(-ADIC TOPOLOGICAL JACQUET-LANGLANDS DUALITY.

ANDREW SALCH,
WITH AN APPENDIX BY ANDREW SALCH AND MATTHIAS STRAUCH

ABSTRACT. We embed the Lubin-Tate tower into a larger tower of formal
schemes, the degenerating Lubin-Tate tower. We construct a topological re-
alization of the degenerating Lubin-Tate tower, i.e., a compatible family of
presheaves of Eoo-ring spectra on the étale site of each formal scheme in the
degenerating Lubin-Tate tower, which agrees on the base of the tower with the
Goerss—Hopkins presheaf on Lubin-Tate space.

We define and prove basic properties of nearby cycle and vanishing cycle
presheaves of spectra on formal schemes. We apply these constructions to
our spectrally-enriched degenerating Lubin-Tate tower to produce, for every
spectrum X, an “l-adic topological Jacquet-Langlands (TJL) dual” of X. We
prove that there is a correspondence between: 1. certain irreducible represen-
tations of Aut(G) occurring in (X(E(G));)«(X), and 2. certain supercuspidal
irreducible representations of G L, occuring in the rational homotopy groups of
the TJL dual of X. Here E(G) is the Morava E-theory spectrum of a height n
formal group G, and X(E(G))j is its algebraic K-theory spectrum completed
away from the characteristic of the ground field of G.

Finally, we prove that at height 1, TJL duality preserves the L-factors. This
means that the automorphic L-factor of the GLi-representation associated
to (X(E(G)),)«(X) by TJL duality is precisely the p-local Euler factor in a
meromorphic L-function whose special values in the left half-plane recover the
orders of the KU-local stable homotopy groups of X.

CONTENTS
l.__Introduction. 1
|I1.1.  Background on the LT tower and the Jacquet-Langlands |
L correspondence.| 1
1.2. ackground on the role of LT space in stable homotopy theory. 3
1.3. opological nonrealizability of the classical Lubin-Tate tower. 4
|1.4. Topological realizability ot the degenerating LLubin-Tate tower.| 4
|I1.5.  Spectral vanishing cycles, and f-adic Jacquet-Langlands cohomology.| 5
1.6. The topological Jacquet-Langlands dual of a spectrum. 6
1.7. t height 1, uality preserves L-factors. 7
[2. Vanishing cycles) 10
2.1. 'The stalk spectral sequence of a morphism of sites.| 10
2.2.  Nearby cycles and vanishing cycles, for presheaves of spectra. 13
3. The (-adic Jacquet-Langlands cohomology theory JL;(G)*] 16
4. {-adic topological Jacquet-Langlands duality.| 24
Appendix A. Topological realizability and the LT tower (by A. Salch and |
| M. Strauch)| 30

Date: October 2023.



2 ANDREW SALCH

[A.1. Rewview of the Lubin-Tate tower. 30
[A.2. The degenerating Lubin-Tate tower.| 32
[A.3. Topological realizability of the degenerating Lubin-Tate tower ] 35
[A- 4. Review of the role of cohomology of the L1 tower in Langlands |
| correspondences.| 37
IA.5.  Partial Drinfeld level structures and the cohomology of the |
| degenerating L'T' tower.| 39
[References 43

1. INTRODUCTION.

In this paper, all formal groups and formal modules will be assumed to be one-
dimensional. The symbols ¢, p shall always denote distinct primes.

1.1. Background on the LT tower and the Jacquet-Langlands correspon-
dence. Given a formal group G of finite height n over a perfect field k of charac-
teristic p, the Lubin-Tate tower is a sequence of morphisms of formal schemes

-+ = Def(G)ivip2 — Def(G)v1p — Def(G),

where Def(G) is the classical Lubin-Tate space [44], i.e., the moduli space of defor-
mations of G. The formal scheme Def(G)1y1pm is the moduli space of deformations
of G equipped with Drinfeld level p™-structures [25]. We recall the full definitions
below, in appendix
Consider the ¢-adic cohomologyﬁ in dimension n—1 of the formal scheme Def(G)iy1 pm,

take the colimit as m — oo, and tensor up to the algebraic closure Q,. Write H"~!
as shorthand for the resulting Q,-vector space. Then H"~! has a natural action of
GLn(Zp), given by permuting the Drinfeld level structures, as well as a natural ac-
tion of Aut(G). It was conjectured by Carayol [15] that this Q,-linear representation
of GLn(Zp) x Aut(G) “realizes” the supercuspidal part of the Jacquet-Langlands
correspondencd in a precise sense, which we now sketch. The Jacquet-Langlands
correspondence of Deligne-Kazhdan-Vigneras [2I] and of Rogawski [56] pairs each
irreducible essentially L2-integrable complex representation 7 of GL,(Q,) with an

irreducible complex representation 7£(w) of the unit group Dlx/n o, of the Hasse
s{p

invariant 1/n central division algebra over Q,. The endomorphism ring of G agrees
with the maximal compact subring Op, JnGp of Dy /y g, ; see for example Proposition

e are being purposefully vague about what “/-adic cohomology” means, here, since it is a
bit subtle: one has to use either the ¢-adic vanishing cycle cohomology, or pass to the Raynaud
generic fibre and take the compactly supported étale cohomology of the resulting rigid analytic
space. These two constructions yield the same cohomology, by results of Berkovich [7]. We give
a brief review of relevant ideas in appendixm and further discussion in section @ where we
work out analogous constructions for sheaves of spectra rather than sheaves of abelian groups.

2The ¢-adic Jacquet-Langlands correspondence is a correspondence between certain ¢-adic rep-
resentations of GL,(Qp) and certain f-adic representations of Dlx/n,(@p’ There is also the f-adic
Langlands correpondence, which is a correspondence between certain ¢-adic representations of
GL,(Qp) and certain ¢-adic representations of the Weil group of Qp, a certain large subgroup of
the absolute Galois group Gal(@p /Qp). The ¢-adic Langlands correspondence is also realized in
the cohomology of the Lubin-Tate tower, if one base-changes the tower up to @p; see appendix
below for a brief account, or [34] for a fuller account.
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1.7 of [25]. The action of Aut(G) = ogl/"@ cD on H"! extends to an

X
= 1/n,Qp
action of Dlx/n o, and the action of GLy(Z,) on H™ ! also extend to an action
»p

of GL,(Q,). Carayol’s conjecture was essentially that, for supercuspidaﬁ Q-linear

7, there is an isomorphism of Q,-linear representations of Df/n 0,
»p

IL(m)®" 2 homg, 61, (g, (H" ™, 7),

and furthermore every summand of H"~! isomorphic to J£() arises in this way.
(This is a somewhat unfaithful retelling of Carayol’s conjecture, which was really
phrased in terms of Drinfeld’s p-adic hyperplane complement spaces rather than in
terms of the Lubin-Tate tower, although the two were later [29] shown to yield the
same representations.) See Theorem 2.5.2 of [66] for an especially clear statement
in this form. Versions of this conjecture were proven in [34], [66], and [49]. See
appendix below, for an expository treatment of some of this material, and the
first chapter of [34] for a much fuller discussion.

1.2. Background on the role of LT space in stable homotopy theory. By
a classical result of [44], the Lubin-Tate space Def(G) is isomorphic to the for-
mal spectrum Spf W (k)[[u1,. .., un—1]], where W (k) is the Witt ring of k. In
algebraic topology, this same ring is also known to arise as the coefficient ring
of Morava E-theory [50, 0.3.1], a generalized cohomology theory, written E(G)*.
The coefficient ring F(G)*(pt.) of Morava E-theory is a graded ring isomorphic
to W(k)[[u1,- .., un_1]][u*!], with u in degree 2 and ui,...,u,_1 all in degree 0.
Furthermore, the generalized cohomology theory E(G)* is complex oriented, i.e.,
E(G)* has a theory of Chern classes for complex vector bundles. This yields a

3There is a very close relationship between smooth representations of GLy, (2p) and smooth
representations of GL, (Qp), since the former is the maximal compact open subgroup of the latter,
and since the Iwasawa decomposition expresses GLn(Qp) as the product of GLy(Zp) with the
group of upper-triangular matrices. See section 1.5 of [16] for the decomposition of every smooth
representation of GLy,(Qp) into the direct sum of its isotypic components, which are indexed by
the compact open subgroups of GL,(Qp). It is also true that the restriction functor from smooth
representations of GLy(Qp) to smooth representations of GLy(Zp) has an exact right adjoint, by
a dual version of Frobenius reciprocity, as in section 1.8 of [I6]. In this paper, we will switch
between discussing representations of GLy,(Qp) and representations of G’Ln(zp) whenever it is
convenient for the exposition.

