coproduct k[z] — k[z] ®
k[x] sending z to  ® x. Similarly, the product ® of representations corresponds to
the symmetric monoidal product on the category of k[xz]-modules arising from the
coproduct k[z] — k[x] ®j k[x] sending = to  ® 1 + 1 ® 2. From this perspective, &
is extremely natural. In a sense, it is even more natural than the tensor/Kronecker
product, since ® arises from a Hopf algebra structure on k[z], while ® arises from
a non-Hopf bialgebra structure on k[x].

Surely ® must have been studied before, but we do not know what name it may
have already been given, or where it may have already been written about.

Lemma 2.2.3. Let k be a field, let V1,Vy be finite-dimensional k-vector spaces.
Let Dy : Vi — Vi and D5 : Vo — Vs be k-linear transformations. Then the set of
etgenvalues of D1 ® Ds is the set of all sums of the form A1 + Ay in k, where Ay is
an eigenvalue of D1 and Ao is an eigenvalue of Ds.

Proof. Routine. O

Definition 2.2.4. Let k be a field, let A be a graded k-algebra, and let D : A — A
be a degree-preserving k-linear derivation. We will say that D has the u-property
if there exists a set I of integers and, for each i € I, an k-linear basis B' for A!
such that:

e A is generated, as a k-algebra, by U, At i.e., by homogeneous elements
whose degrees are in the set I,
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o for each i € I, B is a set of generalized eigenvectorﬂ for the action of D
on At
e for each i € I, the eigenvalues of the action of D on B' are in k* (as
defined in Conventions m),
e and, for each ordered tuple (by,...,b;) of elements of |J;c; Bt either the
product biby ... b; is zero, or the sum Ay + -+ + \; of their eigenvalues is
m k™.
We will say that D has the potential u-property if D @ K : AR K — ARy K
has the u-property for some algebraic field extension K/k.

Example 2.2.5. Our purpose in introducing the u-property is to use it, in Theorem
to construct chain-homotopy deformation retracts of the Chevalley-Eilenberg
DGA of a Lie k-algebra L. Since the Chevalley-Eilenberg DGA of L is the exterior
algebra on the linear dual of L, our applications of Definition will always
be in the case that the DGA A® is an exterior algebra on some vector space V'
concentrated in grading degree 1. In this case, the set I from Definition [2.2.4] is
simply {1}. Here are some examples of such exterior algebras, and the derivations
with the u-property on those exterior algebras.

e When k = R, the only roots of unity in k are square roots of unity, so if
D : A*(V) — A*(V) has the u-property, then the action of D on A®*(V') can
have at most three eigenvalues, that is, —1,0, and 1. Given two elements
2,y € V, we have zy = 0 in A%(V) if and only if x is a scalar times y.
Hence, if D has the u-property, then the action of D on V can decompose
into Jordan blocks of at most three distinct eigenvalues: a one-dimensional
eigenspace with eigenvalue 1, a one-dimensional eigenspace with eigenvalue
—1, and a generalized eigenspace (of any dimension) with eigenvalue 0.

e When k = C, there are far more roots of unity in k, but there are very few
subsets S C C" with the property that the sum of every pair of distinct
elements is either 0 or a root of unity in C. In particular, such subsets exist
with four elements (e.g. {0, 1,3, (3} with (3 a primitive cube root of unity),
but no such subsets exist with more than four elements. Consequently, the
action of D on A can have at most four eigenvalues, and the action of D on
V' can decompose into Jordan blocks of at most four distinct eigenvalues:
up to three one-dimensional eigenspaces with nonzero eigenvalues, and a
generalized eigenspace (of any dimension) with eigenvalue 0.

e The situation is dramatically different when £ is a finite field, since in a finite
field, every nonzero element is a root of unity. Consequently, if k is a finite
field, D is a degree-preserving k-linear derivation on a finite-dimensional
graded k-algebra A, and K is a field extension of k which contains all
the eigenvalues of the action of D ®; k on A ®4, k, then the base-changed
derivation D @, K : A®, K — A®y, K always has the u-property.

Lemma 2.2.6. If k is a field, A is a graded k-algebra such that A™ is a finite-
dimensional k-vector space for each integer n, and D : A — A is a degree-preserving

3To avoid any possible misunderstanding: when we say that the k-linear basis B? for A consists
of generalized eigenvectors for the action of D, we mean that the action of D on A? is a Jordan
matrix when expressed in terms of some total ordering on the basis B?. In other words, we mean
that B® is a union of finite subsets, each of which admits a total ordering and an element A € k
such that D(v) = Av for the maximal element v in the finite subset, and D(v) = Av + v’ for each
nonmaximal v in the finite subset, where v’ is the successor element to v in the total ordering.
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k-linear derivation with the u-property, then for each integer n, A™ admits a basis

of generalized eigenvectors for the action of D, such that all eigenvalues are in k™.
Furthermore, if the action of D on A is diagonalizable for all i € I, then the

action of D on A® is diagonalizable. Here I is as defined in Definition |2.2.4).

Proof. This is routine, but we give the details, since the introduction of the product
® in Definition 2:2.1] permits a nice simplification of one part of the argument. Let
I and B’ be as in Definition Since D has the u-property, A is generated as
an k-algebra by A’ for i € I. In particular, the k-module homomorphism

(9) v &y A" @) A @ - @ A — AT,
(61,0 i) €ETE5_y dg=n

given by multiplication in A, is surjective. We equip the domain of @D with the
k-linear action of D induced by iteration application of the Leibniz rule D(v ®
w) = D(v) ® w+ v ® D(w) (i.e., D acts by ®, as in Definition 2.2.1)), so that V
commutes with the action of D. By Lemma [2.2.3] every eigenvalue of the action
of D on A" ®; A @y, - -- @i, A™ is the sum of ¢ elements of k%, and since V is an
epimorphism in the category of finite-dimensional k-vector spaces equipped with
a k-linear endomorphism, each eigenvalue of the action of D on A™ is a sum of ¢
elements of k.

However, not every sum of ¢ elements of k% is an element of k%, so we are
not done yet. Since A has the u-property, the eigenvalues of the action of D on
each A’ are already in k (i.e., without need to extend the base field k), so each
A" admits a Jordan decomposition over k. Given a Jordan block Jp,, (A;) of A;
for each j = 1,...,¢, if Zf.:l Aj is not in k", the u-property of A gives us that
V(v @ v ® --- @ vg) = 0 whenever v; € Jp,;(\;) for all j € {1,2,...,£}. SoV
vanishes on every element in a k-linear basis for Jp,, (A1) ®k Jim, (A2) @k - @k Jm, (Ar).

Consequently, in the decomposition of ®(i17---,iz)61f:2ﬁ=1 A @, A2 Q- - -®p

A into a direct sum of ®-products of Jordan blocks, a given summand J,,, (A1) ®

;=N

-+ ®Jpm, (A¢) has nonzero image under V only if Z§=1 Aj € k*. Since V is surjective,
each eigenvalue of the action of D on A™ is an element of k“.

The last part is even easier: suppose that the action of D on A? is diagonalizable
for all ¢ € I. It is elementary that, if x,y are eigenvectors for the action of D with
eigenvalues \;, A, respectively, then since D is an ungraded derivation, zy is an
eigenvector for D with eigenvalue A, + \y,. Since every element in A® is a k-linear
combination of products of elements in {A’ : i € I} and since D acts diagonaliz-
ably on @,.; A;, we have that every element in A® is an k-linear combination of
eigenvectors for the action of D, i.e., D acts diagonalizably on A®. ]

Proposition 2.2.7. Suppose k is a field, A is a graded k-algebra such that A is
a finite-dimensional k-vector space, and D : A — A is a degree-preserving k-linear
derivation which has the potential u-property. Suppose that either k has positive
characteristic or that the action of D on A is diagonalizable. Then there exists some
positive integer n such that the nth iterate of D, D°™ : A — A, is diagonalizable
and idempotent.

Proof. This is a matter of routine linear algebra, but we include the proof, to make
it clear that n can be chosen so that D°™ is indeed diagonalizable and not merely
potentially diagonalizable. Choose some field extension K/k such that D @y K :
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A®, K — A®j K has the u-property. By Lemma [2.:2.6] each A" @, K admits a
basis of generalized eigenvectors for the action of D ®; K with the property that
all the eigenvalues are in K*. Since K is a field, K" is the union of {0} with the
set of roots of unity in K. Finite-dimensionality of A as a k-vector space gives us
that the action of D ®; K on A ®; K has only finitely many eigenvalues, so let
i be the least common multiple of the orders of the roots of unity that occur as
eigenvalues of the action of D ®j K on A®; K. Hence (D ®; K)°" = D°* ® K has
its eigenvalues contained in {0, 1}. Hence D°? also has its eigenvalues contained in
{0,1}.

If the action of D on A is diagonalizable, then we are done: D°® is idempotent
and also diagonalizable. However, if the action of D on A is not diagonalizable,
then D° might not be idempotent on A: if the action of D on A has a very large
(relative to i) Jordan block, for example, then D°® might still be a block sum of
large Jordan blocks, and consequently not idempotent.

However, when k has positive characteristic, we can fix this by taking an even
larger power of D. Let p be the characteristic of k. Given an n-by-n Jordan block
matrix J and a prime number ¢, let £* be the smallest power of ¢ such that £¢ > n.
Then the entries in J¢* above the main diagonal are all divisible by ¢. In particular,
if £ = p, then J* is a diagonal matrix over k.

So let p® be the smallest power of p such that p® is greater than the size of every
Jordan block in the Jordan decomposition of the action of D on A. Then D" acts
diagonally on A. Letting n be the least common multiple of i and of p’, we get
that D°™ acts diagonally on A with its eigenvalues contained in {0,1}. So D°" is
idempotent and diagonalizable, as desired. O

Observation 2.2.8. Beginning in Theorem [2.3.1| we will use the following elemen-
tary observation to build chain homotopies with good multiplicative properties. If
A is a graded k-algebra and hy,ho are graded k-linear derivations on A of odd
degree (i.e., hy and hg each raise or lower grading degree by some odd number
of degrees), then the composites hiho and hohy are not usually derivations at all.
But hihy + hohy is an ungraded derivation on A. In particular, if h is a graded
k-linear derivation of degree —1 on a differential graded k-algebra A, then hd + dh
is a ungraded, but nevertheless degree-preserving, k-linear derivation on A. (See
Conventions for our terms for various grading conditions on derivations.)

2.3. How to build a model of a DGA from a derivation on that DGA. Now
we can use the various elementary observations in section to prove something
which is a bit less elementary. The main result in this section is Corollary [2.3.3]
which gives a simple and surprisingly general way to take a DGA over a finite field,
and construct a sub-DGA of it which has the same cohomology.

Theorem 2.3.1. Let k be a field and let A® be a differential graded k-algebra which
is additionally equipped with a graded k-linear derivation h : A® — A®~'. Let I
be a set of integers such that A® is generated, as an k-algebra, by its elementﬁ in
degrees € I. Make the following assumptions:

(1) A® is finite-dimensional as an k-vector space,

40ne can always simply take I = Z, and then the statement of the theorem is simpler. The
advantage of allowing I to be strictly smaller than Z is that, in practical situations, it is easier to
check the hypotheses of the theorem in a more restricted range of grading degrees. In all of our
motivating applications of Theorem we shall let I be {1}.
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(2) the action of dh + hd : A®* — A® on A® has the potential u-property,

(3) hoh vanishes on a set of homogeneous k-algebra generators for A®,

(4) and either k has positive characteristic or the action of dh + hd on A® is
potentially diagonalizable for all i € I.

Then there exists some integer n such that the kernel of (dh)™ + (hd)"™ : A®* — A®
is a chain-homotopy deformation retract of A®. If the action of dh + hd on A® is
potentially diagonalizable for all i € I, then we may take n to be 1, and in that case
ker(dh + hd) is furthermore a sub-DGA of A®.

Proof. By Observation[2.2.8] dh+hd is an ungraded derivation, and the assumptions

made in the statement of the Theorem are enough for Proposition [2.2.7) to imply

that (dh + hd)™ is idempotent for some n. Since hh vanishes on a set of generators

for the k-algebra A®, routine induction on word length yields that hh = 0. Of

course dd = 0 since A® is a DGA, so

(10) (dh + hd)™ = (dh)"™ + (hd)™ = d(h(dh)" ") + (h(dR)""1)d.

Clearly id ae — ((dh)™ + (hd)™) commutes with d, i.e., it is a chain map. Equation
establishes that h(dh)"~! is a chain homotopy between id 4o and id4e — ((dh)™ + (hd)™).

Let C* denote the image of the map idae — ((dh)™ + (hd)™) : A®* — A®. Let
t: C* — A*® denote the inclusion map, and let pr : A* — C*® denote the map
idge — ((dh)™ 4 (hd)™) with its codomain restricted to its image, C*.

It is a general fact that, if ¢ is an idempotent endomorphism of an abelian
group, then so is id —¢. Hence, since (dh + hd)™ = (dh)™ + (hd)™ is idempotent,
id — ((dh)™ + (hd)™) is also idempotent. So for any x € C*®, we have (proc)(z) =
(id = ((dh)™ + (hd)™)) (x) = x. Consequently proc = idce, so C* is a retract of A®.

Idempotence of (dh)™ 4+ (hd)™, along with its diagonalizability (established by
Proposition , gives us that A® has an k-linear basis consisting of eigenvectors
for the action of (dh)™ 4 (hd)™, whose eigenvalues are each 0 or 1. Consequently
C*, the image of id — ((dh)™ + (hd)™) : A®* — A®, is equal to the 0-eigenspace of
(dh)™ + (hd)™.

If we are in the circumstance that dh + hd acts potentially diagonalizably on
A for all i € I, then by Lemma A® ®i K has a K-linear basis consisting of
eigenvectors for the action of (dh + hd) ®; K, for some field extension K/k. Each
such eigenvector has eigenvalue which is either

e an mth root of unity for some integer m, in which case that eigenvector is

in the 1-eigenspace for ((dh)™ + (hd)™) @y K,

e or 0, in which case that eigenvector is in the kernel of ((dh)™ + (hd)™)®; K.
Since K is a field, its only root of zero is zero itself. So the kernel of ((dh)™ + (hd)™)®p
K on A* is equal to the kernel of (dh 4+ hd)®, K on A*®Qi K, i.e., ker ((dh)™ + (hd)™) =
ker (dh + hd). Our point is that, when dh + hd acts potentially diagonalizably on
A? for all i € I, then we can indeed take n to be 1 in the statement of the theorem.

It is elementary and routine to verify that ker(dh + hd) is a sub-DGA of A®, using
Observation 2.2.8
Finally, we already know that

idge —(vopr) =idpe — (idge — ((dh)™ + (Rd)™))
= d(h(dh)"" ") + (h(dh)"1)d,

so C* is not only a retract of A®, but in fact a chain-homotopy deformation retract
of A°. O
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Corollary 2.3.2. Let k, A*,h,n be as in the statement of Theorem [2.3.1 Then
the cohomology of the sub-cochain-complex ker ((dh)™ + (hd)™) of A® is isomorphic
to H*(A*).
Corollary 2.3.3. Let k be a finite field and let A® be a differential graded k-
algebra. Suppose that I is a set of integers such that A® is generated, as an k-
algebra, by elements in grading degrees in I. Suppose furthermore that A® is a
finite-dimensional k-vector space. If h : A* — A*~1 is a k-linear graded derivation
such that h(h(z)) = 0 for all z € A®* and all i € I, then there exists some integer
m such that ker ((dh)™ + (hd)™) is a chain-homotopy deformation retract of A®.
Furthermore, if the action of dh + hd on A’ is potentially diagonalizable for all
i € I, then we can take m to be 1, and in that case ker(dh + hd) is also a sub-DGA
of A*.
Proof. Over a finite field, every linear operator has the potential u-property, as
explained in Example Hence this is a special case of Theorem [2.3.1 (]

2.4. Small models for the cohomology of a Lie algebra. In this subsection,
we apply Theorem [2.3.1] and Corollary [2:3:3] to the Chevalley-Eilenberg DGAs of
Lie algebras.

Definition 2.4.1. Let R be a commutative ring, and let L be a Lie R-algebra. By a
model for the cohomology of L, we mean a sub-DGA B® of the Chevalley-Filenberg
DGA A% (L*) such that the inclusion B® — A% (L*) is a quasi-isomorphism.

Recall the following classical definitions: the adjoint representation of a Lie k-
algebra L is the k-linear representation ad : L — gl(L) given by ad(¢)(z) = [¢, z].
An element ¢ € L is called semisimple if ad(¢) € gl(L) is potentially diagonalizable.

Let L be a finite-dimensional Lie algebra over a field k. Here are three observa-
tions which, taken together, drastically simplify the setup for Theorem [2.3.1] and
Corollary

(1) The Chevalley-Eilenberg DGA A (L*) is generated in cohomological degree
1, so the set of integers I in the statement of Theorem and Corollary
can be taken to be simply {1}.