This is also an opportune moment to recall the definition of smoothness for representations. A
representation V' of a p-adic group like GL,(Qp) or GL, (Zp) is called smooth if, for every element
v € V, the subgroup stabilizing v is open. This definition, and some others given in this paper,
is standard in the representation theory of p-adic groups. However, we expect that the audience
for this paper is likely to include topologists who know very little about representation theory of
p-adic groups (a description which also fits the author). So we think it may be useful to provide
these definitions.

4An irreducible smooth representation of GLy, (Qp) is called supercuspidal if it does not occur
as a subrepresentation of an induced representation from the Levi subgroup of a proper parabolic
subgroup of GL,(Qp). For the sake of this paper, what matters is that the supercuspidal rep-
resentations are the smooth irreducible representations which are generally hardest to construct
and classify, and furthermore, by a theorem of Jacquet [39] (cf. Theorem 2.5 of [16]), all of the
irreducible admissible representations of GLy(Qp) occur as subrepresentations of supercuspidals
induced from various parabolic subgroups. The case for the difficulty and importance of con-
structing the supercuspidal representations is made strongly in [16] and in [30], which are each
also good introductions to the topic. The former reference [16] uses an older term, “absolutely
cuspidal,” for what is today called “supercuspidal.”
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formal group law over E(G)°(pt.) = W (k)[[u1,...,u,_1]] which describes the ef-
fect of the first Chern class on a tensor product of line bundles [2]. This formal
group law coincides with the universal formal group law over the ring of functions
on Lubin-Tate space Def(G).

Morava FE-theory plays an important role in computational stable homotopy
theory, since in the case k = IF,», there exist spectral sequences [23]

B = H* (Aut(G); B(G)¢(X)) = m_s ((E(G) ANX )“‘“(G)) and
Ey' = H* (Gal(Fye /By )i m ((B(G) A X)"AO)) = (Lig X)

for any finite CW-complex X. Here and elsewhere in this paper, the superscript
h Aut(G) denotes the continuous homotopy fixed-points of an action of Aut(G) on
a spectrum. The notation Ly ,)X denotes the Bousfield localization ([13],[53]) of
X at the height n Morava K-theory K(n),.

Using the long exact sequence induced in homotopy groups by the homotopy
pullback square

LpmyX LgmX

| |

Lgmnm-1)X — Legm-1)LrmX,

one can, in principle, inductively calculate the homotopy groups of Lp(,)X for
n=1,2,3,... starting from 7.(Lg)X) = Q ®z 7.(X) and the homotopy groups
of the localizations 7. (L g (1)X), T«(Lk(2)X),. ... Here Lg(,) is Bousfield localiza-
tion at the Johnson-Wilson E-theory E(n).. These localizations are standard in
computational stable homotopy theory. For the sake of this paper, rather than
discussing precisely what these localizations are, and what the Morava K-theories
and the Johnson-Wilson E-theories are, we prefer to simply refer to the chromatic
convergence theorem [54], which states that the homotopy groups of the homotopy
limit holim,, ;oo Lp(n)X agrees with the p-local stable homotopy groups of the finite
CW-complex X.

The moral is that the cohomology of the action of Aut(G) acting on the Morava
E-theory E(G).(X) is the input for a widely-studied computational method—a
sequence of spectral sequences and long exact sequences—for calculating the stable
homotopy groups of a finite CW-complex X.

1.3. Topological nonrealizability of the classical Lubin-Tate tower. So far
in this introduction, we have explained that:

e The Lubin-Tate tower plays an important role in the construction of the
{-adic Jacquet-Langlands correspondence.

e The base Def(G) of the Lubin-Tate tower plays an important role in the
calculation of stable homotopy groups of finite CW-complexes.

Stable homotopy theorists have long discussed the question of whether there is
some deeper connection between these two observations, perhaps some kind of “/-
adic topological Jacquet-Langlands correspondence” which might potentially aid in
either understanding or calculating stable homotopy groups. The purpose of this
paper is to construct such a correspondence and to show that it does indeed aid in
understanding stable homotopy groups.
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Before stating the main theorems, we explain the point at which earlier investi-
gations have gotten stuck. From the work of Goerss—Hopkins [32], it is known
that there exists a particularly natural presheaf O'°P of complex-oriented Fu.-
ring spectra on the small étale site of the formal scheme Def(G), whose Eoo-ring
spectrum of global sections is the Morava FE-theory spectrum FE(G). In spec-
tral algebraic geometry, the pair (Def(G), 0*°P) would be called a “nonconnec-
tive spectral formal scheme.” It is natural to try to lift O'P to a presheaf of
E-ring spectra on Def(G)i1p, then to Def(G)i1,2, and so on. However, since
Def(G)y1pm+1 — Def(G)1y1pm is not étale, the existence of such a lift is not auto-
matic. Indeed, it was established by [63] (cf. [22] for further work and discussion
in that direction) that no such lift to Def(G)jy1, can exist when G has p-height
1. This is what is meant by saying that “there is no topological realization of the
Lubin-Tate tower.”

1.4. Topological realizability of the degenerating Lubin-Tate tower. In
this paper, we overcome that obstacle by an extremely simple trick: rather than
considering the moduli space Def(G)iyipm of deformations of G equipped with a
Drinfeld level p™ structure, we allow level structures which are “degenerate” in
various ways. In appendix we (jointly with M. Strauch) define “degenerating
level structures.” There is a formal scheme Def (G)ﬁﬁgsﬁ parameterizing deforma-
tions of G equipped with degenerating level structures, and these formal schemes fit
into a tower, the degenerating Lubin- Tate tower, into which the classical Lubin-Tate

tower embeds G L, (Z,) x Aut(G)—equivariantl

L Def(G)M A —— Def(G)lvlp

Def(G)

i_

. — Def(G) By —— Def (G) " —— Def (G)desen.
In appendix we find that, as a straightforward consequence of the work [36]
of Hopkins-Kuhn-Ravenel, the Goerss-Hopkins presheaf 0'°P of E..-ring spectra

on (Def((G)ﬁflg;f)ét = (Def(G))s, does lift to a presheaf of E.-ring spectra on

(Def((Gr)flvefifn)ét7 and indeed to (Def(((})ﬁflg;,ﬁ)ét for all m > 1. To summarize: the
classical Lubin-Tate tower does not admit a topological realization, but the classical
Lubin-Tate tower embeds into the degenerating Lubin-Tate tower, which does admit
a topological realization.

Degenerating level structures are more elementary than Drinfeld level structures.
While we prove some new things about them (and give them a name) in this paper,
some types of degenerating level structures have certainly been studied before this
paper, e.g. in [3], [36], and [6§].

The material in this paper on the cohomology and the topological realizability
of the degenerating Lubin-Tate tower is joint work with Matthias Strauch. We
have elected to present that material as a self-contained appendix in this paper.
That appendix does not logically rely on the material which comes earlier in the

5As a sub-tower of the degenerating Lubin-Tate tower, the classical Lubin-Tate tower is closed
under the action of GLn(Z/p™Z) X Aut(G) for each m, but it is not closed under the action by
power operations on the degenerating Lubin-Tate tower that arise from the Foo-ring realization
degen
of Def(G) for each m.

lvlpm
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paper. To be clear, much of section [3] and section [ relies on the results in the
appendix. T'wo subsections of the appendix, appendix and appendix are
purely expository sections, which provide a review of known results that we think
some readers may find useful. We recommend that readers browse the appendix
before beginning to read section[3 of this paper.

1.5. Spectral vanishing cycles, and /-adic Jacquet-Langlands cohomology.
Having overcome the obstacle of non-realizability, the next step is to try to mimic,
in the topological setting, the construction of the cohomology group H™~! which
realizes the ¢-adic Jacquet-Langlands correspondence. Clearly we have to use the
degenerating Lubin-Tate tower in place of the classical Lubin-Tate tower. However,
at this stage we also have to be honest about what kind of cohomology group H™ !
is: it is the colimit, over m, of the f-adic compactly supported cohomology of
the rigid analytic (Raynaud) generic fibre of Def(G)iy1,m, or equivalently (by [7]),
the (-adic vanishing cycle cohomology of the formal scheme Def(G)iyipm. Facing
the decision to either develop some theory of spectral rigid analytic spaces, or
some theory of vanishing cycles for spectral formal schemes, we have elected for
the latter option. In section 2.I] and in section we define vanishing cycles
for presheaves of spectra on the small étale site of a formal scheme over Spec
of a discrete valuation ring, along with a spectral sequence for calculating
the homotopy groups of the stalk of the vanishing cycles. The constructions are
nontrivial, but the papers [6],[7] of Berkovich have already done the work of setting
up a theory of vanishing cycles for formal schemes which, we find, generalizes from
abelian presheaves to spectral presheaves without great difficulty. Since vanishing
cycles are not at all a standard tool used in stable homotopy theory, we provide in
section an introduction to the basic ideas, geared toward easy generalization to
the spectral setting.
In section we construct the £-adic Jacquet-Langlands cohomology theory JLy(G)*

associated to the formal group G. The generalized cohomology theory JL,(G)* is
represented by a spectrum JLy(G) constructed in several steps, as follows:

e For each integer m > 0, due to the topological realizability of the degenerat-

ing Lubin-Tate tower, we have the spectral formal scheme (Def (G)ii\ifg;ﬁ, o'°P).

e For each integer j > 1, take the mod ¢/ algebraic K-theory of 0%P “sec-

tionswise,” i.e., form the presheaf of spectra on the étale site of Def (G)fﬁg:n’i

whose value on an étale open U is S/ A K(0%*P(U)). Here S/¢7 denotes
the mod ¢/ Moore spectrum.

e Fibrantly replace (“sheafify”) that presheaf, then take the vanishing cycles
presheaf of spectra, then take the stalk at the closed point.

e Finally, take the homotopy limit as j — oo, then the homotopy colimit as
m — 00.

The result is the spectrum JLy(G). A more leisurely step-by-step account, together
with the motivations for the steps, is given in section

The spectrum JL;(G) is equipped with a natural action of GLn(Zp) x Aut(G),
where again n is the p-height of the formal group G. The spectrum JL,;(G)
is also nonconnective: in the “vanishing cycles stalk spectral sequence” ([2.10))
which we use to analyze the homotopy groups of JL,(G), the ¢-adic cohomology
groups of Def(G)degen in positive degrees contribute to the homotopy groups of

Ivl p™
JLy(G) in negative degrees. In particular, in Theorem we show that the f-adic
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Jacquet-Langlands correspondence for QQ, is realized in the rational stable homotopy
group Q, ®z, M—n (JL¢(G)). This is accomplished by showing that the cohomol-

ogy group H"~! studied by Carayol and others is in fact a GLn(Zp) x Aut(G)-
equivariant summand in Q, ®3, T1—n (JL¢(G)). Some work is required to demon-
strate this: we must make a calculation in algebraic K-theory, Theorem as
well as a splitting of the f-adic compactly supported cohomology of the Raynaud

generic fibre of Def (G)?ﬁg;fb for each m, by showing in Theorem that the in-

clusion Def(G)iy1pm — Def(G)ﬁﬁg;,ﬁ induces a split GL,(Z,) x Aut(G)-equivariant
monomorphism in ¢-adic compactly supported cohomology on the generic fibres. In
the appendix, we have included several illustrative examples, Examples
and to demonstrate how this cohomological splitting works, and to describe

the corresponding geometry in the degenerating Lubin-Tate tower.

1.6. The topological Jacquet-Langlands dual of a spectrum. We continue
to let G be a formal group of finite height over a perfect field of characteristic
p. Consider the generalized homology theory (X(E(G)),). represented by the ¢-
adically complete algebraic K-theory spectrum of the Morava E-theory spectrum
E(G). This generalized homology theory takes its values in Zy-linear representa-
tions of Aut(G). We also have a generalized cohomology theory, valued in Q,-linear
representations of GLn(Zp), which sends a spectrum X to the homotopy groups of
the homotopy fixed-point spectrum

(1.1) F(K(E(G)); A X, HQq Ag, JLo(G))hAu®),

Here F(X(E(G)); A X, HQ, Ng, JL¢(G)) denotes the function spectrum of maps

from X(E(G))) A X to HQ, Ng, JLe(G). We will refer to the spectrum as
the £-adic topological Jacquet-Langlands dual of X with respect to G, or TJL dual
of X for short.

As a consequence of Theorem we show in section [4] that, for each integer
i and each irreducible subrepresentation p of the Q,-linear representation Q, ®z,
Ti(XK(E(G)); A X) of Aut(G) whose “ordinary” (i.e., non-topological) Jacquet-
Langlands dual J£(p) is supercuspidal, J£(p) occurs as a factor in the (1 —n —i)th
homotopy group of the TJL dual of X. Here 7.(p) denotes the representation
of GLn(Zp) associated to p by the Jacquet-Langlands correspondence studied in
[21], [34], [56], and many other references.

Speaking a bit more loosely, but perhaps getting the point across better: taking
the TJL dual of a spectrum X recovers, on the rational stable homotopy groups,
the supercuspidal representations of GL,, which are Jacquet-Langlands duals of the
irreducible summands of the action of the Morava stabilizer group Aut(G) on the
L-complete K(E(G))-homology of X .

However, there are many other f-adic representations of Aut(G) that occur in
the homotopy group m1_,_; ((F(X, HQ, A JLZ(G)))hAUt(G)> of , aside from
those with supercuspidal dual representations. The degenerating Lubin-Tate tower
is much larger than the classical Lubin-Tate tower, with many redundant copies
of “shifts” of the Lubin-Tate tower alongside the canonical copy of the classical
Lubin-Tate tower. These extra components of the degenerating Lubin-Tate tower
contribute to its étale cohomology and consequently, through the modified vanish-
ing cycles stalk spectral sequence constructed in the proof of Theorem also to
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the homotopy groups of . As a consequence, various Tate twists of principal
series and non-supercuspidal discrete series representations of GL,, also occur in
the rational homotopy groups of . Unlike what occurs in the étale cohomology
of the classical Lubin-Tate tower, the supercuspidal representations are not iso-
lated (by cohomological degree) from the non-supercuspidal representations in the
étale cohomology groups of the degenerating Lubin-Tate tower, or in the homotopy
groups of . These “noisy” extra summands are the price we have paid in order
to have a topological realization. For n = 1, we describe the resulting decomposition
of the homotopy groups of as a GLl(Zp)—representation in section

1.7. At height 1, TJL duality preserves L-factors. The ¢-adic Langlands cor-
respondence, between certain f-adic representations of Weil groups and certain
¢-adic representations of GL,(Q)), is known to preserve the L-factors: the Artin
L-factor of a Galois representation agrees with the automorphic L-factor of the cor-
responding automorphic representatiorﬁ One would like to know whether there is
any sense in which TJL duality also preserves L-factors. On the automorphic side
(i.e., on the side of TJL duality on which there is a representation of GL,,(Z,)),
one can associate an automorphic L-factor to the representation of GL,. It is not
clear what L-factor one ought associate to the CW-complex X on the homological
side (K(E(G));)«(X) of the TJL duality.

However, if G has p-height 1, there is a good candidate for such an L-factor:
the preprint [68] proposes a theory of “KU-local zeta-functions” for finite CW-
complexes. Suppose that on the homological side of TJL duality, for G of p-height
1, we take the appropriate L-factor to be the p-local Euler factor in the “provisional
KU-local zeta-function” of the finite CW-complex X, as defined in [58]. In Theorem
we prove that, if the cohomology H*(X;Z) is torsion-free and concentrated in
even dimensions, then TJL duality preserves the L-factors.