(2) Furthermore, every k-linear derivation h : L* = A}L(L*) — AQ(L*) = k
extends uniquely to a graded k-linear derivation A (L*) — A5 ™' (L*).

(3) There is a natural bijection between k-linear functionals h : L* — k and
elements of L. Hence every k-linear functional h of the kind appearing in
the statement of Corollary [2:3.3] must arise from some element ¢ € L.

The point is that, once the Lie algebra L is specified, in order to apply Corollary
to the Chevalley-Eilenberg complex A}(L*), we need only specify a single
element ¢ of L. One needs to check that dh + hd : A} (L*) — A} (L*) is potentially
diagonalizable. It is a routine exercise to check that dh + hd : L* = A}(L*) —
A} (L*) = L* is dual to 2 - ady. Hence, if k has characteristic # 2, then dh + hd is
potentially diagonalizable if and only if £ is semisimple. Corollary now gives
us:

Theorem 2.4.2. Let L be a finite-dimensional Lie algebra over a finite field k of
characteristic # 2. Let £ be a semisimple element of L, and write h for the k-linear
functional h : L* — k given by h(¢) = ¢(£). Then h extends to a unique graded
k-linear derivation h* : A3(L*) — Ay~ (L*), and the sub-DGA ker(dh’ + h'd) of
AL (L*) is a model for the cohomology of L.
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Theorem [2.4.2] varies in its usefulness, depending on the Lie algebra L. In the
trivial case of Theorem [2.4.2] one lets the semisimple element ¢ be zero, and the
hypotheses of the theorem are satisfied, but then the theorem does not tell us
anything useful. In that case, we would have dh? + h‘d = 0, so the theorem would
simply state that A} (L*) is a model for the cohomology of L, which of course we
already know perfectly well.

Let us fix a Lie algebra L. In order to get a handle on the nontrivial cases of
Theorem preorder the semisimple elements of L by letting ¢ < ¢’ if ker(dh® +
hd) C ker(dh® + h'd). This preordering is not necessarily antisymmetric, i.e., it
may happen that £ < ¢ and ¢ < ¢ are both true even when ¢ # {'. Let us write
0~ 0 if ¢ < ¢ and ¢’ < ¢ are both true.

For some Lie algebras L, every semisimple element is equivalent to zero in the
above sense; for example, this happens when L is the three-dimensional Heisenberg
Lie algebra. For such Lie algebras, Theorem [2.4.2| is useless: the only model it
produces for the cohomology of L is the entire Chevalley-Eilenberg complex itself.
From a handful of calculations in special cases, we suspect that L is nilpotent if
and only if all semisimple elements in L are equivalent to zero, but we have not
attempted to prove this.

In the opposite extreme, we have the semisimple Lie algebras, for which there
tend to be relatively many equivalence classes of semisimple elements. For semisim-
ple L, Theorem [2.4:2 produces an assortment of different models for the cohomology
of L. We have not investigated the structure of the preorder of semisimple elements,
e.g. whether it is uniserial up to equivalence, or how many minimal equivalence
classes it has. Perhaps this is worth looking into, but leave off such investigations
for another time.

Our main motivating case of Theorem is the reductive case L = g, (k),
which we handle in section [2.5]

2.5. The critical complex in A} (gl,(k)*) models the modular Lie algebra
gl,, (k). Throughout, fix a positive integer n and a finite field k.

We begin with a result which is not new: Theorem is the Dynkin type
A, _1 case of a 1986 theorem of Friedlander and Parshall.

Theorem 2.5.1. [9, Theorem 1.2] Let n be a positive integer, and let p be a
prime satisfying p > 3n — 3. Then the cohomology H*(sl,,(F,);F,) of the Lie
algebra sl,(Fp,) is isomorphic, as a graded Fp-algebra, to the exterior Fp-algebra
Ap, (23,25, .., Ton—1), with z; in degree i.

Proposition 2.5.2. Letn,p be as in Theorem|2.5.1 Then the cohomology H*(U(n);F,)
of the unitary group is isomorphic to the cohomology H*(gl,,(F,);F,) of the Lie al-
gebra gl (Fp).

Proof. We show H*(U(n);F,) = H*(gl,(F,);F,) by direct computation of each
side. From well-known Serre spectral sequence calculations, one gets that H*(U(n);F,)
is Ap, (71,23, 25, ..., Zan—1). Similarly, gl (IF,) splits as the product of a one-dimensional
abelian Lie algebra T' with the semisimple Lie algebra sl,,(IF,). The cohomology of
the former is Ap, (1), while the cohomology of the latter is Ag, (3, ...,22,-1), by
Theorem Consequently H*(gl,(F,);F,) is, like H*(U(n);F,), isomorphic to
AFP($17I3,1‘5,...,$2n_1). |
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Proposition 2.5.3. Let R be a commutative ring, and let n be a positive integer.
The Chevalley-Filenberg differential graded R-algebra A% (gl,(R)*) of the Lie R-
algebra gl,,(R) has R-linear basis {h;; : i,j € Z,}, where h;; : gl,(R) — R is
the linear functional that reads off the entry in a matriz M € gl (R) in row j and
column i + j. The differential on A% (gl,(R)*) is given by

(11) d(hi ;) = Z hejhi—ej+e,
=1

with the first and second subscripts in h; ; understood as being defined modulo n.

Proof. Write x; ; for the matrix in gl,(R) with a 1 in row j and column ¢ + j, and
a 0 in all other entries. It is elementary to verify that the Lie bracket in gl,(R) is
given by

(12) [xi,j, ij] = 6f+jxi+k,j — 5£+€xi+k7£'
Dualizing formula yields . (]

We will refer to the set of products of elements in the set {h;; : 4,j € Z,} as
the h-basis for A®(gl, (R)*).

Definition 2.5.4. Let n be a positive integer, and let k be a field of characteristic
p>0.
o Given integers r,c € Z,, and o € k, we write M, () for the matriz with
a in row r and column ¢, and zero in all other entries.

e The Lie algebra gl, (k) admits a 7./ (p;:ll) Z—gmdin given by letting the
matriz M, .(a) be in degree p"(p¢~" —1)/(p — 1). We call this the reduced
internal grading on gl,, (k).

o There is also a Z-grading on the differential graded algebra A3 (gl, (k)*)

gwen by ||h; ;|| = pj%. Upon reducing this Z-grading to a Z/ (p::ll) Z-
grading, it coincides with the 7/ (p::f) Z-grading on A} (gl, (k)*) induced
by the internal grading on gl (k). Hence we refer to this Z-grading on
Ay (gl,(k)*) as the reduced internal gradingﬂ
o We say that an element of Ay (gl,(k)*) is
— homogeneous if it is homogeneous with respect to the cohomological
grading,
— internally homogeneous if it is homogeneous with respect to the reduced
internal grading,
— and bihomogeneous if it is both homogeneous and internally homoge-
neous.

5See Conventions m for our conventions for gradings on Lie algebras.

6Recall that the purpose of this paper is to calculate the cohomology of the Morava stabilizer
group—equivalently, the Morava stabilizer algebra X(n) = K(n)x @ pp, BP«BP Qpp, K(n)«—
with appropriate coefficients. The Hopf algebra ¥(n) inherits a grading from B P, BP, traditionally
called the “internal grading.” In this grading, 3(n) is concentrated in degrees divisible by 2(p—1).
Under the comparison we will ultimately draw between the cohomology of the Hopf algebra X(n)
and the cohomology of the Lie algebra gl,, (F,), the cohomology of gl (Fp) in reduced internal
degree m corresponds to the cohomology of 3(n) in internal degree 2(p — 1)m. Hence the name
“reduced internal grading”: it is simply the internal grading coming from BP;BP, but “reduced”
by being divided by 2(p — 1).
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o The differential d on Ay (gl,(k)*) preserves the reduced internal grading.
Consequently there is a sub-DGA of Ay (gl,,(k)*) consisting of the internally

, ) } n_q
homogeneous elements whose reduced internal degree is a multiple of pp_l .

We call cc*(gl,(k)) for this sub-DGA of Ay(gl,(k)*), and we call it the
critical complex of gl,, (k).

Our present goal is to apply Corollary to show that the critical complex is
a model for the Lie algebra cohomology of gl,,(F,). That goal will be accomplished
in Theorem The idea is as follows: we would like to define a linear functional
Aon Aj(gl,(k)*) and a derivation h on A} (gl,(k)*) which sends each 1-cochain z
to some element h(z) € k such that

e if z is an eigenvector of the action of dh + hd on the 1-cochains, then A(x)
is equal to the eigenvalue of dh 4+ hd acting on x, and

o for all bihomogeneous y € A% (gl,(k)*), we have A(y) = 0 if and only if the
(p"—1)

reduced internal degree ||y|| is divisible by “5—=.

These two conditions would suffice to guarantee that the kernel of dh + hd is equal
to the kernel of A, which is in turn equal to the critical complex. Then Corollary
[2.3.3 will ensure that the critical complex has the same cohomology as A$ (gl,, (k)*).

This is indeed the strategy we pursue in the proof of Theorem [2.5.7] and it works
straightforwardly if n is prime. However, if n is not prime, then we are unable to
find a single linear functional satisfying both of the above conditions, essentially
because the polynomial I;:ll fails to be irreducible over Q if n is not prime. For
composite n, the argument is a bit more subtle, requiring several linear functionals,
one for each irreducible factor of the polynomial Z"__ll, and consequently several
applications of

Here is how we produce the relevant linear functionals. Every k-linear map
gl,,(k)* — k extends uniquely to a k-linear derivation A$(gl,, (k)*) — A%~ (gL, (k)*),
so we simply need to pick the right k-linear maps A, h : gl (k)* — k. They are as
follows:

Definition 2.5.5. Letn be a positive integer, let k be a field, and let w be an nth root
of unity (not necessarily primitive!) in k satisfyingw # 1. Let A : A®(gl,,(k)*) — k
be the k-linear function given by

(13) X(hig) = wT

{=1
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Meanwhile, let h* : A*(gl, (k)*) — A3~ (gl,,(k)*) be the k-linear graded deriva-
tion determined uniquely by its valu
w2 ifi=n

(14) DR

on the 1-cochains A} (gl,(k)*) = gl,,(k)*.

otherwise

Under the correspondence between k-linear functionals gl,, (k)* — k and elements
of gl (k), h* corresponds to the diagonal matrix whose diagonal entry on the jth

10 , 1 0 0
rowiswjlfw,e.g.é[o _1}ifn:2,and13“’ 0 w 0 |ifn=23.
0 0 w?

Lemma 2.5.6. Suppose that k is a finite field containing an nth root of unity w
satisfying w # 1. For each 1, j, the 1-cochain h; ; of A} (gl,(k)*) is an eigenvector
for the action of dh* + h*d on Ai(gl,, (k)*), with eigenvalue A\ (h; ;).

Proof. Routine calculation. O

Theorem 2.5.7. Suppose k is a finite field of characteristic not dividing n, and sup-
pose that k contains a primitive nth root of unity. Then the inclusion cc®(gl, (k)) <
AL (gl,(k)*) is a quasi-isomorphism.

Proof. The argument was already sketched preceding Definition Choose a
primitive nth root of unity w in k. We apply Theorem [2:3.1] using the graded
k-linear derivation h* : Af(gl, (k)*) — Ay~ '(gl,(k)*) defined in equation of
Definition [2.5.5] Since k is a finite field, kK = k", so the action of dh* + h“d on
A% (gl,,(k)*) has the u—propertyﬁ if and only if A} (gl,,(k)*) has a basis of generalized
eigenvectors for the action of dh“ + h¥d, i.e., if and only if all the eigenvalues of
dh® + h*d in the algebraic closure k are already contained in k. By Lemma
the h-basis is a basis of eigenvectors for the action of dh* + h*d on A} (gl, (k)*),
and the eigenvalue of dh” + h*d acting on h; ; is A“(h; ;), defined in , which is
certainly contained in k.

We have h* oh® = 0 on AL (gl,, (k)*) for degree reasons, and both of the conditions
“k has positive characteristic” and “the action of dh* + h¥d on A (gl,(k)*) is
diagonalizable” are satisfied. So all the hypotheses of Theorem [2.3.1] are satisfied,
and we are in the stronger case, the situation when dh* +h“d acts diagonalizably on
Ap(gl,(k)*). So the kernel of dh* 4+ h*d acting on A} (gl, (k)*) is a chain-homotopy
deformation retract of A% (gl,(k)*). From now on, we will write ker(dh* + h¥d)

TWe apologize for how the left-hand side of the formula features the letter h playing two
entirely roles. Here is our justification for this notation: the symbol h; ; is an element of the
h-basis for A®(gl,,(R)*), and the notation h; ; is traditional in homotopy theory. For example,
as a consequence of the results of section the element hs o + ho,1 in A2(gly(R)*) is indeed
responsible for the well-known (e.g. in [I8]) element (2 := ha o + h2,1 in the cohomology of the
height 2 Morava stabilizer group. Meanwhile, the symbol h* without a subscript in is a
derivation which, using Theorem , will turn out to be a chain homotopy, and it is traditional
to write h for a chain homotopy. We occasionally write h with a superscript (e.g. h*) when h
denotes a chain homotopy, e.g. in and in the statement of Theorem but when the letter
h has a subscript it will always denote an h-basis element, not a chain homotopy. We hope this
avoids any possible confusion.

8We let the set I in the definition of the u-property, Definition be I = {1}, since
A} (gl,(k)*) is generated as an k-algebra by elements in degree 1.
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for the kernel of dh* + h¥d acting on A}(gl,(k)*) (not just on the 1l-cochains
A (gl (k)%)).-

From the value of A“(h; ;), we can recover the reduced internal degree of h; ;
modulo Irr(w, Q, p), i.e., modulo the nth cyclotomic polynomial evaluated at p. If n
is prime, then Irr(w, Q, p) = p;__ll , so the kernel of dh* — h*¥d is precisely the critical
complex, and a single application of Theorem [2.3.1]finishes the proof. If n is instead
not prime, then we have the following argument: for each irreducible factor of the
polynomial ””;__11 € Q[z], choose a root w; of that factor in k. Write wy, ..., w,, for
the resulting set of roots of unity in k. For each i = 1,..., m, Theorem yields
that the sub-DGA ker(dh¥i +h“id) C A% (gl,,(k)*) is a chain-homotopy deformation
retract.

In general, if A®, B® are sub-DGAs of some DGA C*® such that the inclusions
A®* C C*® and B® C C* are chain-homotopy equivalences, it is not necessarily true
that the intersection A® N B*® is chain-homotopy equivalent to C*®. However, in our
situation, we can use the grading to our advantage: ker(dh*i 4+ h¥id) is the sub-
DGA of A3 (gl,(k)*) consisting of all elements of reduced internal degree divisible
by the irreducible polynomial of w; evaluated at p. Since the chain-homotopy
equivalences furnished by each application of Theorem [2.3.1] respect the internal
grading, the intersection (-, ker(dh*: 4+ h*id) is still chain-homotopy equivalent
to A3(gl, (k)").

By construction, the intersection (., ker(dh*i +h*id) has k-linear basis consist-
ing of the monomials in the h-basis for A} (gl,,(k)*) whose reduced internal degree
is divisible by p;__ll, e, N, ker(dh*' + h*id) = cc®(gl,(k)) as a sub-DGA of
Ap (g, (k)). 0
2.6. The descent problem for H*(U(n);k). In this section we show that, if
K/k is a finite extension of fields and A is a graded k-algebra such that A ®j K
is isomorphic to H*(U(n); K) as a graded K-algebra, then under mild hypotheses,
A = H*(U(n);k) as a graded k-algebra. This is a straightforward application
of standard techniques in Galois descent; see chapter 17 of [32] for an excellent
exposition. The computation of the relevant cohomology group is not difficult, but
takes a few steps. Since we do not know of a place in the literature where this
result or the relevant calculations appear, we present the relevant calculations in
this section, although we suspect everything in this section must be already “well-
known to those who know it well.”

Proposition 2.6.1. Let d be a positive integer, and let p be a prime which does
not divide d. Let K/k be a degree d cyclic Galois extension of characteristic p, and
let V' be a graded k-vector space in which all elements are in positive odd degrees
and in which, for each integer i, the degree i summand of V is finite-dimensional.
Write Ax(V') for the exterior k-algebra on the vector space V. If A is a graded
k-algebra such that A ®y K is isomorphic to Ap(V) @k K as a graded K -algebra,
then A is isomorphic to A, (V') as a graded k-algebra.