Here is a striking consequence, which combines the results in this paper with one
of the main results of the preprint [58]. Let G denote the formal group of complex
topological K-theory KU*, i.e., G is the multiplicative formal group over Z. For
each prime p, let G ®z F,, be the base-change of the formal group G to the field
E,. Given a finite CW-complex X, consider the product, over all primes p, of the
p-local automorphic L-factor of the representation of GL;(Q,) which is the TJL
dualﬂ of X. Then this product analytically continues to a meromorphic function

63ee [33] for a textbook treatment for automorphic L-factors—i.e., local L-functions—of rep-
resentations of GL,(Qp). However, in this paper, the only theorem we prove involving L-factors
is Theorem @, and that theorem involves only very simple L-factors, namely, products of Tate
twists of L-factors of trivial representations. Put another way: they are products of factors of
the form (1 — p®~*)~1 for various integers w. Consequently the reader does not need to be
knowledgeable about automorphic representations to read this paper.

The simple form of these L-factors that occur in Theorem @ is partly due to a topological
phenomenon, the rational diagonalizability of the Adams operations on complex K-theory. But it
is also partly due to the fact that Theorem@addresses only the case n = 1. Any future attempts
to prove analogues of Theorem for n > 1—i.e., attempts to prove that TJL duality preserves
L-factors at higher heights—will surely need to make a more substantial use of the theory of
automorphic representations than the extremely modest engagement with that theory that the
reader can find in this paper.

"This statement is slightly oversimplified: see section [4] for a precise statement. If n = 1, the
TJL dual 7« (F(K(E)? AX,HQ, Ng, JL@(G))}LA“(G)) of (X(E(G)})+(X) is really an enormous

direct sum of many redundant copies of the same representation of GLl(Zp). This redundancy
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Lg(s,X) on the complex plane. Furthermore, special values of that meromorphic
function in a suitable left-hand half plane describe the orders of the KU-local stable
homotopy groups of the Spanier-Whitehead dual DX of X:

|7T_2k_1(LKUDX)| = denom L(G,(l — k,X)

up to powers of 2 and powers of irregular primes, for all integers k > b+ 1. Here
b is the greatest integer i such that H?(X;Q) is nontrivial. This is the content of
Theorem 3]

The point is that TJL duality actually says something of interest to a topologist
who doesn’t already care about Langlands correspondences or vanishing cycles or
anything else in this paper except homotopy groups: localized at a complex-oriented
theory of height 1, the orders of stable homotopy groups of a large class of finite CW-
complexes are describable in terms of values of L-functions that you can produce
using TJL duality. We hope that generalizations of Theorems and also hold
for formal groups of height > 1, but that is a question for a later paper.

We remark that, for expository purposes, we have written this paper almost ex-
clusively about Jacquet-Langlands correspondences and not Langlands correspon-
dences. But an “f-adic topological Langlands duality” is constructible using the
same methods as described in this paper, together with standard ideas about Ga-
lois actions on the cohomology of Lubin-Tate tower. The essential ideas are as
follows. By replacing the (rigid analytic generic fibre of) degenerating Lubin-Tate
space Def (G)fﬁg:ﬁ with the base-changed version Def (G)ﬁﬁg;ﬁ Xqur Q,, the action
of GL,,(Q,) x Aut(G) on the cohomology of the degenerating Lubin-Tate tower can
be extended to an action of GL,(Q,) x Aut(G) x Wq,,, where Wg, is the Weil group
of Qp. This yields ¢-adic Galois representations and corresponding Artin L-factors,
realizing the ¢-adic Langlands (as opposed to Jacquet-Langlands) correspondence
for @, in the homotopy groups of the resulting extended Jacquet-Langlands coho-
mology spectrum. Some relevant background discussion is given in section but
in this paper, for simplicity, we mostly avoid discussing the Galois representations,
focusing our discussion instead on the Aut(G)-representations and the GL,(Z,)-
representations.

In this paper, we have been fortunate to be able to take advantage of the good
ideas and hard work of many others who have developed various powerful methods
and results which are used in this paper largely as a “black box.” For example:

e We take advantage of many results on Carayol’s program, in particular
those proven by Harris-Taylor [34], Strauch [66], and Mieda [49].

e Once you have the idea to consider the degenerating Lubin-Tate tower, its
topological realizability is an easy consequence of the work [36] of Hopkins—
Kuhn—Ravenel.

e We use various tools for working with presheaves of spectra on Grothendieck
sites, developed by Thomason [70] and developed further by Jardine [40].
We are saved from having to enter much technically deeper waters by never

is a consequence of the fact that we have used the degenerating Lubin-Tate tower in place of the
classical Lubin-Tate tower, and the cohomology of the degenerating Lubin-Tate tower includes the
cohomology of the Lubin-Tate tower as a distinguished summand, along with other summands. In
the case n = 1 these summands are all isomorphic to each other; see Example@for details. When
we speak of “the automorphic L-factor associated to X” we are simply taking the automorphic
L-factor of one copy among the countably infinitely many copies of the same representation of
GL1(Zyp) in the TIL dual of X.
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having to consider any version of quasicoherent modules over rigid ana-
lytic spaces: abelian sheaves and spectral presheaves on the relevant rigid
analytic spaces are enough for our purposes in this paper.

e We use the work of Berkovich [6], [7] on vanishing cycle sheaves for formal
schemes.

e Various results in algebraic K-theory: Suslin rigidity [69], Gabber rigidity
[31], and Blumberg-Mandell’s version [8] of the localization sequence [71]
for Waldhausen K-theory.
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relationships between homotopy-theoretical aspects and representation-theoretic
aspects of Morava FE-theories. The seminar petered out as we got stuck on the
problem of topological nonrealizability of the Lubin-Tate tower. During a work-
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Conventions 1.1.

e As already stated: all formal groups and formal modules in this paper are
implicitly understood to be one-dimensional. The symbols p, ¢ shall always
denote distinct prime numbers.

e Throughout, A will be the ring of integers in a finite extension of Q,. We
fix a uniformizer w for A.

e When G is a formal A-module over a complete local commutative A-algebra
B with maximal ideal mp, we will write G(mp) for the resulting group
consisting of the elements of mp equipped with the group structure and
A-action given by G. We will reserve the symbol n to always mean the
A-height of G, and we will always assume that n is finite and positive.
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e It will frequently happen that we will have a formal module G and a defor-
mation G of G to a local Artinian ring. We adopt the convention that mg
denotes the maximal ideal of the ground ring of G.

e Given a positive integer ¢, we write S/i for the mod ¢ Moore spectrum.

e Throughout, we use the framework for (pre)sheaves of spectra due to Thoma-
son [70] and developed further by Jardine [40]. In this framework, a model
structure is used to encode homotopical information. Certainly all the con-
structions and arguments involving (pre)sheaves of spectra in this paper
can equally well be carried out in the framework of Lurie’s Derived Alge-
braic Geometry series, which begins with [46]. In that framework, rather
than a model structure, simplicial methods are used to encode homotopical
data. We chose to write this paper using Thomason’s framework because
we imagine that some readers outside of homotopy theory might find this
paper more digestible as a result. We apologize to readers who would have
preferred we write this paper using the oco-categorical framework instead.

2. VANISHING CYCLES.

Vanishing cycle sheaves play a central role in the construction of the cohomology
groups that realize the f-adic Jacquet-Langlands correspondence for a local field.
In this section we develop some machinery for handling vanishing cycles sheaves of
spectra, in the sense of stable homotopy theory. This machinery is used in section
and section [l

2.1. The stalk spectral sequence of a morphism of sites. Suppose we are
given Grothendieck sites (i, 7'1) and (G, 72). A homomorphism of sites is a functor

f: €1 — G such that, if {U; — U} is a covering family in 7, then {f(U;) 1@y
f(U)} is a covering family in 7».

Write Sp Sh(c¢, 1) for the category of presheaves of spectra on a site (C,7). We
refer to [40] for the Jardine model structure on Sp Sh(¢, 7). For our purposes, its
most important property is that the fibrant objects are those presheaves of spectra
which satisfy the appropriate homotopical analogue of the sheaf axiom: for every
open U, the value of a fibrant presheaf F at U is weakly equivalent to the totalization
of the evaluation of ¥ on the Cech nerve of any open cover of U. Consequently,
in the setting of spectral presheaves, fibrant replacement in the Jardine model
structure on Sp Sh(C, 7) is the correct analogue of sheafification. When convenient,
we will sometimes write “sheaf of spectra” as shorthand for “fibrant presheaf of
spectra.”

A homomorphism of sites f : (¢1,71) — (G, 72) induces two functors on the
associated categories of presheaves of spectra. The functor f. : SpSh(G, 7o) —
SpSh(ci, 1) sends a presheaf F to the composite

C —>C ’—I>Sp.

The functor f* : SpSh(¢i, 1) — SpSh(G, 12) is left adjoint to f.. See paragraph
1.26 of [70] for this materia

8Tt is deliberate, and for good reason, that f. is of the opposite variance of f itself. This is
standard among algebraic geometers, but we hope this paper’s audience will include homotopy
theorists who will not already have thought about site homomorphisms, so we explain the strange
variance of f.. Consider the case of a scheme morphism g : X — Y. Then g induces a covariant
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Now suppose we are given a presheaf F of spectra on (G2, 72). In general there
is no single Leray-like spectral sequence which relates the sheaf cohomology of the
sheafification of the presheaf of graded abelian groups R* f.m. () to the homotopy
groups of the global sections of the sheafification (i.e., fibrant replacement) of f. ¥.
Some discussion of this difficulty can be found immediately preceding Lemma 2.10
of [70].

However, if we take a stalk rather than taking global sections, then the situation
improves. Recall that a geometric point of a site (C, 7) is, by definition, a geometric
morphism of toposes from the category of sets to the category of sheaves of sets
on (C,7). A geometric point induces a stalk functor AbSh(C,7) — Ab, which is
exact; see [64], Tag 00Y3| for a nice presentation. Given a sheaf of abelian groups
¥ on (C,7) and a geometric point z of (C, ), we will write F, for the stalk of F at
x.

When we specialize the ideas in the previous paragraph to the case where (C, 7)
is the small Zariski or small étale site of some scheme X, to each geometric point x
of (¢, 7) we can find a geometric point of X (i.e., a scheme morphism Speck — X
with & an algebraically closed field) whose stalk functor is isomorphic to that of z,
and conversely.

We adopt the following notation: given a presheaf G on a site, we will write é
for its sheafification.

Proposition 2.1. Suppose we are given a fibrant presheaf of spectra F on (Ca, T2)
and a geometric point x of (C1,m1). We continue to suppose that f : (Ci,71) —
(C2,72) is @ morphism of sites. Make the following assumptiong’|:

(1) There exists a uniform lower bound on the homotopy groups of F, i.e., there
exists an integer N such that 7;(F(U)) 20 for alli < N and allU € ob ¢.

(2) Theinduced functor on the categories of abelian sheaves f, : AbSh(G, 72) —
AbSh(cy, 1) has finite cohomological dimension, i.e., there exists some in-
teger M such that R™f. : AbSh(Gy,m2) — AbSh(Cy, 1) is trivial for all
m > M.

Then we have a strongly convergent spectral sequence

(2:2) B2 (R fm(F)) = mes (£u5)a),
(2.3) d, : B3t — petrttr=1

natural in the variable F .

Proof. We do not know anywhere in the literature where this spectral sequence has
appeared, but its construction uses only the well-known tools of [70] in a straight-
forward way. For any presheaf G of abelian groups on a site (C, 7), we may form the
presheaf of spectra HG of (C, 7), whose value on an object U of C is the Eilenberg-
Mac Lane spectrum H(G(U)).

pushforward functor g« : Ab(Xzay) — Ab(Yza,) on the categories of sheaves of abelian groups on
X and on Y. However, if we regard g« as being induced by a site morphism, it is induced by a
morphism of sites Yz, — Xzar. So, in order to get g« to have the correct variance on morphisms
of schemes, we must accept that it will be contravariant on morphisms of sites.

9These assumptions can surely be significantly weakened without ruining the result, but the
given level of generality is more than sufficient for all applications in this paper.
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Now form the fibrant sectionswise Postnikov tower

(2.4) .. F=2 F=s! F=0
Z%? SHm F HroF,

i.e., the levelwise fibrant replacement of the sectionswise Postnikov tower of .
Apply the functor f, levelwise to . This yields a tower of fibrations of sheaves
of spectra on (Cp, 7). Take the levelwise stalk at = to get a tower (f, Post(F))3 of
fibrations of spectra. It is standard that applying m, to a tower of fibrations yields
an exact couple and consequently a spectral sequence.

We claim that the homotopy limit of the tower (f. Post(F))2 is (f«F)z. Clearly
the claim is true if the Postnikov system Post(¥) is finite, since then the homotopy
limit is eventually constant in both the domain and the codomain of the canonical
comparison map

(2.5) (f« holim Post(F)), — holim(f. Post(F))..
If the Postnikov system is not finite, consider the effect of the map (2.5) in 7;, for

any given integer i. The mth filtration quotient X" Hm,, ¥ in the Postnikov tower
has homotog&roups concentrated in degrees m — M,m — M +1,...,m — 1,m,
since 7; (S Hrrp, ) 2 (Rm*j f*)({gg?))

Hence, for any given value of i, the emffect of the comparison map in m;
depends only on the (i+ M )th Postnikov truncation of #, which is a finite Postnikov
system. Hence induces an isomorphism in m;. This is true for each integer i,
SO is a weak equivalence. Hence the spectral sequence obtained by applying
7, to (f« Post(F))s converges to m. ((f+F)z), as desired.

The F;-term of the spectral sequence is the direct sum, over all integers n, of
m,. of the stalk at x of f, of the fibrant replacement " Hr, ¥ of X" Hm,F. The
fibrant replacement of X" Hm, F in Sp Sh((, 72) is simply the n-fold suspension of
the total derived functor of the presheaf of graded abelian groups m, F on (a2, 72).
Consequently its stalk at « has homotopy groups simply given by (R* f. F )., yielding
our description of the E-term of the spectral sequence.

The first and second vanishing assumptions ensure that the spectral sequence is
concentrated between two horizontal lines crossed by all sufficiently long differen-
tials, yielding strong convergence. O

We refer to (2.2)) as the stalk spectral sequence.

2.2. Nearby cycles and vanishing cycles, for presheaves of spectra. We
recall [I] the classical definition of nearby cycles and vanishing cycles for schemes
over the spectrum of a Henselian discrete valuation ring S. The most important
case for us is the case where S is the Witt ring W (k), with k a finite field. To be as
explicit as possible: W (IF,;) is isomorphic to Zp [Cpi—1], where (,;_y is a primitive
(p? — 1)st oot of unity. Write s for the special (i.e., closed) point of S, write 7 for
the generic point of S, and write 77 for the separable closure of 7.

Now suppose we are given a scheme X over S. Write X, for the fiber of X over
s, and write X5 for the fiber of X over 7. We will furthermore write ¢ : X, — X
and j : Xz — X for the respective inclusions. Given a bounded-below cochain
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complex C* of abelian sheaves on the small étale site X¢;, the nearby cycles of C*®,
written RPC®, is the object of the derived category DT ((Xs)¢t) defined as

(2.6) RUC® = i*Rj,(j*C*).

We emphasize that we are working only with sheaves of abelian groups here, not
modules over the structure ring sheaves! That is why there is no need to derive the
functors j* or ¢* in : unlike categories of modules over structure ring sheaves,
the pullback maps on categories of abelian sheaves are always exact.

We have a natural map i*C*® — *Rj.(j*C*®) in DT ((Xs)et), arising from ap-
plying ¢* to the unit map of the adjunction j* 4 Rj,.. The vanishing cycles of C*,
written ®(C*), is the cofiber of that natural map. Consequently C'® and its nearby
cycles and vanishing cycles fit into a single cofiber sequence in D ((Xy)et),

i*C* - RUC® — oC°.