Proof. For any graded k-algebra B, let Aut(B ®; K) denote the automorphism
group of B®y K in the category of graded K-algebras. One knows from classical de-
scent theory (e.g. chapters 17 and 18 of [32]) that the pointed set
HY(Gal(K/k); Aut(B ® K)) is in bijection with the set of isomorphism classes
of graded k-algebras A such that B ®j; K is isomorphic to A ®; K as a graded
K-algebras.
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The case at hand is B = Ap(V). Of course Ag(V) @ K = Ag (V). Since an
exterior algebra on a set of generators in odd grading degrees is the free graded-
commutative algebra on those generators, we can uniquely specify a graded k-
algebra endomorphism of Ax(V) by specifying a grading-preserving k-linear map
V — Ar(V), and any such k-linear map yields a graded k-algebra endomorphism.

The set of degree i elements of the automorphism group Aut(Ax (V) ®x K) con-
sists of the K-linear automorphism group of of V! ®;, K extended by K-linear endo-
morphisms of exterior products of lower-degree homogeneous elements of V ®; K.
That is, Aut(Ax(V) ®; K)? sits in an extension of nonabelian Gal(K/k)-modules

(15) 1= W, = Aut(Ap(V) @ K)' = GL(V @5, K) — 1

where W; is a K-vector space with some action of Gal(K/k). The Galois co-
homology set H'(Gal(K/k); W;) is trivial since p does not divide the order of
Gal(K/k), and the Galois cohomology set H'(Gal(K/k); GL(V' @ K)) is triv-
ial by a nonabelian version of Hilbert 90, e.g. Proposition 3 of Chapter X of [29].
By the exact sequence of pointed sets induced in nonabelian Galois cohomology
by (15), H'(Gal(K/k); Aut(Ag(V) @5 K)) is trivial. This is true for all integers
i, so HY(Gal(K/k); Aut(Ag (V) @ K)) is trivial, i.e., every K/k-twist of Ag(V) is

trivial. (Il
As a consequence of Proposition Theorem and Proposition [2.6.1} we
have:

Theorem 2.6.2. Let n be a positive integer, and let p be a prime such that p > ¢(n)
and such that p does not divide n. Then we have an isomorphism of graded rings

H* (cc* (g1, (Fp))) = H" (gL, (Fyp); Fp)

between the cohomology of the critical complex of gl,,(F),) and the cohomology of the
Lie algebra gl (F,).

To be clear, the constraints p > ¢(n) and p f n could be omitted from the
statement of Theorem if it were possible to prove Theorem [2.5.7] without
adjoining a primitive nth root of unity to F,. We do not know whether this is
possible, however.

3. MONODROMY AND INVARIANT CYCLES IN A FAMILY OF DEFORMATIONS OF
RAVENEL’S MODEL

3.1. Deformations of Ravenel’s Lie algebra model for the Morava stabi-
lizer group.

Definition 3.1.1. Let R be a commutative ring, let n be a positive integer, let p
be a prime number, and let € € R.

9To be completely explicit: we apply Proposition in the case where the field extension
K/k is Fp(w)/Fp, where w is a primitive nth root of unity. The degree d = [K : k] is the least
integer m such that n divides p™™ — 1. For the hypotheses of Proposition mto be satisfied, we
only need p to fail to divide that integer d. It suffices to let p > ¢(n), since d is a divisor of the
degree of the nth cyclotomic polynomial, i.e., ¢(n), but of course the hypotheses of Proposition
are also satisfied for many pairs p,n with p < ¢(n), as well.
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o We write A}, . for the differential graded R-algebra given by the exterior
R-algebra

A = AR(]’LZ‘,]‘ : i,j € Zn)7

n,e

with each generator h; ; in cohomological degree 1, and with differential

i—1 n
(16) d(hi ;) = Z hejhi—jve+e Z he,jhi—etn,jte-
=1 =i
We equip A}, . with an additional Z/2(p"™ — 1)Z-grading, called the internal

grading, given by letting the internal degree of h; ; be 2(p" — 1)p7.

The differential increases cohomological degree by one, and preserves the
internal degree.

Definition 3.1.2. Let n be a positive integer, let R be a commutative ring, and let
ecR.

e By the critical complex we mean the differential graded R-subalgebra ccy,
of A}, . consisting of all linear combinations of bihomogeneous elements of
internal degree zero.

e By the first-subscript complex we mean the differential graded R-subalgebra
FSC® of A}, . consisting of all linear combinations of bihomogeneous ele-

ments whose first subscripts, in the h-basis, sum to zero modulo n.

For example, when n = 3, the element highog is in the first-subscript complex,
but not in the critical complex. This is because highog has internal degree 2(p? +
p — 2), which is not divisible by 2(p® — 1). Meanwhile, again when n = 3, the
element highs; is in both the first-subscript complex and the critical complex.

Setting € to zero, formula recovers Ravenel’s formula for the dual of the Lie
bracket in L(n,n) defined in section [1.2] originally from [24] (see also [25, Theorem
6.3.8]). Hence the differential graded algebra A}, ; is the Chevalley-Eilenberg com-
plex of Ravenel’s Lie model L(n,n). The internal grading on A3, ; is chosen so that
it agres with the internal grading in Ravenel’s spectral sequence , hence also the
internal grading on the cohomology of the Morava stabilizer group.

We may also set e to nonzero values in the ground ring R. Considering A7
as a function in the variable €, we may think of € +— A _ as a one-parameter
family of derived deformations of Ravenel’s model for the Morava stabilizer group,
parameterized by A}%.

This family of derived deformations can also be approached from a non-derived
perspective. Each of the differential graded algebras A}, . is a finite-dimensional
exterior algebra generated by 1-cochains. Hence, by Chevalley-Eilenberg [3], A7 .
is naturally isomorphic to the Chevalley-Eilenberg DGA of some Lie algebra, which
we will call Lc(n). Consequently the parameterized family of DGAs € — A,  is
the fiberwise Chevalley-Eilenberg DGA of the parameterized family of Lie algebras
e Le(n) on Ak,

Nevertheless, it is the derived point of view that is more useful for our pur-
poses in this paper. By restricting each fiber A} . to its critical complex, we
get a parameterized family of DGAs on A} which is smooth away from e = 0.
It is this parameterized family of DGAs that we will ultimately need to under-
stand, since it is our task in this section to prove that the ¢ = 0 critical complex
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cep o = cc®*(Lo(n)) = cc*(L(n,n)) is quasi-isomorphic to the ¢ = 1 critical complex
cet cc®*(Li(n)). In other words,

n,l

even though the family of DGAs € — A}, _ is singular at e = 0,

and the cohomology of A ; is not 1somorph1c to the cohomology of A7,
for e = 0,

o if we restrict to the family of smaller DGAs € — cc},
get an isomorphism H*(ccy, ) = H*(ccy, ) for all e.

inside A?

n,e’

. we do

While the parameterized family of DGAs e — A} . is the fiberwise Chevalley-
Eilenberg DGAs of the parameterized family of Lie algebras € — L.(n), it is not
the case that the parameterized family of DGAs e — cc), . is the fiberwise Chevalley-
Eilenberg DGA of any parameterized family of Lie algebras This is because any
Chevalley—Ellenberg DGA is generated in cohomological degree 1, but for n > 1,

n . is not generated in cohomological degree 1. For example, whlle hin—1hn—1,0 €

n . C A2 is a product of 1-cochains in An ., the 1-cochains hq ,_1 and h,_1 o in
A" are not in ccn’E forn > 1, and hy 5,—1hn—1, is an indecomposable 2-cochain in
cey, o forall n > 1.

As already noted, the fiber Lo(n) of our parameterized family of Lie algebras
at € = 0 is Ravenel’s model for the height n Morava stabilizer group. We men-
tioned the fiber Li(n) at e = 1 in the previous paragraph. The reason the fiber
at 1 is significant is that the Lie algebra L;(n) is isomorphic to the Lie algebra
gl,,(R) of n-by-n matrices in R with commutator bracket as the Lie bracket, by
Proposition m For general € # 0, the Lie algebra L.(n) is still (nontrivially)
isomorphic to gl,,(R). We prove this below, in Corollary - 3.1.90 by constructing a
differential graded connection on the bundle of DGAs € — A?  restricted to the
punctured affine line AL\{0}. Parallel transport in this connection furnishes DGA
isomorphisms A?,, = A}, for all € # 0, and consequently Lie algebra isomorphisms

€,n

1,n

Lc.(n) 2 Li(n) = gl (R) for all € # 0, as well as monodromy representations which
play a pivotal role in the main theorems in this paper.

Definition 3.1.3. Let R,n,p, € be as in Definition|3.1.1].

o We refer to the R-linear basis {hi; :i,j € Z,} for A,, . as the h-basis for
A}, .. More generally, we refer to the R-linear basis {hs, j, N---Nhi, 5, } for

Afl . as the h-basis for A? .

o We write Lc(n) for the Lze R-algebra such that A3
Eilenberg complex of Lc(n).

o We write o for the differential graded R-algebra automorphism of A, . given
by o(h; ;) = hi j+1. This automorphism o generates an action of the cyclic
group Cp, on A}, . given by cyclically permuting the second subscript in the
h-basis. We write s A3, . for the Cy-equivariant differential graded R-algebra
giwen by A}, . with C, acting by o.

o WhenR — Sisa homomorphism of commutative rings and ¢ is an element
of order n in the group of automorphisms Autg_q4(S) of S which fix R,
we write ¢ for the ¢-semilinear action of o on A}, . ®g S. That is,

— ¢ is R-linear (but not S-linear, unless ¢ =id),
— the action of ¢ on A}, . C A}, ®@Rr S coincides with the action of o on

A:L €’

— and o(xy) = ¢(x)a(y) for any x € S and any y € A}, . ®r S.

is the Chevalley-

,E
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We write 5 A3, . for the Cy,-equivariant differential graded S-algebra given by A}, Qg
S with C, acting by o.

The most important case of ¢ is the case where R is the finite field ), and S is
its extension field Fp», and ¢ is the Frobenius endomorphism of Fyn.

Example 3.1.4. If we let n = 2 in Definition then the Lie R-algebra L.(2)
has underlying R-module Ms(R), the R-module of 2 x 2 matrices with entries in
R, and Lie bracket

a bl e f|| _ bg — cf e(af + bh — be — df)
Hc d]’[g h”e'_ L(ce—i—dg—ag—ch) cf —bg ’

i.e., the commutator bracket but with the off-diagonal entries scaled by a factor of
€.

When € = 1, L.(2) coincides with the classical gl,(R). Regarding L.(2) as a
function of e, the function € — L.(2) is a family of Lie R-algebras parametrized
over the affine line AL, singular only at the point € = 0. The fiber over the singular
point is the solvable Lie algebra L(2,2) of Ravenel [24],[25], while the fiber over
each point € # 0 is the reductive Lie algebra L.(2), isomorphic to gly(R).

Proposition 3.1.5. Let n, R be as in Definition[3.1.3 and let p be a prime such
that p > 2n2. Then the critical complex is a subset of the first-subscript complex.

Proof. We introduce the following notation: given a nonzero element h;, j, hi, j, =+ - R, jon
of A?, its associated angle-bracket symbolis an n-tuple of integers, written (a1, as, ..., an),
uniquely determined by the following rules:

e The angle-bracket symbol of h;; is (a1,a2,...,a,), with ¢; = —1 and
a;+; = 1, and all other a; entries equal to zero. Here the subscript ay, is to
be understood as being defined modulo n, so that, for example, azy(,—1) =
aj.

e The angle-bracket symbol of a product z - y is equal to the angle-bracket
symbol of x plus the angle-bracket symbol of y.

So, for example, if n = 3, then the angle-bracket symbol of hig is (—1,1,0), the
angle-bracket symbol of hg; is (1,—1,0), and the angle-bracket symbol of higha; is
(0,0,0).

Our proof of the claim follows from several observations about angle-bracket
symbols:

(1) The internal degree of an element x = h;, j, hi, j, - - - hi,, 5., reduced mod-
ulo 2(p"™ — 1), depends only on the angle-bracket symbol of x. This is
because

e the angle-bracket symbol of h;; has a single entry which is —1, and
this entry is in the jth coordinate,

e the angle-bracket symbol of h;; has a single entrry which is 1, and
this entry is in the (i + j)th coordinate,

e the internal degree of h; ; is 2p’(p’ — 1), i.e., the internal degree of
hi ; is determinable modulo 2(p™ — 1) from the angle-bracket symbol
of hi’j,

e and both the angle-bracket symbol and the internal degree are additive
on products of elements of the form h; ;.

(2) In particular, if the angle-bracket symbol of z is (0,0,0,...,0), then z is in
the critical complex.
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(3) The converse is also true if p >> n, and in particular, if p > 2n2. This
requires some explanation. Since A? is an exterior algebra, in a nonzero
element h;, j, hi, j, - -+ ha,, j,. the pairs (i1, j1), (i2,72); - - . ; (im, Jm) must be
pairwise distinct. Consequently each entry in the angle-bracket symbol of
hiy i Pig,js -+ R is contained in the closed interval [—m,m].

Since A? is n?-dimensional, we have the bound n? > m. The assumption
that p > 2n? together with the bound n? > m entails the inequality p > 2m.
The inequality p > 2m ensures that each residue class modulo p™ —1 has at
most one expression as a linear combination of the powers p°, p', ..., p7 7!
of p in which the coefficients lie in the interval [—m,m]. Consequently, if
RiyjrPig o = P is in the critical complex, then its angle-bracket symbol
must be zero.

(4) The sum of the first subscripts i1 + 2 + -+ - + 4, can be recovered, mod-
ulo n, from the angle-bracket symbol of h;, j, hi, j, - hi,, j,.- Given the
angle-bracket symbol (a1, ..., a,), one simply takes the linear combination
> r—y k-aj and reduces it modulo n. To see that the resulting residue class
agrees with the residue class of iy + i + - -+ 4 4,, modulo n, one can carry
out an easy induction:

e check that the two agree when the angle-bracket symbol in question is

the angle-bracket symbol of a single element h; j,

e then observe that both are additive on products of elements of the

form h; ;.

TmsIm

tmsIm

With the above observations in hand, the proof is very easy: given an element
hiy ji iy g - -+ M, o, OF the critical complex, its angle-bracket symbol must be zero.
Consequently > | i, must be zero modulo n, i.e., hi, j, hi, j, -+ R, j,. is in the
first-subscript complex. O

Remark 3.1.6. The bound p > 2n? in Propositionis not sharp: for example,
the conclusion of Proposition is true for p = 2 and 1 < n < 3, even though the
inequality p > 2n? is not satisfied in those cases. However, the bound cannot be
removed entirely, or the resulting claim is false. For example, if p = 2 and n = 4,
the element hoghoihsghsy is in the critical complex but not in the first-subscript
complex.
By Proposition together with brute-force computer calculation to handle

values of p which are < 2n2, one gets the following:

o cc; C FSC) for heights n < 3 and for all p.

o ccy CFSCYiff p > 2.

o cct C FSCy iff p > 3. A counterexample to the containment when p = 2

is hoghi4hso. A counterexample when p = 3 is hgqhgshi1his.

Definition 3.1.7. Given elements §,¢ € R, we say that a homomorphism of dif-
ferential graded R-algebras f: A}, . — A} 5 is h-diagonal if the h-basis diagonalizes
the action of f on the 1-cochains Aim — A711,6' That is, f is h-diagonal if and only
if, for each i and j, f(h; ;) is an R-linear multiple of h; ;.
Proposition 3.1.8. Let §, ¢ be nonzero elements of a field k. Let k be the ground
ring R in the definition of A, . in Definition @

e Then the set of h-diagonal isomorphisms
(17) Ab = A s
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is in bijection with the set of zeroes of the polynomial g — Hiezn T; €
klz1,...,zp] in k™.
e Furthermore, the set of o-equivariant h-diagonal isomorphisms A}, . — A} 5
18 in bijection with the set of zeroes of the polynomial g —z" € k[z] in k.
o Suppose furthermore that K is a field extension of k, and suppose that K
is perfect and that the q-Frobenius map

o K- K
¢(z) = 24

is an element of order n in Gal(K/k). Then the set of &-equivariant h-
diagonal isomorphisms A}, . @ K — A} 5 @ K 15 in bijection with the set
of zeroes of the polynomial g — 2" =D/@=1D) ¢ k[z] in k.

Proof. An h-diagonal morphism A} . — A} ; is determined by specifying, for each
hij, the scalar a;; € k such that f(h;;) = a4 jh;;. [ is a homomorphism be-
tween exterior algebras over k, each generated in degree 1, it is clear that f is a
homomorphism of graded k-algebras, no matter what choices are made for o ;. To
verify that f is a morphism of DGAs, we need only verify that f commutes with the
differential. This is a straightforward calculation, writing d., ds for the differentials

on A;’E and on A;M;, respectively:
i—1
Z 0 0G—g jrehe i Ri—g jte
=1
n
e ariogrngreheghictingre = f (de(hig))
(=i
= ds (f(hi;))
i—1 n
= j Z he jhi—ej+e + @i j0 Z b jhi—t4n,j+e,
=1 =i
yielding the equations
(18) O jOG—g j4+0 = Q5 if1<i< 7, and
(19) €ty g j+e = 00y j if 1 <0 <nandi#n.

Using equation (18], we get
® ay; =y jay ji1 for all j,

® a3, = (v jQg 11 = Q1 jQq 110 j42, for all j,
e and so on, arriving by induction at a; ; = a1 ... a1 j4—1 for all ¢, 7.

Consequently all the parameters «; ; are determined uniquely by the parameters

01,1, .,01,,. Write z; for o ;. The only restriction on the parameters x1,...,z,
is imposed by equation (19, which requires (in the case i = 1 = /) that
€

Q1 = galu‘an,jﬂ

€
= Q1AL 41 - Qg
€

= gozl’jal,ﬁ_l < -1,
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hence o ; = %OéLj:El ... T, and the product z1 ...x, is equal to g (where o ; #0
since a1 ; = 0 would imply that hq ; is in the kernel of f, disqualifying f from being
an h-diagonal isomorphism), as claimed.

The action of o cyclically permutes the second subscript on the h-basis. Conse-
quently f is o-equivariant if and only if o; ; = a; ;41 for all 4,5, i.e., z; = ;41 for
all 7. So one gives a o-equivariant h-diagonal isomorphism simply by making
a choice of element z; € k such that 27 = g.

Similarly, since the action of ¢ sends ah; ; to a?h; j41, the map f is G-equivariant
if and only if o ; = a; j41 for all 4,7, ie., 2] = 24, for all j. So one gives a 5-
equivariant h-diagonal isomorphism simply by making a choice of element

q q ! ) 0

x1 € k such that q - 27 ----- ] =<

Corollary 3.1.9. Let §, € be units in the commutative ring R.
e Suppose that R contains an nth root of §/e. Then the Cyp-equivariant dif-
ferential graded R-algebras ;A3 . and ;A3 5 are isomorphic to one another.

n,e

e Suppose that R contains a qq”—1 th root of 6 /e. Then the C,,-equivariant dif-

-1
ferential graded S-algebras A3, . and A} 5 are isomorphic to one another.

Suppose the commutative ring R is a field. We can think of € — A}
bundle of differential bigraded R-algebras over the punctured affine line A}, \ {0} =
Spec R[z*1]. As a vector bundle, € — A, . is the trivial bundle of rank n?. However,
as we move from fiber to fiber, the differential changes, so as a bundle of DGAs,
€ — A}, . is nontrivial. A nice way to think of the bundle e — A} . of differential

bigraded R-algebras is as a single differential bigraded R[z]-algebra A?:

as a

Definition 3.1.10. Let R be a commutative ring, let p be a prime, and let n be a
positive integer. We write A2 for the differential bigraded R[x]-algebra given by the
exterior R[x]-algebra

AS = Agpe)(hij 2 4,] € Zn),

with each generator h; ; in cohomological degree 1 and internal degree 2(p' — 1)p/,
and with differential

i—1 n
d(hij) = hejhioejie+2 Y hejhiooinie.
=1 £=i
Again, there is an evident action of the cyclic group C,, on Ay, given by o(h; ;) =
hijt1-
We will write A, . for the localization A2 [x7Y], as a differential bigraded

R[x*1]-algebra.

By reducing Aj, modulo the ideal (x — ), we get the fiber A} ; of the family of
DGAs e — A, . over the point § € Aj,.

The purpose of the localization in Definition when we define A3, ., i
simply to remove the singular fiber, i.e., the fiber at € = 0.

If one treats = as a parameter, then ccj, . may be filtered by powers of z, yielding
a decreasing filtration

cene 2 (x) e 2 (2%) eeh 2

Similarly, F'SC® may be filtered by powers of x, yielding a decreasing filtration
FSC® D (z) - FSC®* 2 (2%)-FSC* D -+ .
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As a consequence of Proposition [3.1.5] the former is a filtered cochain subcomplex
of the latter, as long as p > 2n?. The map of spectral sequences induced by this
map of filtered cochain complexes will play a pivotal role in the proof of Theorem
B61

Let k be a field that contains an nth root of d/¢. By Proposition and
Corollary for any pair of points 4, € in the punctured affine line A} — {0}, we
have a choice of isomorphism of the fiber of A}, .. over § with the fiber of A}, ...
over e. In fact, we have one choice of such an isomorphism for each nth root of §/e.
This suggests the possibility of a connection on the bundle A}, .., with locally
constant parallel transport (that is, small perturbations to the “path” between two
fibers gives us the same parallel transport isomorphism), whose parallel transport
isomorphisms are the isomorphisms constructed in Proposition and such that
the various choices of parallel transport isomorphism between the fibers correspond
to different homotopy classes of paths, in A} — {0}, between the points € and 4.

When k = C, the previous sentence can be taken literally: we can regard AL —{0}
as a punctured plane with the standard Euclidean topology, and then “paths” are
paths in the familiar topological sense. Of course, when k is some other field,
e.g. a finite field, it takes some technology to make sense of what one ought to
mean by a “path” in A} — {0}. The Tannakian formalisrrm offers one reasonable
approach to this, as in [2]. However, in the present situation, bringing in the
Tannakian formalism is not really necessary: we can avoid the weight of the general
theory by working concretely with the explicit examples of interest. There are only
two “flavors” of connection on A} . that we will consider in this paper: Artin-
Schreier-type connections, and Kummer-type connections. For these two types of
connections, we calculate explicit parallel transport isomorphisms.

Below, in section [3.2] we review some of the rudiments of the theory of con-
nections and parallel transport, presenting the ideas in a way that is amenable
to application to Artin-Schreier-type and Kummer-type connections (applications
which we carry out in section and in section , and particularly to the
bundle of differential graded k-algebras A (which we carry out in section .

3.2. Basic ideas on differential graded parallel transport.

3.2.1. Review of classical parallel transport. Here are some notes on very classical,
well-known uses for connections.

Classically, given a smooth manifold M and a smooth real vector bundle V' on
M, here are two equivalent definitions of a connection on V:

e In works which are written from a perspective closer to algebraic geometry,
a connection on V' is most often defined as a R-linear function
V:I'(V) > T(T"M V)

satisfying the Leibniz rule V(fs) = df ® s+ fV(s) for all smooth functions
f on M and all smooth sections s of V.

e In works which are written from a perspective closer to differential geome-
try, a connection on V is most often defined as an R-linear function

V:I(TM V)= T(V)

10We thank L. Candelori for telling us about the Tannakian approach to monodromy in positive
characteristic.
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satisfying the Leibniz rule V,(fs) = d,(f)s+ fV,s for all smooth functions
f on M and smooth sections s, where d,(f) is the directional derivative of
f in the direction of the tangent vector v.

Given a connection V on V and a smooth path + : [0,1] — M, for each choice of
v € V), there exists a unique section s, of V' along v satisfying V)(s,) = 0
for all ¢ € [0, 1] and satisfying s, (7(0)) = v. This is a consequence of the existence
and uniqueness theorem (of Picard-Lindel6f) of solutions to first-order ODEs. The
function v = s,(7(1)) : V) — V4@ is then an R-linear isomorphism, called the
parallel transport along - associated to V.

One can try to implement these ideas more generally, replacing R with a field
of characteristic ZerdEI7 and replacing smooth maps with algebraic maps. We work
through the calculation of the parallel transport isomorphisms for the Artin-Schreier
and Kummer connections, below, in sections and

First, we settle on the following versions of the basic definitions:

Definition 3.2.1. Suppose we are given a homomorphism of commutative rings
R—S.

e Given an S-module M, an R-linear connection on M is an R-module ho-
momorphism V : M — M ®g le/R such that V(ms) = (Vm)s + m ® ds
forallm e M and all s € S.

e We often think of a pair (M, V), with M an S-module and V an R-linear
connection on M, as a single object, an S-module with R-linear connection.
Usually R is taken to be an obvious ground field.

Given two modules with connection (M,V) and (M',V’), a morphism
of modules with connection s an S-module morphism M — M’ which com-
mutes with the connections. This definition yields a category Mod pg Conng(S)
of finitely-generated S-modules with R-linear connection.

o Given a S-algebra A, a multiplicative R-linear connection on A is a connec-
tionV : A — A®Sle/R on the underlying S-module of A, satisfying the ad-
ditional condition that V is a derivation, i.e., V(ayaz) = (Vai)az+ai(Vaz)
for all ay,as € A.

It is classical that, given a connection V: M — M ®g Q};/R on a free S-module
M, there is a unique extension of V to a multiplicative connection Ag(M) —
As(M) ®g le/R on the exterior S-algebra Ag(M) of M. Consequently, to give a
grading-preserving multiplicative connection A}, — A} ®g[y) Q}z[;p] /R is the same
as to give a connection AL — Al ®R[x] Q}%[x]/R on the R[z]-module of 1-cochains

A} of A?, ie., a connection on the free R[z]-module spanned by {h;; : i,j €

no

Z,}. Similarly, to give a grading-preserving multiplicative connection A, pune =

A:WWC@R[Iﬂ]Q}%[zﬂ]/R is the same as to give a connection A}, .. = A} e @Rzt
1

Qpit1y/r:

HThere are serious difficulties with solving ODEs over a field of positive characteristic: consider
the problem of solving the ODE Z—z = 2P~ over a field of characteristic p, for example. In this
paper we do not try to state the greatest level of generality for when k-linear connections can be
“integrated” to yield parallel transport isomorphisms, since for our purposes, it suffices to know
that certain Kummer connections with rational Kummer parameter can be integrated, and in

section we are able to give sufficient conditions for this integrability.
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3.2.2. Parallel transport in a Kummer connection.

Definition 3.2.2. Let R be a commutative ring, and let a € R.

e The R-linear Kummer module with parameter a, written KCo, is an R[zT1]-
module with R-linear connection defined as follows. The underlying R[z*!]-
module of K, is the free Rlx*1]-module on one generator, for which we
will write h. The connection V : R[z*'] — R[z*!] @ppe; Q}:{[wil]/R is
the R-linear map that sends 1 to a ® x~'dx and satisfies the Leibniz rule
V(sf) = (Vs)f + s(df) for all f € Rlz*1].

e A Kummer-type connection (respectively, finite Kummer-type connection )
is a module with connection which is isomorphic to a direct sum (respec-
tively, a finite direct sum) of modules with Kummer connection.

e If an R[x*™]-module M with connection is equipped with an R[x*1]-linear
basis B such that, for each b € B, V(b) is a scalar times b ® x~'dx, then
we say that B is a Kummer basis for M.

o If M isa R[mil]—algebm equipped with a Kummer-type connection V, then
a multiplicative Kummer basis for M is a Kummer basis B for (M, V) such
that 1 € B, if b1,by € B, then by - bs € B, and the Kummer parameter of
b1 - by is equal to the sum of the Kummer parameters of by and bs.

o If M is a differential graded R[x*']-algebra equipped with a Kummer-type
differential graded multiplicative connection V in the sense of Definition
then ¢ DG Kummer basis for M is a multiplicative Kummer basis B
for M such that, if b € B, then d(b) is a k[x]-linear combination of elements
of B whose Kummer parameter is equal to that of b.

e We say that a Kummer-type connection has rational parameters (respec-
tively, integral parameters) if it is isomorphic to a direct sum of modules
with Kummer connections whose parameters are rational numbers (respec-
tively, integers).

We will make significant use of the fact that the collection of Kummer-type
connections is closed under taking exterior powers:

Proposition 3.2.3. Let R be a commutative ring, let ai1,...,a, € R, and let K
denote the Kummer-type connection

K=Kas & B Kq,.

Let m be an integer. Then the mth exterior power of K is isomorphic to the
Kummer-type connection

Am(’C) = @Kziesai’
S

where the direct sum is taken over all subsets S of {1,...,n} with exactly m ele-
ments.

Consequently the natural multiplicative connection on the exterior algebra of K
(as in the discussion immediately following Deﬁnition satisfies

A(]C) = @ ’Czies a;»

SC{1,...,n}
where now the direct sum is taken over all subsets S of {1,...,n}.

Proof. Elementary. [
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Proposition 3.2.4. Let R be a commutative ring, let r, s be rational numbers, and
suppose that r—s is an integer. Then we have an isomorphism of R-linear Kummer
modules with connection IC, =2 K.

Proof. Let f be the R[z*!]-linear homomorphism R[z*1] — R[z*!] which sends 1
to z"~*%. It is routine to verify that f makes the diagram

Vo,
R[fﬂil] _— R[l‘il] ®R[zi1] Q}%[zil]/R

f lf®Q}%[mil]/R

R[z*1] 2>

R[l‘il] QR[z+1] Q}g[zil]/R
commute, where V,., Vs are the connections on I, and on K, respectively. It is
straightforward to see that f is bijective as well. O

A classical calculation over the complex numbers shows that, given the Kummer
connection 4, a complex number v, and a nonzero complex number ¢, a differen-
tiable function f(z) is a solution to the ODE

a
(20) e + . f=0

if and only if, for a closed path 7 : [0,1] — AL\{0}, the parallel transport isomor-
phism from C = (K,), (o) to C = (Ky),(1) is the C-linear map that sends f(v(0))
to f(7(1)). An elementary calculation yields that the solutions f to are scalar
multiples of x7% When the Kummer parameter a is an integer, the situation is
quite simple: for each ¢,6 € C*, the parallel transport map (K,)e — (Kq)s is
simply multiplication by (e/d)%.

On the other hand, when « is a rational number but not an integer, one still
gets that the parallel transport isomorphism from the fiber of I, at € to the fiber
of K, at ¢ is multiplication by (e/6)%, but notice that the function z — z® is not
quite well-defined: it depends on a choice of branch cut for the sth root function on
C — {0}, where s is the denominator of the (reduced) rational number a. To put it
another way, when a is a non-integer rational number, the Kummer connection with
parameter a fails to have globally path-independent parallel transport: it matters
which homotopy class of path in C — {0} from € to § we choose, and specifically,
how many times the path winds around the singularity at 0.

Consequently we get a nontrivial monodromy operator on the tangent space to
Al at a nonzero complex number: in the case a = r/s with r coprime to s, the
monodromy operator T : C — C cyclically permutes the sth roots of unity in C.
In the particular case a = 1/s, fix a primitive sth root of unity w in C, and then
T is given on each fiber k of the Kummer module with connection Ky, by the
multiplication-by-w map k — k.

Everything discussed so far in this subsection is very well-known. We have in-
cluded this material because our next task is to explain how the same constructions
can be made over a general field whose characteristic does not divide the denomi-
nator of a rational Kummer parameter.

Suppose a is the rational number r/s, and suppose that k is a field whose char-
acteristic does not divide s. Suppose that ¢ and § are nonzero elements of k, and
suppose that k has s distinct sth roots of €/§. Then, for each of those sth roots ¢
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of ¢/, we have an isomorphism

Ko/(x—€) 2k > k=K, /(x—90)
(21) v v

from the fiber of the Kummer module K, at € to the fiber of the Kummer module
K, at §. We think of as “parallel transport, from the fiber at € to the fiber at
0, along any path in the homotopy class of {.”

In particular, in the case that e = §, after fixing a choice of primitive sth root of
unity w, we have a Picard-Lefschetz operator

Koz —€) 2k 5 k=K, o/(z —¢)
(22) Tw)=v- w",

i.e., T is the monodromy operator on the smooth fiber of K, /.

This is quite figurative. For most fields k, it is not clear what we ought to mean
by a “path” in A}. This is particularly true in characteristic p, where it is not
generally even true that the maps for various ¢ are all the solutions of the
differential equation . Differential equations over fields of characteristic p > 0
have many “spurious” solutions (i.e., solutions with no corresponding solution in
characteristic zero) that arise from the vanishing of - (7). We take the maps (21))
to be the definition of parallel transport in a Kummer connection over a general field
k whose characteristic does not divide the denominator of the Kummer parameter.

The map depends only on the choice of the root ¢ of €/6. Consequently we
will refer to ¢ as a path from € to §. Consequently, a root of unity is a path from e
to €, i.e., a loop based at e. This terminology is justified by a strong analogy with
the behavior of parallel transport over C using a flat connection: just as the set of
parallel transport isomorphisms (i.e., the set of sth roots of €/4) is a torsor for
the group of sth roots of unity in k, the set of homotopy classes of paths from e and
§ in A} — {0} morally ought to be a torsor for the fundamental group of A} — {0}.

3.2.3. Parallel transport in an Artin-Schreier connection.

Definition 3.2.5. Given a commutative ring R and an element a € R, the R-linear
Artin-Schreier module over A}, with parameter a, written L, is an R[z]-module
with R-linear connection defined as follows. The underlying Rlx]-module of L, is
the free R[x]-module on one generator. We will write h for this generator. The
connection V : R[x] — R[z] @R[y Q}%[x]/R on L, is the unique R-linear map that
sends h to —ah ® dx and satisfies the Leibniz rule V(sf) = (Vs)f +s® df for all
f € R[z].