As a special case, when F is an abelian sheaf on the small étale site Xy, we
write F[0] for the object of D (Xg;) with #[0] in degree zero and trivial in nonzero
degrees. We then write R*® ¥ for the sth cohomology group of the vanishing cycle
complex ®(F[0]):

(2.7) R°®F := H*(®(F[0])).
The above definitions also extend in a straightforward way to the situation where
C* is replaced by a presheaf of spectra on X (or indeed, a presheaf on Xg; taking

values in any reasonably well-behaved stable model category or stable co-category).
Using the general constructions of section [2.1] we have derived pullback functors

Li* : SpSh(Xg) — SpSh((Xs)et) and
Lj* : SpSh(Xe) — Sp Sh((X7)et),
a derived pushforward functor
Rj. : Sp Sh((X7)et) — Sp Sh(Xet),

and an adjunction Lj* - Rj.. This yields a unit natural transformation id —
Rj.Lj*. For our purposes, the essential properties of these derived pushforward
and pullback functors are as follows:

e Given a geometric point z of X, the homotopy groups of the stalk (Rj.F).
are computable using the spectral sequence of Proposition provided
that the hypotheses of Proposition [2.1] are satisfied.

e By a similar argument and using the acyclicity of j*, we have

(2.8) m (L3 F).) = (7 )
for every geometric point z of X. A similar isomorphism holds for Li* .

Definition 2.2. Let S, X, s,n,1,j be as defined in the previous paragraphs. Suppose
that F is a presheaf of spectra on Xg. The nearby cycles of F is the presheaf VF
of spectra on (Xg)et:

(2.9) UF .= Li*(Rj, (Lj* F)).

The vanishing cycles of F, written ®F, is the presheaf of spectra on (Xs)a given
by the cofiber of the natural map Li*F — Li*(Rj.(Lj*¥F)).
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Consequently we have a canonical cofiber sequence in Sp Sh((Xy)et),
Li*F - UF = ®F.

However, the above is not enough: for our purposes, we need vanishing cycles
for presheaves of spectra not when X is a scheme over S, but instead when X is
a formal scheme over S. Recall that the generic fibre of a formal scheme is not
simply the fiber over the generic point of S (this would be empty); instead it is
a rigid analytic space ([55], [I1], [12]). In the article [G], Berkovich generalized
the construction of vanishing cycles to the case where X is a formal scheme with
suitable finiteness properties.

Berkovich’s construction of vanishing cycles for formal schemes is by building
morphisms between the étale sites of X, and of X7, using Berkovich’s “quasi-étale
site” as an intermediary: see the beginning of section 4 of [6] for this. Hence
the generalization of Berkovich’s vanishing cycles from abelian sheaves to spectral
sheaves can be carried out formally, using the general constructions of section [2.1
That is, even when X is a formal scheme—most importantly for our purposes,
Def (G)ﬁi’g;fb, as defined in appendix for each presheaf of spectra F on X
there exists a “vanishing cycles” presheaf of spectra ®F on (X;)¢. The essential
property one would like to establish for ® F is the existence of a strongly convergent
spectral sequence

(2.10) EP' > R (7@?) = m_l (@x) ;
d'r . Es,t N Es+r,t+r—1

where:

e 1 is a geometric point of X,
e 7, F is the sheafification of the presheaf of abelian groups mF on Xg,

o () is the sheafification (i.e., Jardine fibrant replacement) of the presheaf
of spectra ®(F) on (X;)et,
e and the notation R*® is as defined above, in (2.7)).
This spectral sequence, with all the above properties, indeed exists, under the
assumptions that:

(1) X is a degenerating Lubin-Tate space,

(2) there is a uniform lower bound on the homotopy groups of ¥ (cf. the same
assumption in Proposition , and

(3) for each integer i, the sheaf of abelian groups T, F on Xg is constructible,
of torsion orders prime to p.

The construction of spectral sequence is basically the same as that of the stalk
spectral sequence (2.2): take the fibrant sectionswise Postnikov tower Post(F) of #,
apply ® levelwise, take the stalk, then take homotopy groups to get an exact couple
and consequently a spectral sequence. However, there is something nontrivial in
establishing that the spectral sequence’s abutment is as claimed. To guarantee that
the spectral sequence converges to the homotopy groups of the stalk of ®F, one
needs to know that the canonical map

(2.11) (® holim Post(F)), — holim ((® Post(¥)).)

is a weak equivalence. To establish this, one can use the same argument as given in
the proof of Proposition [2.1] to identify the abutment of the stalk spectral sequence
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(2.2). To make that argument, one needs to know that there is an integer IV such

that the homotopy groups of (®X™ Hm,, F), are concentrated in degrees between
m — N and m.

This is where we use the quasi-affineness of the generic fibre of degenerating
Lubin-Tate space—which we prove in Proposition [A.12}—alongside some results of

Berkovich. Write 2 for the generic fibre of (Def (G)desen ) . Given a constructible
é

vl o™

abelian sheaf 4 on (Def (G)ﬁ%‘;‘;) of torsion orders prime to the characteristic of
ét

A/m, the stalk of R*® (4) at the single point in the special fibre of Def(G){SE,
is canonically isomorphic to the compactly supported cohomology group HE(D; 4);
see Lemma 2.5.1 of [66] for this argument. Since 9P is paracompact, quasi-affine of
dimension n—1, and regular (hence smooth, by perfectness of k) by Corollary 6.2 of
[7] and by Proposition[A.12] HE(D; 4) vanishes for s < n—1. The Poincaré duality
of Theorem 7.3.1 of [5] furthermore yields that H?(D; 4) vanishes for s > 2n — 2.
In the case 4 = me , this vanishing result yields that the desired bound N in
the previous paragraph can be taken to be 2n — 2.

The same cohomological dimension bound also yields that the spectral sequence
is concentrated between two horizontal lines which are crossed by any suf-
ficiently long differential. By a standard argument (as in [I0]), this yields strong
convergence of the spectral sequence.

We will call the vanishing cycles stalk spectral sequence.

3. THE ¢-ADIC JACQUET-LANGLANDS COHOMOLOGY THEORY JL,(G)*.

As mentioned in the introduction, we recommend that readers browse the ap-
pendix (joint with M. Strauch) before beginning to read this section. The appendix
does not logically depend on anything earlier in this paper, but beginning in this
section, we will use some definitions and some theorems from the appendix.

From Theorem [A75] we have a topological realization of the degenerating Lubin-
Tate tower, i.e., for each formal Zp—module G of positive finite p-height n, we

top
have a presheaf O} o

of Def (G)flﬁgjﬁ such that the formal group law of WO(Of‘j)lppm (U)) arising from the

complex orientation agrees with the universal formal group law on F(U),ifor ev-
ery étale open U. From Theorem we know that H:(Def(G), ,m; Q) is a

GL,(Z/p™Z) x Aut(G)-equivariant summand of Hé(Def(G)ﬁf"lg;,ﬂ;ig). From The-
orem we know that the f-adic Jacquet-Langlands correspondence is realized
in colim,,, H?~*(Def(G)1y1,m;Q;), and by Theorem we know that the f-adic
Jacquet-Langlands correspondence is also realized—although with some redundant

summands!—in colim,, H?~!(Def(G)!5: Q,). In this section we bring these facts

of complex-oriented F.-ring spectra on the small étale site

lvlp™m>
together.
For each étale open U of Def (G)fﬁg;,ﬁ, the homotopy groups ﬁ*(Oltflppm (U)) form

a Z,-module. In order to relate Olt‘f)l‘;m to the f-adic cohomology of Def(((})?‘ﬁg;,ﬁ,

we must find some well-behaved operation which would take as input the presheaf
Olt"j’lppm of p-adically complete spectra, and produce as output a suitable presheaf of
{-adically complete spectra.

This is a bit unusual: there are not many well-studied operations on spectra

which have such an effect. However, the algebraic K-theory spectrum X (R) of an
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E-ring spectrum is another F..-ring spectrum, and even if 7,(R) is p-adically
complete, 7, (K (R)) will almost never be p-adically complete. Instead, it is typical
to have mo (K (R)) = Z. We propose to simply apply the algebraic K-theory functor

K sections-wise to Oyp .., yielding the preshea of E-ring spectra K o OjF ..

on the small étale site of Def(G)?ﬁg;ﬂ. After f-adic completion, we then have a

presheaf of spectra on Def (G)ﬁflg;,ﬁ whose homotopy groups are Zg-modules.
Using algebraic K-theory in this way seems ridiculous. Converting presheaves of
p-complete spectra into presheaves of ¢-complete spectra is not anywhere among the
usual applications for algebraic K-theory! At a glance, it appears that this approach
ought not to lead anywhere: owing to the notorious difficulty in calculating algebraic
K-groups, one would expect it might be impossible to calculate or prove anything
about vanishing cycles of the presheaf of spectra (% o Oltf,)lppm )7
The surprise is that this ridiculous idea actually works quite well. In Theorem
below, we will show that the supercuspidal part of the Jacquet-Langlands
correspondence for GL,(Q,) is realized in the rational homotopy groups of the
stalk of the vanishing cycles of the presheaf of spectra (X o Olt\f’]ppm)é\. We will
even be able to make very explicit calculations of the resulting representation of
GLn(Zp) x Aut(G) on on those rational homotopy groups in the homotopy colimit
as m — 0o, leading to the results on automorphic L-factors in Theorem This
is possible because we can give a very explicit description of the homotopy type of

the ¢-adic completion of & o Oltflppm. Here is our analysis of that homotopy type:

Theorem 3.1. Fiz a prime £ # p and a positive integer j. Let U be a connected
étale open of Def(G)IE% . Write k(U) for the residue field of the local ring D(U).

vlp™

Then the spectrum (S YIZNN ('](o Of\?lp;m)> (U) is weakly equivalent to

(/67 A K(k(U))) VS (S/6 A K(k(U))) .

This weak equivalence is natural in the variable U, i.e., the presheaf of spectra
S/ A (:7( o Olt‘fﬁ)m> 18 weakly equivalent to the presheaf of spectra

(3.12) U S/ A (K(k(U)) VEK(EU)))

on the small étale site of Def(G)ﬁig;,ﬁ. This weak equivalence is also natural in the

AN
variable j, so that the presheaf of spectra (7( o Offlppm)g 18 weakly equivalent to the
presheaf of spectra

(3.13) U K(k(U)); VEK(K(U)); -

10Sometimes the term spectral Deligne-Mumford stack is used to refer to a presheaf of connec-
tive Eso-ring spectra ¥ on the small étale site Xg;, where X is a Deligne-Mumford stack in the stan-
dard sense (e.g. [42]), and where the presheaf of commutative rings moo ¥ on X coincides with the
structure sheaf of Xet. See [45] for discussion of this perspective. Our presheaf Olt\?lppm, constructed
in Theorem [A5] satisfies all these conditions except the condition that each of the ring spectra
F(U) is connective. We might say that Of\?lppm is a “nonconnective spectral Deligne-Mumford
stack.” We point this out only to be clear that X o Olt‘(;lppm is not a spectral Deligne-Mumford
stack, not even in the nonconnective sense, since o ((7( o Of:lppm> (U)) = K()(Olt\?lppm (U)) is not

a I'(U)-module in any natural way.
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Proof. By construction, we have the weak equivalence
Lo ) = F (SYBCh., E(G))

lvlp™

and the isomorphisms

Tl (0fehm) 2 T (Def(G)sn )

lvlpm )
t ~ t +
N Olflpp ) = WOF(Ol\?&m)[u 1, and
t ~ t
(qﬁgL ): Q$bﬂ®m(llm)HU)

with u € WQF(OItVOf;m) where E(G) is the Morava E-theory spectrum of G.

Let V.U denote the connective cover of the E..-ring spectrum Oltff; (U). Then

the element u € m(V,Y) has the property that V.U[u=!] ~ Oltflpp (U). In Q"]

Blumberg-Mandell use Waldhausen’s fibration theorem [71] and a devissage argu-
ment to produce a fiber sequence

(3.14) K (m0(E(G))) = K(BFP,) — K(E(G)),
where BP, is the connective cover of F(G). The same argument applies to the

BP,-algebra V.U and the E(G)-algebra Oltfl[;m (U), yielding a fiber sequence

(3.15) K (700l (1)) = K (V) = & (05 (1)) -

Since V.Y is connective, the work of Dundas—Goodwillie-McCarthy [27] yields a
homotopy pullback square

(3.16) % (V) A S/t TC (VY) A S/00

l l

K (mV,Y) NS/tF ——=TC (mVY) NS/

Since ¢ # p, the topological cyclic homology spectra in (3.16]) become contractible
after reduction modulo #7; see [47] or [52] for these properties of topological cyclic
homology. Hence the natural map

K (Vi) = % (moV,2) = % (mo0lh, (0)

is a mod #? equivalence.

We have mg Oltvolpp (U) 2 T(U) by Theorem E a complete local W (k)-algebra

with residue field £(U). Hence, by Gabber rigidity ([31], or see Theorem IV.2.10 of
[72] for a textbook reference), reduction to the residue field induces a mod ¢/ weak
equivalence

K (o OLet (U)) — K (K(U)).

The upshot is that, after smashing with S/#/, the localization sequence (3.15) re-
duces to a fiber sequence

(3.17) S/E A K(k(U)) — S/E A K(k(U)) — S/6 A ( (offgm (U))) .

HThe sequence (3.14) is not spelled out explicitly in [8], but in [9] it is pointed out (see page
vii) that (3.14) is produced by the methods of [§].
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In a sufficiently small étale open U, k(U) will be separably closed, so that S/¢7 A
K(k(U)) ~ S/03 A ku by Suslin rigidity [69). A map kug — kug is determined by its
effect on WO(KUg), by the main result of [41], i.e., it is determined by a stable Adams
operation in Z. Hence, for k(U) separably closed, the map & (k(U))} — & (k(U));
in is determined by its effect on g, i.e., by the effect of the map

(3.18) Ko (wo(otOP (U));Z@) S K, (VJ{;Z@) .

lvlpm

The map (3.18: is zero, by inspection of the long exact sequence in homotopy
induced by (3.15)), and the observation that the map Ko(V.V) — Ko(0'P . (U))

lvlpm

sends [V,Y] to [Ofvolzm (U)], and those elements generate the domain and codomain,

respectively, of the map
Q®z Ko(VY; Ze) — Q&g Ko(0lP . (U); Ze).

vl p™

Finally, since the map (3.18) is zero, the map of presheaves of spectra K (k(—)); —
K(k(-)); in (3.17) is nulhomotopic on stalks. Hence, after sheafification (i.e., fi-
brant replacement in the Jardine model structure), it is nulhomotopic. Hence the

fiber sequence (3.17)) splits (K o Oltflppm)? as the wedge sum (3.13). Since the mod
#7 reduction depends only on the mod ¢’ reduction of the f-adic completion, the

wedge splitting (3.13]) implies the wedge splitting (3.12)). |

Remark 3.2. In section [4] we will need to understand the action of Aut(G) on
K(E(G));, where E(G) the Morava E-theory spectrum of a p-height 1 formal group
G. It follows from the proof of Theorem [3.1] that this action is trivial. However, for
G of p-height > 1, the action is no longer trivial.

This deserves some explanation. Write k for the field over which G is defined.
As in the proof of Theorem [3.1] we will write BP, for the connective cover of E(G).
Now use the localization sequence : of the two wedge summands X (k); and
YK (k); of K(E(G));, the action of Aut(G) on the bottom summand K(k); is
trivial since Aut(G) acts trivially on moE(G) = moBP,, and since the natural map

(3.19) K(BPp)p — K (k)7

is an equivalence. The map is induced by taking the Postnikov 0-sections
(3.20) BP, - HmyBP,

and then the reduction map

(3.21) 70BP, — W (k) — k.