An Rlz]-module with connection is Artin-Schreier-type if it is a direct sum of
Artin-Schreier modules with connection.

Proposition 3.2.6. Let R be a commutative ring, and let r be an integer. Then the
R-linear Kummer module K, on A}, is isomorphic to the R-linear Artin-Schreier
module Lq restricted to AL\{0}.

Proof. By Proposition[3.2.4] I, is isomorphic to Ko. The connection on Ky and the
connection on Lo ® gy, R[z*!] are each determined by their behavior on a generator
for R[z*!], and each vanishes on that generator. O
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By a calculation analogous to that carried out for Kummer connections in sec-
tion [3.2.2] over C the parallel transport isomorphisms for the Artin-Scheier connec-
tion L, are the solutions to the ordinary differential equation % —af = 0. Hence
the parallel transport isomorphism along any path 7 from the fiber of £, at € to
the fiber of £, at § sends v to v - e+ (9=€),

In the case k = C, the Artin-Schreier connection has globally path-independent
parallel transport, since it is defined on all of A{.. Hence it does not matter which
path v we choose, from one point € € Al to another point § € Al: the parallel
transport isomorphism depends only on the endpoints of the path. So the calcu-
lation of the parallel transport isomorphisms for £, made in this section, for one
particular choice of path v from € to J, are in fact complete calculations of all the
parallel transport isomorphisms for £,.

The above does not generalize to an arbitrary field k: consider what e®(9—¢)
ought to mean in the case k = Q, for example. But it does make sense for arbi-
trary fields k if the Artin-Scheier parameter a is zero. In this paper, we will only
ever need to work with Kummer-type connections with rational parameters, and
Artin-Schreier-type connections with parameter zero. We explained in section [3.22]
that the former have well-defined parallel transport isomorphisms as long as the
characteristic of the field does not divide the denominator of the Kummer param-
eter. In this subsection, we saw that the latter have well-defined parallel transport
isomorphisms over arbitrary fields. Consequently, in the rest of this paper, we will
be able to prove some theorems about the relevant cases of parallel transport over
fields of positive characteristic, even without having a general theory of parallel
transport over such fields.

3.2.4. Functoriality of parallel transport. We have the category Proj Mod pg Conng(C[zt!])
of finitely generated projective C[z*!]-modules equipped with a C-linear connec-

tion. For each object (M,A) of ProjModrg Conng(Cl[z*!]) and each path v :

[0,1] = C — {0}, we have the parallel transport isomorphism

PT, (M, A) : M/(z —~7(0)) — M/(x — (1))

The map PT,(M,A) is an isomorphism of C-vector spaces, i.e., an object of the
category Iso Mod(C). It is routine to check that

PT, : Proj Mod g Conng(C[z*1]) — Iso Mod(C)

is an additive functor, and moreover, it is lax monoidal, if we equip Proj Mod ¢ Conng (C[z*1])
with the following monoidal product:

Definition 3.2.7. Let R — S be a homomorphism of commutative rings. Given
S-modules (M1, V1) and (Ma, Va) with R-linear connection, the tensor product of
(M;,V7) and (M3, Vs) is the S-module with R-linear connection given by My ®g
My, with connection

M1 ®s M2 — M1 ®s M2 ®s Q}S/R
mi @ mo +—> Vl(ml) @ mo +m1 & VQ(mz).

With this tensor product operation, the category ProjModprg Conng(S) is a sym-
metric monoidal category.
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The importance of the functoriality and additivity of PT is that these properties
ensure that, if

RS VLI O BTG VTR 2 NG VER vo) SR

is a sequence of homomorphisms of finitely generated projective modules with con-
nection such that d” o d”~! = 0 for all n, then there are induced maps on fibers

PTy(d™domain PTy(d™eodomain
0 0
o POV 4o
7(0) 7(1)
PT’y (do)domain PT’Y(dO)Codornain
1 1
ar POV an
7(0) 7(1)
PT’y (dl)donlain PT’Y(dl)codorna'in
2 2
A2 PT,(M?,V?) A2
7(0) 7(1)
PT’y (dZ)downain PT’Y(dQ)codorna'in

such that the vertical composites
PTv(dn+1)domain o PT’y (dn)domain and
PT’y (dn+1)codomain o PT’y (dn)codomain

are both zero. In other words, parallel transport using a differential graded connec-
tion yields an isomorphism of cochain complexes.

The reason to bother with lax monoidality of PT,, is simply that lax monoidal
functors send monoid objects to monoid objects. Monoid objects in Proj Mod g Conng/(.S)
are multiplicative connections, as defined in Definition We also have a differ-
ential graded version:

Definition 3.2.8. Let R — S be a homomorphism of commutative rings, and let
A be a differential graded S-algebra whose underlying S-module is finitely gener-
ated and projective in each grading degree. By a differential graded multiplicative
connection on A we mean a connection V" : A" — A™ ®g QE/R for each integer n
satisfying the conditions
o V'lod= (d®gid)oV" for all n, i.e., the sequence ..., V=1, VO Vi ..
defines a connection on the underlying cochain complex of A,
e and, if a € A™ and b € A", then V™" (ab) = (V™a1)az + a1(V"az), i.e.,
@D, V" is a multiplicative connection on the underlying graded S-module

of A.
The upshot is:

Observation 3.2.9.

e If (M, V) is a module with multiplicative connection, then its parallel trans-
port isomorphisms are algebra homomorphisms.
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o If (M,V) is a module with differential graded multiplicative connection,
then its parallel transport isomorphisms are differential graded algebra ho-
momorphisms.

This formal, categorical approach to structured parallel transport generalizes
to fields other than C. Let I, be a Kummer connection whose parameter a is
rational, with denominator s. Let k be a field whose characteristic does not divide
s, and which has s distinct sth roots of each of its nonzero elements. As explained in
section for each “path” v in A} —{0}—i.e., each pair of nonzero elements , € in
k and each choice of sth root of €/6—we have a parallel transport isomorphism from
M, to Ms. Write PT.,(K,) for the parallel transport isomorphism k[z*']/(z —¢) —
k[z*1]/(z — §). The construction of PT, extends, in a basically obvious way, to
direct sums of such Kummer connections, as well as copies of the Artin-Schreier
module £y. The argument for additivity and monoidality of PT, over C works in
this setting as well, and Observation [3.2.9| remains true.

3.3. Differential graded parallel transport in the deformed Ravenel model.
In Proposition [3.1.8| we saw that, for any field k& and any positive integer n and any
pair of nonzero elements ¢, € € k such that ¢/ has an nth root in k, there exists a

o-equivariant isomorphism of differential graded k-algebras A, . = A}, s for each
nth root of § /e. In Definition [3.1.10} we organized the differential graded k-algebras
A? _, for the various nonzero choices of € € k, into a single bundle of DGAs over the

n,e’
punctured affine line. Now we are in a position to answer the following question:

Question 3.3.1. Does there exist a connection on A}, ... whose associated parallel
transport isomorphisms are the isomorphisms constructed in Proposition [3.1.8¢

To be clear, it is easy to find a connection on A} . whose associated par-
,

allel transport isomorphisms are k-linear isomorphisms, or even graded k-algebra
isomorphisms. The trivial connection does the job, for example. But we are be-
ing much more restrictive by asking that the parallel transport isomorphisms are
isomorphisms of DGAs, not just isomorphisms of graded k-algebras.

Question [3:3.1] has a positive answer:

Theorem 3.3.2. Let n be a positive integer. Suppose that every nonzero element
in the field k has n distinct nth roots. Recall that the 1-cochains AL in A?

n,punc n,punc
are k[z*-linearly spanned by the elements {h; j :i,7 € Z,}. Equip A} with

n,punc

the connection V : A} = Apy punc @kle*1] Qyppey e given by letting V(hi ;) =

n,punc

—% ij @ df. Equip A? with the resulting multiplicative connectio. Then

n,punc
the following statements are each true:

(1) A3 punc is Kummer-type with rational Kummer parameters.

(2) The parallel transport isomorphisms A3, . — A}, 5 induced by the connection

on A} une are the o-equivariant isomorphisms constructed in Proposition
,punc

. In particular, for each €,6 € A, — {0}, the parallel transport isomor-
phism A3, . — A} 5 associated to V, along the path given by any nth root of

€/d in k, is a o-equivariant isomorphism of differential graded k:—algebmﬂ.

125¢e the discussion following Definition for the fact that a multiplicative connection on
A}, punc 18 uniquely determined by a connection on its 1-cochains.

3In sectionwe explained that, in a Kummer-type connection whose Kummer parameters
are divisors of n, the nth roots of ¢/ are to be understood as the (homotopy classes of) “paths”
from € to d, along which one can carry out parallel transport.
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(3) Let w € k be a primitive nth root of um’tﬁ Let T : A} . — A} . be the
momnodromy operator arising from parallel transport along the path given by
w using the connection V on the bundle of DGAs A,. Then the action of
T on A? . is diagonalizable, with diagonal basis given by the h-basis. The

n,e
element h;, j, A--- N h € A}'. is an eigenvector for the action of T

with eigenvalue w= 1+ Fim)

(4) Let € € k be nonzero, and let (A;L,C)T denote the fized points of the action
of T on A3, .. Then (A3, )7 is equal to the first-subscript complex in A, .,
defined in Definition[3.1.3

Proof. Handling the claims in order:

(1) This follows immediately from Proposition

(2) This follows from the calculation of the splitting of A}, . as a direct sum of
Kummer modules with connection, in Proposition together with the
calculation of the parallel transport isomorphisms associated to Kummer
modules with connection in section B.2.21

(3) This follows from the calculation, in in section of the monodromy
operator on the fibers of Kummer modules with connection.

(4) This follows from the calculation of the splitting of A? . as a direct sum of

Kummer modules with connection in Proposition

tmsJm €

O

Theorem will play an essential role in the proof of Theorem but we
will not use Theorem [3.3.3]in the rest of the paper.

Theorem 3.3.3. Let p be a prime. Let n be a positive integer, and let k be a perfect
field of characteristic # p. Suppose that every nonzero element in the field k has

p::f distinct p::ll th roots. Let ¢ : k — k be the Frobenius automorphism. Consider

the differential graded k-algebra A3, ... Equip A}, ... with the connection V :
i
i hig ®

df. Equip A3, ,n. with the resulting multiplicative connection. Then the following

statements are each true:

p71+.7',

Al — A}Lpunc ®R[zi1] Q}{[zil]/R given by lettmg V(hz,]) = —

n,punc

(1) A} punc is Kummer-type with rational Kummer parameters.

(2) The parallel transport isomorphisms A}, . — A} 5 induced by the connec-
tion on A? are the g-equivariant k-linear isomorphisms constructed
i Proposition . In particular, for each €,§ € A%p(w) — {0} and each

n,punc’
pn71

T th root ¢ of €/0 in k, the parallel transport isomorphism
A:L,e — A:’L,é

associated to V along the path given by ( is a o-equivariant isomorphism
of differential graded k-algebras.
(3) Let T : Ay, . — A3, . be the Picard-Lefschetz (i.e., monodromy) operator

n,e

arising from a primitive p::f th root of unity in k. Then the action of T

on A? _ is diagonalizable, with diagonal basis given by the h-basis. The

n,e
element hi, j, A -+ Ahi, 5. € A7'. is an eigenvector for the action of T,

€

—lm

with eigenvalue w™"~

14Again, see section for the idea that w behaves, morally speaking, like a generator for
the fundamental group of A¥\{0}, based at ¢, reduced modulo n.
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(4) Lete € k*, and let (A3, )" denote the fized points of the action of T on A3, ..
Then (A% )T is equal to the critical complex in A% ., defined in Definition

n,€ n,e’

Proof. Analogues of the methods used in Theorem work equally well here. [J

3.4. Medial layers and cores. A Kummer module K, is a free k[z*!]-module on
a single generator, equipped with a particular connection. The generator of that
free k[z¥1]-module was called h in Definition We will have reason to consider
the k[z]-submodule of K, generated by h, so we give it a name:

Definition 3.4.1. The medial layer of a Kummer module IC, is the k[z]-submodule
of Ko generated by h.

More generally, given a Kummer-type module M equipped with a Kummer basis
B, its medial layer is the k[z]-submodule of M generated by B. We write medial(M)
for the medial layer of M.

The medial layer of a Kummer module is usually not a module with connection,
since the k[z]-submodule of K, generated by h is usually not closed under V. The
exception is the case a = 0, which indeed is a module with connection, isomorphic
to the Artin-Schreier module L.

We might consider how to enlarge the medial layer in order to get a k[x]-
submodule of I, or more generally any Kummer-type module, which s a submodule-
with-connection. This is impossible if the Kummer parameter a is not an integer,
due to nontriviality of the monodromy action. However, for Kummer modules with
integral parameters, such a construction is possible. We will call this construction
the core of the Kummer module. If the Kummer parameters are integral and all
nonnegative, then the core will contains the medial layer; on the other hand, if
the Kummer parameters are integral and all nonpositive, then the medial layer
contains the core. Because our motivating examples (from Theorem all have
nonpositive Kummer parameters, we will focus on the nonpositive case, but with a
bit of care, analogous results to those in this section can also be proven in the case
of nonnegative parameters.

A Kummer module, by definition, has smooth fibers but does not have a fiber at
zero. The core is a canonical way to “fill in” such a fiber at zero, yielding a vector
bundle with connection over A}, not only over A}\{0}. Inverting x (i.e., localizing
away from zero) then recovers the original Kummer module. We think of taking
the core of a Kummer module with integral parameters as an analogue of taking
the ring of integers of a local number field, i.e., an operation that canonically “fills
in” the missing information at a certain fiber (the special fiber, in the case of a
local field; the fiber at zero, in the case of a Kummer connection).

Definition-Proposition 3.4.2. Let k be a field. Suppose that M is a free k[zT1]-
module equipped with a Kummer-type connection with integral parameters. Choose
a Kummer basis B for M. For each b € B, write a(b) for the Kummer parameter of
b. By the core of M, written core(M), we mean the k[x]-submodule of M generated
by

{o7*b:pe B}

By projection into the core, we mean the map of klx]-modules which sends b to
z—®)p,

It is routine to verify the following claims:
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(1) Using Propositions|3.2.4 and the connection M — M® 1) Q1 4

restricts to a connection core(M) — core(M) @y Qim/k.

(2) The core of M, as a module with connection, is independent of the choice
of Kummer basis for M.

(3) Inverting x, the module with connection core(M) @y k| recovers M.

(4) The core of M @ N is naturally isomorphic to core(M) & core(N).

(5) Projection into the core does not usually commute with the connections
on each side. In particular, projection into the core defines a k[x]-module
isomorphism from the medial layer of M to the core of M, but this isomor-
phism is usually not an isomorphism of modules with connection.

(6) The core of M is contained in the medial layer of M if and only if all
Kummer parameters of M are nonpositive.

(7) If M is a k[z*']-algebra equipped with a multiplicative Kummer-type con-
nection with a multiplicative Kummer basis, then the core of M is a k[z]-
subalgebra of M.

(8) If M is a differential graded k[x*']-algebra equipped with a Kummer-type
differential graded multiplicative connection with a DG Kummer basis, then
the core of M is a differential graded klx]-subalgebra of M.

{L‘il]

Since the core of M is defined on all of A}, not only A}\{0}, we may use the
connection on core(M) to get a parallel transport isomorphism from any smooth
fiber all the way to the singular fiber. It does not matter what path we choose,
again since the connection is defined on all of A} :

Proposition 3.4.3. Let M, B,« be as in Definition-Proposition |3.4.2  For each
element 0 € k, we have an equality between the fiber core(M)s of core(M) at 6 and
the k-vector space with k-linear basis {a:_“(b)b : b € B}. Using this equality, for
every € € k the parallel transport isomorphism

k{z=*®p: b e B} = core(M), — core(M)o = k{z=*®b: b e B}
is the identity map on k{z=*®b:b e B}.

Proof. Since M is of Kummer-type with integral parameters, M is isomorphic to
a direct sum of Kummer modules I, for various integral parameters a, and has
path-independent parallel transport. From Definition and equation ,
we have that the core of K, is the k[z]-submodule of k[z=!] generated by ¢, with
connection satisfying V(z~*) = 0. That is, core(K,) is isomorphic to the Artin-
Schreier module £y. By the calculation of parallel transport in an Artin-Schreier
module in section [3:2.3] the parallel transport isomorphism on Lo, from any fiber
to any other fiber, is the identity map. (I

We remind the reader of the convention that, given a finitely generated projective
module M over a subset of A}C, for each € in that subset of A}w we write M, for the
fiber M ®p 51 k[z]/(x — €) of M at e.

Given a cochain complex of free modules with connection, we have a spectral
sequence whose input is a direct sum of copies of the cohomology of the smooth
fiber, and whose output is the cohomology of the core:

Definition-Proposition 3.4.4. Let k be a field. Suppose that C® is a cochain
complex equipped with a Kummer-type differential graded connection with integral
parameters. By the core monodromy spectral sequence of C'* we mean the spectral
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sequence associated to the filtration on core(C*®) by powers of x. This spectral
sequence has the fornﬁ

(23) EPt = HE(C?)) [x] = H® (core(C*®))
d :Es,t — E8+1,t+7‘

where x € E;J’l, and where C3,, is any smooth fiber of C*. If C* is furthermore
a differential graded algebra with differential graded multiplicative connection, then
the core monodromy spectral sequence has a product satisfying the Leibniz rule.

Proof. 1t is standard that the spectral sequence of a suitably filtered cochain com-
plex converges to the cohomology of that complex, and its Ej-term is the coho-
mology of the associated graded cochain complex. In the case of the filtration of
core(C*®) by powers of z, it follows from the freeness of core(C*®) as a k[x]-module
that the associated graded cochain complex is isomorphic to (core(C*®)/z)[z], i.e.,
to (core(C*®))o[z]. It follows from Proposition that parallel transport yields
an isomorphism of (core(C*))o with any smooth fiber (core(C*®)).. O

By the same argument, we get a spectral sequence for the cohomology of the
medial layer as well:

Definition 3.4.5. Let k be a field. Suppose that C*® is a cochain complex equipped
with a Kummer-type differential graded connection with integral Kummer parame-
ters. Suppose that the Kummer parameters of the connection on C® are all non-
positive. By the medial monodromy spectral sequence of C'* we mean the spectral
sequence associated to the unique decreasing filtration on medial(C*®) D core(C*®)
such that:

o multiplication by x increases filtration by 1, and
e the filtration on medial(C®), restricted to core(C®), coincides with the x-
adic filtration on core(C®).

This spectral sequence again has the form
(24) EP" = H(C2) [x] = H® (medial(C*))
dr . Es,t — Es—&-l,t—i—r

where © € E?’l, and where a Kummer basis element b € C*® with Kummer pa-

rameter a(b) is in Ef’_a(b), Inclusion of the core into the medial layer induces a

homomorphism of spectral sequences from to .

If C* is furthermore a differential graded algebra with differential graded mul-
tiplicative connection, then the medial monodromy spectral sequence has a product
satisfying the Leibniz rule.

Example 3.4.6. Here is a simple example to demonstrate the small (but neverthe-
less important and useful, e.g. in the proof of Theorem difference between the
core monodromy spectral sequence and the medial monodromy spectral sequence.
Let k be a field, and consider the differential graded k[x]-algebra A$ defined in
Definition [3.1.10] with the differential graded multiplicative connection defined in
Theorem That is, A = k[z, h1o]/h3,, with zero differential, with z in co-
homological degree 0, with hip in cohomological degree 1, and with connection

15The internal degrees t in this spectral sequence are a little bit subtle. See Example for
an example which we think does a good job of demonstrating how this internal degree behaves.
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V(hio) = —h1o ® % on A} ®j, k[zT']. The following table depicts the medial
layer of A}, the core of A}, and the filtrations on each which yield their respective
monodromy spectral sequences:

Filtration k-linear basis for medial(AY) k-linear basis for core(AY)
-1 hio
0 1, l‘hlo 1, .Z‘hl()
1 T z, z2h1g
2 1’2, (Ehlo .’E27 l’ghlo
3 23, 22h1, 3, 2%ho

The inclusion of the core into the medial layer sends each element in core(A$)
to the element with the same name in medial(A$). Consequently the map from the
core monodromy spectral sequence to the medial monodromy spectral sequence is
an isomorphism on E;'* for all ¢ > 0, but it is not surjective on Ell’fl.

3.5. A derived local invariant cycles theorem.

Lemma 3.5.1. Let k be a field. Suppose that M is a free k[z*']-module with a
Kummer-type connection. We write B for a Kummer basis for M, and for each
b € B, we write a(b) for its Kummer parameter. Let D be a positive integer, and
suppose that each Kummer parameter a(b) is a rational number whose denominator
is a divisor of D. Suppose that k contains a primitive Dth root of unity. Let M™T
denote the k[zT']-submodule of M spanned by the elements b € B such that a(b)
is an integer. Then, for each nonzero € € k, the fiber (MT). of M coincides with
the fized-points (M.)T of the action of the monodromy operator T on M..

Proof. This follows from the calculation of the monodromy operator on fibers of
Kummer modules in section [3.2.2] O

Given a k[z]-module M with an appropriate Kummer-type connection on M ®jy
k[z*!], Lemma m tells us that taking the smooth fiber—i.e., the fiber at any
nonzero point € € k—commutes with taking the fixed-points of the Picard-Lefschetz
operator T

It is also true that taking the singular fiber—i.e., the fiber at 0 € k—commutes
with taking the Picard-Lefschetz fixed points. However, there is something less
obvious about that claim. At a glance, one perhaps would not expect T" to even be
defined on the singular fiber: a Kummer-type connection is defined only on A}\{0},
not on A}, so it does not yield a parallel transport isomorphism from the singular
fiber to any other fiber, and in particular, it does not yield any parallel transport
isomorphism from the singular fiber to itself. So the usual construction of 7" on
a smooth fiber (via parallel transport along a loop based at that fiber) cannot be
carried out for the singular fiber.

Nevertheless, since the connection V was assumed to be Kummer-type, there is
a natural way to define T on the singular fiber. The calculation of T" on any smooth
fiber of a Kummer-type module in in section makes sense even on the
singular fiber. We take as the definition of T" on the singular fiber, i.e.,

e we let D be the least common multiple of the denominators of the Kummer
parameters of M,
e we fix a primitive Dth root of unity w in k&,
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e and, for each Kummer basis element b with Kummer parameter «(b) =
r/D, welet T(b) =b-w".

Consequently V defines a Z/DZ-grading on M, by letting the degree of a Kummer
basis element b with Kummer parameter r/D be r. Call this grading the Kum-
mer grading on M. Then, on each fiber of M—whether smooth or singular—the
fixed points of T consists precisely of those elements in Kummer degree zero. We
will write M7 for the fixed points of the Picard-Lefschetz operator on M itself.
Consequently M7 is a canonical Kummer-type k[z]-submodule of M with integral
Kummer parameters. This means that we may speak of the core of a Kummer-
type module M with rational integral parameters, not necessarily integral Kummer
parameters: simply take the core of the Picard-Lefschetz fixed-points MT.

We need one more definition before stating the main theorem of this section,
Theorem

Definition 3.5.2. A k[x]-module M with Kummer-type differential graded connec-
tion will be called core-homogeneous if the differential on M restricts to a differen-
tial on core(M™) which is strictly compatiblﬂ with the x-adic filtration.

Theorem 3.5.3. Let k be an infinite field. Let A® be a differential graded k[z]-
algebra equipped with o differential graded multiplicative finite Kummer-type con-
nection on A® @j,] k;[a:ﬂ], with rational, nonpositive Kummer parameters. Sup-
pose that A® is core-homogeneous. Then the cohomology of the Picard-Lefschetz
fixed-points on the singular fiber is isomorphic, as a graded vector space, to the
cohomology of the Picard-Lefschetz fixed-points on any smooth fiber A%, :
(25) H*(A3,)" = H* ((A3,)7) = H ((43)") = H* (43)" .
Proof. Since A® ®jy] k[z*!] is of finite Kummer-type, it is free and of finite rank
as a k[z*!]-module. Consequently H*(A®*)[z~1] = H*(A® @, k[zT!]) is a finitely-
generated k[zT']-module. In particular, there exist only finitely many elements
e € k* such that the k[x]-module H*(A,) has nontrivial (z — €)-torsion. Since our
connection is a differential graded multiplicative connection, by Observation [3.2.9
we have an isomorphism of DGAs between A§ and A? for any nonzero d, € € k, so
we are free to choose some particular element § € k and to use A as our model for
the smooth fiber A2, of A®. Here is how we will choose such an element: since k is
infinite, there must exist some element § € k* such that H*(A,) is (x — §)-torsion
free. We will fix such an element ¢ € k, and we will use A§ as our model for the
smooth fiber A%, of A®.

The advantage of making this choice of ¢ is that, since H* (medial ((A')T)) is
(z — §)-torsion-free, the universal coefficient spectral sequence

Ey" Torf[xil] (H* (medial ((A'[a:il])T)) K[z /(x - 5))
= H* (medial ((A°[z*'])7) ®gpe1) klz*'])/(z — 0))

161y [5], Deligne defines “strict compatibility” in the following way: a map d is strictly com-
patible with a given filtration if the canonical map coim(d) — im(d) is an isomorphism of filtered
objects. In our setting, the most practical way to verify this condition is usually to check that,
given a Kummer basis element b, every term in the expansion of d(b) as a linear combination of
Kummer basis elements has the same filtration as b.
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collapses at Fs, yielding the isomorphisnﬂ

(26)

H* (medial ((A*[z~'])7) ) — H* (medial ((A°[z~'])7)) Pzt k[zFY/(x - §).

sm

From very general results about spectral sequences of filtered chain complexes
(e.g. Proposition 1.3.2 of [5]), core-homogeneity is equivalent to collapse of the core
monodromy spectral sequence at F;. The Ej-term of the core monodromy spec-
tral sequence maps injectively into the Fj-term of the medial monodromy spectral
sequence, and x is an infinite cocycle (i.e., d.(x) = 0 for all r) in both spectral
sequences.

Suppose, by contrapositive, that there is a nonzero differential in the medial
monodromy spectral sequence. Choose the least r such that there is a nonzero d,.-
differential in that spectral sequence. Then the E,.-page of the medial monodromy
spectral sequence is isomorphic to the Ej-page, hence is a free k[z]-module with
the property that, for each bihomogeneous element w, there exists some integer n
such that z™w is in the image of the map from the core monodromy FE,-page to
the medial monodromy FE,-page. Consequently, if we have a nonzero differential
d-(y) = z in the medial monodromy spectral sequence for some y, z, then we may
choose an integer n large enough for z"y and x™z to be in the image of the map
from the core monodromy E,.-page. Since d,.(z"y) = z"z, this contradicts the
immediate collapse of the core monodromy spectral sequence.

Hence the medial monodromy spectral sequence must collapse at E; as well,
yielding isomorphism in the chain of isomorphisms

27)  H (A" = H ((A2,)7)
= e (a7),,)
> H* (medial ((A°[z7'])7))_ )
=~ H* (medial ((A*[z7'])7)) @) k[2]/(x = 9)
(28) =~ H* (medial ((A'[J:_l])T)O [2]) ®kpa) k2] /(2 = 9)
=~ H* (medial ((A'[xil])T)O) 2] @) k[z]/ (2 — 5)
=~ H* (medial ((A'[x_l])T)O)
= H* ((A5)")
(20) =1 (A5)"

Isomorphisms and are simply a consequence of the T-fixed-points being
the degree 0 summand of the Kummer grading on the cochain complex A®, so
taking T-fixed-points commutes with taking cohomology. O

17In the statement of the theorem, we made a finiteness assumption on the Kummer-type
connection, and we assumed that k is infinite. These assumptions let us make the argument given
in this paragraph and the previous paragraph, which yields the isomorphism , i.e., yields that
cohomology commutes with taking the smooth fiber. If one already has the isomorphism by
some other means, then the infiniteness assumption on the field & can be dropped.
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The following corollary of Theorem [3.5.3]is curiously similar to the local invariant
cycles theorem, and it is the reason we have chosen to refer to Theorem [3.5.3| as a
“derived local invariant cycles theorem.”ﬁ

Corollary 3.5.4. Let k, A® be as in Theorem[3.5.8. Then the cohomology of the
singular fiber surjects on to the Picard-Lefschetz fixed points of the cohomology of
the smooth fiber:

H* ((A%)o) » H* (A*)sm)" -

Proof. Since (A®)T is the degree zero summand in the Kummer grading on the
cochain complex A®, the inclusion map (A°*)T < A® has a canonical retraction
A® — (A*)T. Compose the isomorphism with the map induced in cohomology
by the projection A — (A3)7. O

3.6. Cohomology of the singular and smooth fibers in the deformed Ravenel
model. Recall that, for a field k of characteristic p > 0 and a positive integer n, the
deformed Ravenel model A? is the differential graded k[z]-algebra defined in Defi-
nition Recall also that, in Theorem A%, @[z k[zE!] was equipped with
the differential graded multiplicative finite Kummer-type connection V determined
by the rule
i dx

Vihiz) =~ —hij ® —,
as long as the characteristic of k does not divide n. Finally, recall from Proposition
that the fiber of A? at 1 is the Chevalley-Eilenberg DGA of the Lie algebra
gl,,(k), while the singular fiber of A? is the Chevalley-Eilenberg DGA of Ravenel’s
model L(n,n) for the height n Morava stabilizer group.

Let CE*(gl,,(k)) be the Chevalley-Eilenberg DGA of the Lie algebra gl,, (k). De-
creasingly filter CE*(gl,,(k)) by first subscripﬂ ie., hiy j, .- hi,, ;. is in filtration
i1+ - ++im,. By inspection of the formula for the differential in CE*(gl,, (k)), the
associated graded EF'SCE*(gl,(k)) of the first-subscript filtration on CE*(gl,,(k))
is the € = 0 case of the differential on AS ., ie., EFSCE*(gl,(k)) is the
Chevalley-Eilenberg complex CE*(L(n,n)).

Consequently we have a spectral sequence

(30) Byt = HY(L(n,n)i k) = H*" (g, (k); k)
d :Es,t,u_>Es+1,t—r,u

where s is the cohomological degree, t the first-subscript filtration degree, and w
the internal degree. So, for example, h; ; is in tridegree (1,4,2(p" — 1)p’).

The sub-DGA of CE*(L(n,n)) consisting of the elements in internal degrees
divisible by 2(p™ — 1) is precisely the critical complex cc®(L(n,n)) defined in Sec-
tion Meanwhile, the sub-DGA of CE*(gl,(k)) consisting of the elements in

18Surely there are more general and more powerful theorems one could prove, which might also
be recognizable as derived versions of the local invariant cycles theorem. We would be pleased to
see further developments along such lines. We have chosen to develop the theory in the level of
generality in this paper because we think the resulting theory is relatively concrete and accessible,
and it is powerful enough to prove the main result, the calculation of the cohomology of the
extended Morava stabilizer group with trivial coefficients in Theorem

1976 be clear, here it is important that the first subscript on the h; ; elements is an element
of Z, ={1,...,n} but not regarded only as a residue class in Z/nZ. For example, hi ohn—1,1 is
in first-subscript filtration n, not zero.
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internal degrees divisible by 2(p™ — 1) is precisely the critical complex cc® (gl (n)).
Hence spectral sequence splits as a direct sum of spectral sequences, in which
one summand is of the form

(31) EYY" 2 HY Y (et (L(n,n))) = H (cc® (gl ()

. s,t,u s+1,t—ru
d, : BSb - B .

Theorem 3.6.1. Let k be any field of characteristic p, and let n be a positive
integer such that p > 2n%. Then spectral sequence collapses at the Fr-page.

Before we prove Theorem we remark that the claim would not be true if
we had not restricted our attention to the critical complex by considering only the
summand in spectral sequence . If n > 1, then spectral sequence has
very many nonzero differentials—but, by Theorem none in internal degrees
divisible by 2(p™ — 1).

Proof of Theorem[3.6.1 Spectral sequence over a given field extension k agrees
with the tensor product of k, over I, with spectral sequence over F,,. If we
show that spectral sequence (31) collapses with no nonzero differentials in the case
k = F,, then there can be no nonzero differentials in the case k = F,, and hence
there can be no nonzero differentials for any extension of F,, either.

Consequently we need only prove the theorem in the case k = F,. Both L(n,n)
and gl,, (k) are finite-dimensional Lie k-algebras. If there were a nonzero differential
in spectral sequence (31), then the k-linear dimension of H*(cc®(gl,, (k))) would be
strictly smaller than that of H*(cc®(L(n,n))).

We now argue that this does not happen. Apply Theorem in the case
where k = F,, where A* = A%, and where A® @y E[z*'] is equipped with
the multiplicative differential-graded Kummer-type connection given by letting
V(hi;) = —1h; ;©%. By Theorem this is the connection in which the h-basis
is a Kummer basis and the parallel transport isomorphisms are the o-equivariant
h-diagonal isomorphisms constructed in Proposition [3.1.8f By Theorem [3.3.2] with
this connection, the Picard-Lefschetz fixed point DGA (A%)? is the first-subscript
complex FSCy, described in Definition [3.1.2} FSCs is the sub-DGA of (A%)” con-
sisting of all k-linear combinations of products of elements h; ; whose first subscripts
sum to a multiple of n.

In this connection, the h-basis is a Kummer basis, and the Kummer parameter
of h; j is —i/n. Clearly the Kummer parameters are rational and nonpositive. The
only hypothesis of Theorem [3.5.3]left to be checked is that Aj, is core-homogeneous.
Write h; ; for the projection of h;_j into the core, as defined in Definition-Proposition
Then the core is generated, as a k[z]-module, by k[z]-linear combinations of
products of elements of the form h; ;. Hence, if we can show that every monomial

in d(iL”) has the same z-adic filtration degree as iL” itself—namely, zero—then
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Ay is core-homogeneous. We have equalities

d(hi ;) = d(z hy j)

i—1 n
- (Z x*”"hg,jﬂc(“i)/"hifz,ﬁz +x Z xZ/nhe’jl,(fin)/nhi£+n,j+£>
=1 £=i

i—1 n
D heghicegre+ Y heghioeingie | -
{=1 {=1i

Hence, if Z is an element of the core, and none of the monomials in x in the h-basis
are multiples of z, then d(Z) has the same property. That is, the differential on the
core is strictly compatible with the z-adic filtration, i.e., A? is core-homogeneous.

We have shown that all the hypotheses of Theorem are satisfied. The
conclusion of the theorem then gives us that H™(FSC} ) has the same vector
space dimension as H™(FSCy, ), for each m. Now we use Proposition the
critical complex ccp, is a sub-DGA of the first-subscript complex F'SC;. Filtering
both DGAs by first subscript, we get a map of spectral sequences

(32) Hmr(ech, o) === H""(cc} 1)

l l

H***(FSCy, o) == H**(FSC}, 1)

whose domain is the spectral sequence . The map of spectral sequences (32) is a
split inclusion, since the DGA cc}, is precisely the summand of F'SC;, consisting of
elements in internal degrees divisible by 2(p™ — 1). Theorem has told us that
H*(FSCp, ) and H*(FSCy ) are isomorphic as graded vector spaces, hence have
the same (finite) dimension in each cohomological degree. Consequently there can
be no nonzero differentials in the codomain of the map of spectral sequences .
Since is a summand in that codomain spectral sequence, there also cannot be
nonzero differentials in spectral sequence , as claimed. O

Consequently we have the desired calculation of the cohomology of Ravenel’s Lie
model for the Morava stabilizer group, in internal degrees divisible by 2(p™ — 1):

Corollary 3.6.2. Let p > 2n?. Then the subring of H*(L(n,n);F,) consisting of
elements in internal degrees divisible by 2(p™ — 1) is isomorphic, as a graded ring,
to the associated graded of some finite filtration on H*(U(n);F,). In particular,
the Fp-linear subspace of H*(L(n,n);F,) consisting of elements in internal degrees
divisible by 2(p™ —1) is isomorphic, as a a graded Fy-vector space, to H*(U(n); F).

Proof. Consequence of Theorem [3.6.1] using Proposition together with The-
orem to identify the cohomology of cc®(gl,(Fp,)) with the cohomology of
U(n). O

We suspect, but have not seriously tried to prove (except for the low heights
n < 4), that there are no multiplicative filtration jumps in the abutment of the
spectral sequence in internal degrees divisible by 2(p"™ — 1), so that in fact
H*(U(n); k) is isomorphic as a graded k-algebra to the graded ring of elements of
H*(L(n,n); k) in internal degrees divisible by 2(p™ — 1).
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Corollary 3.6.3. For each positive integer n and each prime p > 2n?, we have an
isomorphism of graded F,-vector spaces

H(ccp o) = H(ccj, ).

Finally, we have the main corollary:

Corollary 3.6.4. Conditionally upon the main result of the preprint [28]: for all
heights n and for p >> n, the cohomology H*(Gy;Fpn) of the height n extended
Morava stabilizer group, with Gy acting on the coefficients Fp» as described in
section is isomorphic as a graded Fp-algebra to the associated graded of a
finite filtration on the cohomology H*(U(n); Fp) of the unitary group. In particular,
H*(Gy; (Fpn)eriv) s isomorphic to H*(U(n);Fp) as a graded F,-vector space.

We note that the arguments given in the proof of Theorem and its corollaries
yield a calculation not only of the cohomology of the critical complex cc®*(L(n,n))
for appropriately large primes, but also a calculation of the first-subscript com-
plex FSC*(L(n,n)) for all n and for appropriately large primes. For primes p >
n + 1, the cohomology of the Chevalley-Eilenberg DGA CE®*(L(n,n)) is the in-
put for the Ravenel-May spectral sequence which converges to the cohomology
H*(str Aut(Gy,,); Fp) of the height n strict Morava stabilizer group scheme. By
the main theorem in the preprint [28], the Ravenel-May spectral sequence collapses
for p >> n. Hence a calculation of the cohomology of a sub-DGA of CE®*(L(n,n))
is a calculation of a portion of H*(str Aut(G,,,);Fp), for large primes; the larger
the sub-DGA, the more of the cohomology of H*(str Aut(G,/,,); F,) has been com-
puted.

If p > 2n2, then by Proposition the critical complex is a sub-DGA of
the first-subscript complex. In fact the first-subscript complex becomes quite a bit
larger than the critical complex, as n grows. We include some F,-linear dimension
counts for p >> n, to demonstrate their relative sizes:

(33)
n dimg, cc®*(L(n,n)) dimg, FSC*(L(n,n)) dimp, CE®*(L(n,n)) = 2(n*)
1 2 2 2
2 8 8 16
3 80 176 512
4 2,432 16,384 65,536
5 247,552 6,710,912 33,554,432

The Fp-linear dimension counts in table are each divisible by 2", since both the
critical complex and the first-subscript complex are differential graded A(hy, 0, .., hnn—1)-
algebras, free as modules over A(hp0, ..., nn—1). Dividing by the factor of 2™ in
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each entry, we get the following countﬂ

(31)
n dimg, cc®*(L(n,n))/2" dimgp, FSC*(L(n,n))/2" dimg, CE®*(L(n,n))/2"
1 1 1 1
2 2 2 4
3 10 22 64
4 152 1024 4096
5 7,736 209,716 1,048,576

The dimension of dimg, cc®*(L(n,n)) is the number of labelled Eulerian directed
graphs with n nodes (e.g. see [I7] or [30, A007080]), while its quotient by 2™ is
the number of unlabelled Eulerian directed graphs with n nodes [30, A229865]. We
know no comparable description of dimp, F'SC*®(L(n,n)) in terms of an already-
studied combinatorial sequence.

The F,-linear dimension of the first-subscript complex iﬂ approximately 1/n
times the F,-linear dimension of the Chevalley-Eilenberg complex L(n,n). As one
sees from and (34), this is much larger than the critical complex, i.e., much
larger than the part of the Chevalley-Eilenberg complex in internal degrees divisible
by 2(p™ — 1). Hence the arguments given in the proof of Theorem and its
corollaries tell us that approzimately 1/n of the mod p cohomology of the height n
strict Morava stabilizer group, at large primes, is isomorphic to the exterior algebra
E(J?l, PPN ,Z‘gn_l).

Ifp> @ and the p-primary Smith-Toda complex V(n — 1) exists, then for
degree reasons, there can be no nonzero differentials in the descent spectral sequence
Bl

Byt = H® (Gp; (G @5, Fpe )1 (V(n = 1)) = 7oLy V(n— 1)
dr . Es,t - Es—i—r,t—‘—r—l.

Consequently, for such primes, the argument in the previous paragraph estab-
lishes that “l1/n of the K(n)-local homotopy groups of V(n — 1) are given by
Ar,(z1,...,22n1) ®F, K(n)..” The same statements hold with Johnson-Wilson
E(n) in place of Morava K (n), since Lg )V (n —1) ~ L) V(n —1).

201t has not escaped our attention that the Fp-linear dimension of cc®(L(4,4)) divided by 24 is
152, which is precisely equal to the Fp-linear dimension of H*(L(3,3);Fp), calculated by Ravenel
[24], [25] section 6.3]. As far as we know, this is simply a curious coincidence.

21This claim is true for low n by inspection of the table . Here is an argument for a version
of this claim for large n as well. Consider a multiset M, consisting of the integers 1,2, ..., n, with
each integer appearing with multiplicity n, so the multiset has cardinality n2. It is not difficult
to see that the sub-multisets of M, comprise an Fy-linear basis for CE®(L(n,n)), since the latter
has the Fj-linear basis consisting of monomials in the elements h; ; with 4,5 € {1,...,n}, and
writing ¢ in place of h; j, one has a bijection between such monomials and sub-multisets of M.

Under this bijection, an Fp-linear basis for F'.SC}, is given by those sub-multisets whose mem-
bers sum to a multiple of n. Obviously there are 207®) sub-multisets of My, and for each one,
its members sum to some residue modulo n. If those sub-multiset sums are asymptotically (as
n — oo) uniformly distributed among the residue classes modulo n, then one would have the as-
dimlgp CE®(L(n,n))

dimg, FSOg
distributed, by a combinatorial argument due to D. Frohardt.

ymptotic result limy— o0 = 1/n. These sub-multiset sums are indeed uniformly
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3.7. Explicit computed examples at heights < 3. Now for some examples.
Height n = 3 is the illuminating case, but for completeness we begin with the cases
n = 1,2, where there is very little to say.

Example 3.7.1. Height 1. The DGA A} is the exterior k[z]-algebra on a single
class hyp in cohomological degree 1, with trivial boundary, with internal degree
2(p — 1), and with connection

Vi AS Qe k[zF] = AY Qi) k2™ ] Qo) gy
given by V(hig) = —hio ® df. That is, A} is a Kummer module with Kummer
parameter —1. We have equalities and an isomorphism
FSCT = cc = A} = core(A7),

each of these DGAs has trivial differential and hence is isomorphic to its own
cohomology ring, and the Picard-Lefschetz operator T' acts trivially on each. The
fiber at every point € € k is the exterior k-algebra on hqg.

Example 3.7.2. Height 2. The DGA A$ is the exterior k[z]-algebra on classes
h10, h11, hoo, and hsy in cohomological degree 1, with boundary

i—1 n
d(hig) = heghiegre+2 > hejhioein e,
=1 =i

with internal degrees given by |h; ;| = 2(p’ — 1)p/, and with connection
VA3 Oklx] k[l‘il] — A3 Ok[z] k[xil] Ok[zt1] Q}C[mil]/k

given by V(h;;) = —%hm- ® d?””. That is, Al is a Kummer-type module with
Kummer parameters %1, %1,—1, and —1. The critical complex cc§ is the free
k[z]-submodule of A$ spanned by all products of hag, ho1, and highi1, ie., cc§ =
Agz)(h20, ha1, hioh11). The first-subscript complex F.SC3 is equal to ccj. The
Picard-Lefschetz operator T' acts by T'(hi ;) = —h1; and T'(he ;) = ho ;.

The cohomology of the singular fiber H*(A3 ) is the cohomology of the height 2
Morava stabilizer group at large primes, i.e. [I§] an exterior algebra on generators
h1o0, h11, (2 in cohomological degree 1, tensored with a polynomial algebra on gener-
ators go = (hag—ha1)h1p and g1 = (hag—ha1)h11 in cohomological degree 2, modulo
the relations higg1 = —hi1190 and hiogo = 0 = h11g1 and g7 = gog1 = g3 = 0.

Meanwhile, the results of section and of section [3.2.2] established that the
cohomology of any smooth fiber of A$ is isomorphic to the cohomology of U(2),
i.e., an exterior algebra on generators 1, x3 in cohomological degrees 1 and 3. The
fixed-points of the Picard-Lefschetz operator on H*(A3 ) is precisely the subring
generated by (3 and hi10g1 = —h1190, i-e., 1 and x3.

What really is the difficult part of what we have done in section B It was
establishing that the cohomology of the singular fiber of the critical complex is
isomorphic to the cohomology of the smooth fiber of the critical complex. This was
a consequence of the derived local invariant cycles theorem (Theorem together
with the comparison of the critical complex and the first-subscript complex in the
proof of Theorem [3.6.1} But, for n = 1 and n = 2, all this work is for nothing:
at such low heights, one can check that the singular fiber of the critical complex is
simply equal to the smooth fiber at € = 1 of the critical complex.
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One does not really have to put in work until the height n is at least 3, since at
n = 3 the smooth fiber and singular fiber of the critical complex begin to diverge,
and it is a nontrivial task to establish (as we have done) that the two still have
isomorphic cohomology, despite no longer being equal to one another. Here is a
treatment of the structure of the critical complex at height 3:

Example 3.7.3. Let p be a prime, p > 3, and let w be a primitive (p? + p + 1)st
root of unity in Fp». Consider the differential graded Fy[z]-algebra AS. The set
of (p> + p + 1)th roots of unity in F,» is in bijection with the set of Kummer-
type connections on A§ ®p, F,(w)[z*!] whose parallel transport isomorphisms are
h-diagonal and g-equivariant. For the connection corresponding to the primitive
(p® + p + 1)st root w, we have
i+7 _ 0 dr

for all 4,5 € Z3. Write A for the differential graded algebra A3 ®r, k[z*'] with the
connection V, where k is the algebraic closure of IF,,.

Using Theorem for each nonzero € € k, the Picard-Lefschetz operator T
on Ac sends h;; to w’p]""’plﬂflhi,j. The fixed-point DGA AT is the critical
complex. The critical complex is generated, as an Fpn»[z]-algebra, by hs; and k; :=
hl’ihg’i+1 for all 7 € Zgn and by L1 = h11h12h13 and L2 = h21h22h23. Hence we
have the presentation for cc§ as a g-equivariant differential graded Fn [x]-algebra:

ccy = AT
A, o) (h31, ha2, has, L1, Lo) ®r,n Fpn [K1, K2, k3]

modulo relations: (KJ2 Kikoks + L1 Lo, Lmj) ,

79

(36)

(37) d(hsi) = ki — Ki—1,
(38) d(k;) = —L1 — xLs,
(39) d(L1) = x (k1K2 + Kaks + K3K1) ,
(40) d(L2) = — (K1k2 + Kak3 + K3k1)
o(hs,i) = h3it1,
o(Ki) = Kit1,
o(Ly) = Ly,
o(Ly) = Lo.

Equation |38| shows that the differential in a smooth fiber (x = 1) of the critical
complex is indeed different from the differential in the singular fiber (z = 0) of the
critical complexP_?l

22The difference in the critical complex between the singular fiber and the smooth fiber is a
minor one at height n = 3, and with a bit of calculation, it is not difficult to write down an explicit
isomorphism of DGAs (not just a quasi-isomorphism!) between the smooth fiber and the singular
fiber at that height. However, the situation gets worse as n increases: writing down an explicit
presentation for the critical complex at height n = 6, and a quasi-isomorphism between its singular
fiber and smooth fiber, is a truly miserable calculation. The purpose of all the techniques involving
connections, parallel transport, and the derived local invariant cycles theorem—the whole point
of section |§| of this paper—is that it is an elegant and conceptual way to get isomorphisms in
cohomology for all heights n.
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Consider what happens when we project the elements hs ;,x;, L1, and Ly into
the core, in the sense of Definition-Proposition [3.4.2] using this connection. We will
write Z for the projection of x into the core, as defined in Definition-Proposition
B42l We then have

Ly = a:_(p4_p)/(p3_l)L1
=a PLy,
Lo = x—(p“—zﬂrps—pr")/(pg—l)L2
= m_pz_pLQ, and by a similar calculation,
BS,j = :C_pjhg,j, and
Rj = x_pj Kj.
Consequently, a presentation for the core of A7 is:
core(AT) = Ak (fzg,z, Ly, Lo, :i € Zg) ® k[Ri: i€ Zs]

modulo relations:

) d(hs;)
) d(F;)

43) d(Ly)
)

/N

~2 o~ o~ o~ ¥
Ki, K1R2k3 +L1L2>>

P (1-p) =

Ri—1,

'71 ~ 2 i~
— P )Ll B e Lo,

2 3 . 3 . .
+p° 1R —|—x —p+p°+p /€2/<;3+m1+p Rakr,

d(Lg) = —Ri1kg — 2P’ PRoks — aP 7P Rskq.

From inspection of through , it is clear that d does not preserve the xz-adic
filtration on the core, i.e., the DGA A3®p, k is not core-homogeneous when equipped
with the connection . Hence Theorem does not apply to AS®r, k equipped
with the connection ([35)

Exampledemonstrates that, while the connection has good properties—
its Picard-Lefschetz fixed-points are precisely the critical complex, and by Propo-
sition it is essentially the unique connection on A} ®p, k whose parallel
transport isomorphisms are g-equivariant and h-diagonal—it has a fatal flaw: it is
not core-homogeneous for n > 3. This is why, in our proof of Theorem [3.6.1} we
used the other connection on A}, ®r, k considered in Proposition 3.1.8] that is, the
connection whose parallel transport isomorphisms are o-equivariant and h-diagonal.
Taking the Picard-Lefschetz fixed-points of that connection yields the first-subscript
complex, rather than the critical complex, which necessitated a somewhat delicate
spectral sequence argument to compare F'SC; with cc? in the proof of Theorem

This was necessary, because it is this latter connection which made A}, ®r, k
core-homogeneous, so that the derived local invariant cycles theorem, Theorem
3.5.3] could be used.

We now give an explicit description of the structure of A§ and its core, using the

latter connection:

Example 3.7.4. Let p be a prime, p > 3, and let w be a primitive cube root of
unity in some algebraic closure F,, of F,,. Equip the differential graded [F,[x]-algebra
3 with the differential graded multiplicative connection V constructed in Theorem
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3.3.2l We have

for all 4,5 € Z,. Write A for the differential graded algebra A$[z*!] with the
connection V.

For each nonzero € € k, the monodromy operator 7' on A, sends h; ; to w='h; ;.
The fixed-point DGA AT is the first-subscript complex, by Theorem The
first-subscript complex is generated, as an F,[z]-algebra, by hs; and k; j := hy;ha;
for all Z,j S Zg, and by L1 = h11h12h13 and LQ = h21h22h23.

The Kummer parameter of hs; is 1, so the parallel transport isomorphism of
the fiber AT at 1 with the fiber (core(AT))o at 0 sends hs; € AT to x'hs; € A}
in the core. Similarly, the Kummer parameters of hi; and hg; sum to % + % =1,
so parallel transport sends k; ; € AT to x'k;; € core(AT) C AS. For the same
reason, Ly € AT is sent by parallel transport to L; € A} in the core. Finally, the
sum of the Kummer parameters of Loy is % + % + % = 2, so parallel transport sends
Lo € AT to 2%Ly € A% in the core. By construction, the fiber of the core at zero is
isomorphic via parallel transport to AT, so the core of AT must be the differential
graded F,-subalgebra of A§ generated by zhsz; and xk;; for all 4,5 € Z3, and by
xLy and z2L,.

A presentation for AT, as a o-equivariant differential graded F,[z]-algebra, is as
follows:

AT = AF, () (ha1, haa, hss, L1, L) ®F, Fp (ki 4,5 € Zs)
modulo relations: (k; jki jo + ki jki jo, ki jki o, ki ki j, k11ka2ks s + L1La),
d(hsi) = kiiv1 — ki—1,4,
d(ki;i) = x(2h3; — h3,it1 — h3,iv2)k1,is
( i,i41 —Li — 2L,
d(ki,it —2(2h3,i41 — hajiv2 — h3i)kiito,
x (k12kas + kaska1 + k31ki2)
— (k12ka3 + kosks1 + ks1ki2),

) =
it2) =
d(L1) =
d(L») =
) =
) =
) =
) =

2
o(h3i) = h3it1,
(kl,j z+1,j+1a
o(Ly) = Lu,
o(Lsy Lo.

Projection into the core, using this connection, is given

haj = 2~ 'hay,
kj =2 'k;,
z 1Ly, and
Ly=a"?Lo.

&
I
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Consequently, a presentation for the core of A7 is:
core(A") = AF, 1) (’331,%32,]3337]317132) ®F, F, [7%] 14, J € 23}

modulo relations:

/N

l‘%l j]‘%i/,j’ + ];;i/,j];‘i,j/, k‘i,ji{;i,j/, l;i',j]%i,j, 151,1];-272]%3,3 + ilfo) )
d(hsi) = kiip1 — kiz1,

d(ki i) = (2h3i — h3iv1 — haiv2)k1d,
d(kiiy1) = —L1 — Lo,

iit

d(k

—(2h3,i41 — haiv2 — hai)kiiva,
2k23 + k23k31 + k31k12,

(k12k23 + k23k31 + k31/€12)

One sees by inspection of , , and that the differentials in core(AT)
are all homogeneous of degree zero with respect to the filtration by powers of x.
That is, AT is “core-homogeneous” in the sense of Definition Consequently
the core monodromy spectral sequence collapses with no nonzero differentials at
F4. For the most part, these observations are simply special cases of the general
results in Theorems [3.5.3 and [3.6.1} There is a noteworthy curiosity here at height
n = 3: we did not need to make the assumption p > 2n? = 18 which appears in
the statement of Theorem Indeed, the only need for the bound p > 2n?
Theorem was in order to use Proposition in order to establish that the
first-subscript complex contains the critical complex. As pointed out in Remark
the bound p > 2n? is not sharp, and in fact, in the present case (n = 3), the
first-subscript complex contains the critical complex at all primes.

We now consider the inclusion of core(A”) into the critical complex cc§ of As.
The core is a sub-DGA of cc}, and the inclusion core(AT) — cc§ preserves the
filtration by powers of x. Consequently we have the map of spectral sequences
from the core monodromy spectral sequence of AT to the spectral sequence

(45) EY' = He(ce, J2)[T] = H*(cch, )

1

)
2)
d(Ly)
d(Ly)

2

of the filtration of the critical complex by powers of x.

At a glance, one expects that could very well have nonzero differentials,
because the formula for the differential on L in ccj,  raises the x-adic valuation
by 1. However, the target of that differential would be k1Ko + Kok3 + K3K1, Which
does not survive to the Fj-page, since by , K1Ko + Koks + K3ky is already a
coboundary in ccj, /z. (One might say that rike + kakg + K3k “was already hit
by a dy-differential,” since it is consistent with the usual conventions of spectral
sequences of filtered cochain complexes to refer to the differential in cc}, /2 as “the
dp-differential.”) So one seems to have gotten lucky.

Happily, Theorem [3.6.1]tells us that it is not mere luck, but in fact this apparently-
nontrivial collapse of the spectral sequence happens at all heights n.

APPENDIX A. REVIEW AND BACKGROUND ON MORAVA STABILIZER GROUPS

There are many things called Morava stabilizer groups—strict, full, extended,
and their group scheme variants—and their cohomology, with coefficients taken in
various coefficient modules, serve as input for various spectral sequences used to
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calculate stable homotopy groups. Even for readers who are experts in one per-
spective on the cohomology of Morava stabilizer groups, it can be nontrivial to
make sense of statements formulated from some other perspective, e.g. to com-
pare a statement about Cotoryp zp (BPs,v3  BP./(p,v1)) from chapters 5 and 6
of [25] to the cohomology of the height 2 extended Morava stabilizer group with
appropriate coefficients. We provide this appendix to review:

the basics of Morava stabilizer groups

how their cohomology is used in computational stable homotopy theory,
and how the main theorem of this paper is expressed using several differ-
ent, commonly used ways of talking about the cohomology of the Morava
stabilizer groups.

story told in this appendix is old, and it is well-told in several places, e.g.

Fix a prime p, and let G/, be the height n commutative one—dimensiona]ﬁ
formal group law over I, classified by the ring map BP, — IF,, sending the
Hazewinkel generator v, to 1, and sending v; to zero for all i # n. Here BP,
is the classifying ring of p-typical formal group laws, whose universal formal
group law was proved by Quillen [22] to be precisely the formal group law
arising from the complex orientation on p-primary Brown-Peterson homol-
ogy.

The automorphism group scheme Aut(G /,,) is called the full Morava stabi-
lizer group scheme. It is pro-étale, and becomes constant after base change
to Fpn. That is, if we write Gy, @, Fpn for the same formal group law as
G/, but with its coefficients regarded as living in F,» rather than IF,,, then
the automorphism group scheme Aut(G,,, ®r, Fpn) is simply a profinite
group. It is called the full Morava stabilizer group of height n. This profi-
nite group acts continuously on the Lubin-Tate space Def(Gy /, ®F, Fpn) of
deformations of G/, ®p, Fpn.

Since we have base-changed from F,, to F,n, the Galois group Gal(F,~ /F,)
also acts on Def(Gy/, ®r, Fyn). The two group actions assemble into
an action of the semidirect product Aut(G,/, ®r, Fyn) x Gal(Fyn /F),) on
Def (G, ®r, Fpn). This semidirect product is called the extended Morava
stabilizer group of height n, and written Gy,.

In fact a little bit more is true: one can define a moduli space Def (G /, ®r,

Fpn )« of “deformations of Gy, ®r, Fpn equipped with a 1-form,” in the
sense of [7]. The extended Morava stabilizer group of height n also acts
continuously on Def(G /,, ®F, Fpn ).
Let the extended Morava stabilizer group G, act on F,» by letting the
Galois group Gal(FF,~ /F,) acts in its canonical way, while the full Morava
stabilizer group Aut(G /, ®F, Fyn) € Gy, acts trivially on the Gal(Fyn /I, )-
fixed points of Fyn. If p { n, then the group cohomology of the extended
Morava stabilizer group H*(Gy; Fpn ), with this particular action of G, on
Fpn, agrees with the cohomology of the full Morava stabilizer group scheme
H*(Aut(G1yn); (Fp)triv)-

23From now on, all formal group laws in this paper will be assumed to be commutative and
one-dimensional.
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The point is that the reader who prefers the simplicity of thinking of a

trivial action can think of this as a paper about H*(Aut(Gy); (Fp)eriv),
while the reader who dislikes group schemes and wants to think about
honest groups can instead think of this as a paper about H*(Gy;Fpn). The
two cohomology rings are isomorphic, both arise in the input of spectral
sequences used to calculate stable homotopy groups (as explained below),
and this paper calculates both cohomology rings for p >> n.
The deformation space Def(Gy /,, ®r, Fpn )« is an affine formal scheme, and
comes equipped with an action of the multiplicative group scheme G,,. This
is another way of saying that Def(G; /,, ®r, Fpn )« is simply the formal spec-
trum, Spf, of some adic commutative graded ring I'(Def (G /,, ®F, Fpn)+),
in the sense of [I3] sections 0.7 and 1.10]. This graded ring is quite simple
[16]: it is abstractly isomorphic to

W (Ep)lu, - o —a]][u™],

with w in degree 2, and with each w; in degree 0. Here W (F,n) is the Witt
ring of IFp»; its simplest description is that it is the ring of p-adic integers
with a primitive (p™ — 1)st root of unity adjoined.

Morava [19] constructed a complex-oriented generalized homology the-
ory, Morava E-theory, with the property that its coefficient ring £(G,,, ®r,
[Fpn )« is isomorphic to the graded ring I'(Def(Gy /,, ®r, Fpn )+ ), and further-
more the formal group law on E(Gy, ®r, Fpn ). arising from the complex
orientation coincides with the universal formal group law on I'(Def (G, /,,®F,
Fyn)s). Goerss-Hopkins [I1] constructed an E.-ring structure on the rep-
resenting spectrum of Morava FE-theory, and showed that the extended
Morava stabilizer group G, acts on that spectrum by F.,-ring automor-
phisms.

Devinatz—Hopkins [8] constructed, for each finite spectrum X, a spectral
sequence

Ey" 2= H* (Gu; E(Gyyn 5, Fpr)i(X)) = T s (L) X),

where Ly (,)X is the Bousfield localization of X at the Morava K-theory
K (n).. For each n, there is a homotopy pullback square

LpmyX —— Lgm)X

| |

Lpm-1)X —= Lgm-1)LxmX

hence a long exact sequence in homotopy groups

o> (Lgm)X) ® 11 (Lgmn-1)X) — T1(Lgm-1)Lrm)X) >

-

7o(Lpm)X) —— mo(Lrm)X) © mo(Lpmn-1)X) —— m0(Lem-1)Lrm)X) )

-

71 (L) X) —= 71 (Liguy X) @ -1 (Liggn—1)X) —————> ...,
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where Lp,)X is the Bousfield localization of X at the nth Johnson-Wilson
homology theory E(n).

Since 7. (Lpg)X) is simply the rational homology H.(X;Q) of X, one
can in principle carry out an induction, running the spectral sequence (46)
for higher and higher values of n, and each time, working out the behavior
of the long exact sequence in order to deduce the homotopy groups of
LgnX for higher and higher values of n. By the chromatic convergence
theorem [26], the homotopy groups of the homotopy limit holim,, L g, X
are precisely the p-local homotopy groups of X itself. The moral is that
one has a method—in principle!—for passing from the profinite group co-
homology

H* (GH7 E(Gl/n ®]Fp FP")*(X)) )

for each value of n, to the stable homotopy groups of X. This is of serious
interest, since calculating the stable homotopy groups of finite spectra (e.g.
the sphere spectrum S°) is the most fundamental concern of computational
stable homotopy theory.

One typically calculates by first calculating the cohomology of Gy
with small coefficients, then running Bockstein spectral sequences to build
up inductively to more sophisticated coefficients, eventually arriving at the
E>-page of . The coefficient module

E(Gl/n ®]Fp Fp")*/(pa Uy .- 7U'n—1) = FP" [uil]

is the usual starting point. If the p-primary Smith-Toda complex V(n —1)
exists, then is its £(Gy/,, ®F, Fpn)«-homology. Even if the p-primary
V(n—1) does not exist, the cohomology H* (Gy; Fpn [u®!]) provides the in-

put for a Bockstein spectral sequence which converges to H* (Guy; Fyn [[tn—1]][u™1]),

which is in turn is the input for a Bockstein spectral sequence which con-
verges to H* (G Fpn [[tn—2, un—1]][u*!]), and so on; after n such Bockstein
spectral sequences, one arrives at

H* (Grn E(Gl/n ®Fp FP")*) )

the input for the spectral sequence in the most valuable case X = SY,
i.e., the case that yields stable homotopy groups of the K(n)-localization
of the sphere spectrum.

Both the quotient Gal(Fyn /F),) of Gy, and the quotient ). of Aut(Gy ), ®F,
F,n), act on the coefficients in F,n[u*!]. The latter action on F,n{u’}, the
F,»-linear span of the monomial u/, depends on the exponent j. If j is
a multiple of p™ — 1, then the action of Gy, on Fyn{u/} coincides with
the action of G, on F,» described above, three bullet-points ago. Conse-
quently, another way to describe what we calculate in this paper is that
it is the bigraded subring H* (Gy; Fpr [u=®"~V]) = H* (Gy; Fyr [vE]) of
H* (Gn; Fpn [uil]).

A priori, it sounds as though H* (Gy;Fyn [ui(pn’l)]) ought to be a
small part, namely “100/(p™ —1) percent,” of H* (Gy;Fpn [u*!]). Following
Corollary we explain a precise sense in which H* (Gn; Fpn [ui(p"_l)})
turns out to instead be a much larger part, namely “100/n percent,” of
H* (Gui Fye [u*1]).
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e The cohomology of the profinite group G, with coefficients in is also
the input for a different sequence of n Bockstein spectral sequences [I8],[25],
which are roughly “Cohen—Macaulay local duals” of those described in the

previous paragraph, and which eventually arrive at
Cotoryp pp(BPy, v, BP,/I7°), the height n layer in the Ei-term of the

chromatic spectral sequence [25, chapter 5]. The chromatic spectral se-
quence then converges to the flat cohomology

H7 1 (Mjg;w®*) = Cotorgp, pp(BP., BP,)

of the moduli stack of formal groups over SpecZ,), which is the Ea-term
of the Adams-Novikov spectral sequence converging to the p-local stable
homotopy groups of spheres.

e The profinite group Aut(Gy/, ®r, Fpn) has a pro-p-Sylow subgroup given
by the strict Morava stabilizer group of height n, str Aut(G /, ®r, Fpn),
the group of strict automorphisms of Gy, ®p, Fpn. Recall that an au-
tomorphism ¢ of a formal group law G over a ring R is a power series
d(X) € R[[X]] such that G(¢(X),d(Y)) = ¢(G(X,Y)). The automor-
phism is said to be strict if (X) = X modulo X2. We have a short exact
sequence

(50) 1 — str Aut(Gy /, ®x, Fpr) = Aut(Gyjp, @5, Fpn) = Ffn — 1.

The module is graded, with uw in degree 2; we call this grading
the internal grading. The action of Aut(G;/, ®F, Fpn) on the degree 2i
summand Fpn - u® of is as follows: an element o € Aut(Gy/,, ®F, Fpn)
sends u’ to the product 7(0) ™" -u’ € Fyn -, where 7 is the projection map
in the exact sequence .

Consequently, for each integer i, Aut(Gy/, ®r, Fpn) acts on Fyn - u’ in
the same way that it acts on Aut(Gy,, ®g, Fyn) - u'T " =1 Moreover
Aut(Gyy, ®p, Fpn) acts trivially on Fyn - uP.

Write v, for the (p™ — 1)th power of w. Then, considering the internal
grading, the cohomology ring is a Z/2(p™ — 1)Z-graded algebra. Its
internal degree 0 subring is precisely

H* (Gus Fpn o)) 2 H (Gui (Fy)orio) @5, Fplv!]

(51) =~ 1" (Aut(Gy/n); (Fp)eriv) @, Fplv],
where is to be understood as cohomology of the automorphism group
scheme.
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