To be explicit, the map induced by in ¢-complete algebraic K-theory is an
equivalence due to a Dundas-Goodwillie-McCarthy pullback square, a special case
of , and f-adic vanishing of topological cyclic homology of a p-complete ring
spectrum. Meanwhile, the map induced by is an equivalence in ¢-complete
algebraic K-theory, by Gabber rigidity. Both arguments are special cases of the
argument given in the proof of Theorem [3.1]

The triviality of the action of Aut(G) on the top summand XX (k); of X(E(G));
takes a bit more work to see. Recall that the splitting X(E(G)); ~ K(k); VEK(k))
was produced by showing that a certain fiber sequence, from the proof of
Theorem splits. That fiber sequence arises by application of Waldhausen’s
fibration theorem. In this case, the relevant Waldhausen categories are:

e the Waldhausen category fMod(BP,,) of finite cell BP,-module spectra
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e the category f Mod(F(G)) of finite cell E(G)-module spectra,
e and the category f Mod(BP,)“#(®) of finite cell BP,-module spectra which
become contractible upon inverting the Bott element v € mo BP,,.

In all three of these Waldhausen categories, the cofibrations can be taken to be w-
coﬁbrationﬂ and the weak equivalences can be taken to be homotopy equivalences.
An application of Waldhausen’s fibration theorem, Theorem 1.6.4 of [71], yields a
fiber sequence of Waldhausen K-theory spectra

X (f Mod(BPn)wE(G)) — K (f Mod(BP,)) = K (f Mod(E(G))) -

Waldhausen’s “spherical object argument” from section 1.7 of [71], is an analogue of
Quillen’s dévissage which is adapted for use in Waldhausen categories. An applica-
tion of the spherical object argument yields that the spectrum % (f Mod(BPn)UJE(G))
is weakly equivalent to X (f Mod(wgBP,,)), which in turn (by, for example, Theorem
IV.4.3 of [28)]) is weakly equivalent to X (mgBPF,), the algebraic K-theory spectrum
of the ordinary ring mgBP,. Checking the hypotheses of Waldhausen’s fibration
theorem and spherical objects argument here is nontrivial, but since E(G) is an
étale extension of the p-complete topological K-theory spectrum KU, the verifica-
tion is the same as that already carried out in [§]. Finally, by another application
of Gabber rigidity, X (moBPF,) agrees with K (k) after ¢-completion.

We are really repeating ourselves, since the above is only a special case of the
argument for Theorem The point here is that the action of Aut(G) on the top
summand XX (k); of K(E(G)); is determined by the action of Aut(G) on the Wald-
hausen category fMod(BP,)*#(©). The action of Aut(G) on fMod(BP,)"*®)
is nontrivial, but by the spherical object argument, the K-theory spectrum of
f Mod(BP,)E(©) agrees with the K-theory spectrum of the category of those finite
cell BP,,-module spectra on which u € w3 BP,, acts nulhomotopically (not just nilpo-
tently). Such BP,-module spectra are naturally equivalent to HmyBP,-module
spectra, and since Aut(G) acts trivially on moBPF,, we have also that Aut(G) acts
trivially on HmoBP,, hence trivially on the top summand YK (k); of X(E(G));.

If the p-height of G is greater than 1, then the above argument does not yield
triviality of the action of Aut(G) on X(E(G));. Indeed, in case ht,(G) > 1, the
group Aut(G) acts nontrivially on moFE(G), so in general one ought to expect that
Aut(G) acts nontrivially on X(E(G));.

Now we are ready for the definition of Jacquet-Langlands cohomology. It will be
the generalized cohomology theory represented by a certain spectrum JLy(G). Let
p be a prime, and let G be a one-dimensional formal group law, of finite positive
p-height n, over some finite field k of IF,. Fix a prime ¢ # p. The representing
spectrum JLy(G) will be built by composing a sequence of constructions already
discussed in this paper. Because we compose a large number of constructions, it
is much easier to read the resulting formulas if we use prefix notation for each
construction. Hence we write St, F for the stalk of a sheaf F at a point z. We also
write # F for fibrant replacement, in the Jardine model structure, of a presheaf ¥
of spectra. Step by step, herﬂ is the process:

128ee section V1.3 of [28] for these ideas.

13The author thinks that this step-by-step presentation is the clearest way to present the
construction, even though it is repetitive. We apologize to readers who are annoyed by the
repetitiveness.
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Otop

(1) For each nonnegative integer m, we have the presheaf O

m of Es-ring

spectra on the small étale site of Def (G)ldflgpeﬂ.

(2) Apply algebraic K-theory. Now, for each nonnegative integer m, we have
the presheaf of E_-ring spectra Ko Olt\?ﬁ)m on the small étale site of Def (G)ﬁﬁg;,ﬁ )
(3) Reduce modulo #7, i.e., smash with the mod #/ Moore spectrum S/¢.

Now, for each nonnegative integer m and each positive integer j, we have
the presheaf of spectra S/¢7 A (?(o orr ) on the small étale site of

lvlpm
Def (G)Eon.
(4) Fibrantly replace, and apply the vanishing cycles functor ®. Now, for each

nonnegative integer m and each positive integer j, we have the presheaf

of spectra ® # (S/Zj A (7( o Olt\‘,’lpp,,”>) on the small étale site of the special

fiber (Def(G)dege“) of Def(G){eEn

Ivlpm Ivlpm:*

(5) Take the stalk at the closed point x of the special fibre (Def(G)ﬁig;:;)s.

Now, for each positive integer j, we have a spectrum
] t
Ste & # (/6 A (K005 ))

with a natural action of GL,(Z/p™Z) x Aut(G).
(6) All the above constructions are natural in the variable j. Take the homo-
topy limit over j to get an ¢-complete spectrum

e (5101 (217,

for each nonnegative integer m.
(7) All the above constructions are natural in the variable m. Take the homo-
topy colimit

(3.22) hocolim holim St, ® # (S/Ej A (7( o Olt\?ﬁ)m)) .
m—o0  j—00
Definition 3.3. By the f-adic Jacquet-Langlands cohomology associated to G,

we mean the generalized cohomology theory represented by the GLn(ip) x Aut(G)-
equivariant spectrum (3.22)). We write JL¢(G) for this spectrum.

Remark 3.4. Beginning in this section, we shall sometimes have to refer to the
homotopy fixed points of a group G acting on a spectrum X. We will use the
standard notation X" for the homotopy fixed points.

The group G is profinite, hence by X" one ought to mean the continuous homo-
topy fixed points. The paper [23] is the standard reference, but it is a bit tricky to
define continuous homotopy fixed points in such a way that % (E(G))" A" has de-
sirable properties (e.g. those predicted by some forms of the Ausoni-Rognes redshift
conjecture []). See Davis’s preprint [I7] for discussion and progress on this point.
In Remark 1.8 of [I9], Davis comments also on constructions of % (E(G))"Aut(©)
using condensed methods, and using pyknotic methods. However, for what we do
in this paper, we do not need very much, so even a very naive model for continuous
homotopy fixed points will do: the only property we really need these continuous
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homotopy fixed points to have is that the natural map

_ _ h Aut(G)
e (FHQe (HQz Ng, X, HQq Ag, JLE(G)) >

. o Aut(G)
(3.23) ~+ homg, (Qe 5, X, Qy ®q, H.(JLe(G); @))

is an isomorphism, where X is a finite Sp-module with a suitable action of Aut(G),
and where the spectrum JL,(G) is defined below, in Definition Since Aut(G)
is an extension of the unit group of F,» by the pro-p-group strict Aut(G) of strict
automorphisms of G, the cohomology of Aut(G) with coefficients in any ¢-power-
torsion topological Aut(G)-module will be /-power-torsion in positive degrees, hence
annihilated by taking a colimit over repeated multiplication by ¢. The point is that
the continuous cohomology of Aut(G) with coefficients in

7. Fyg, (HQ hg, X, HQ, Ag, JL(G)) = [S*X, HQy Ag, JLe(G)

vanishes in positive degrees, so any reasonable model for the continuous homotopy
Aut(G)-fixed points will yield the isomorphism .

This paper does not investigate p-adic (rather than ¢-adic) TJL duality, but any
such investigations would likely require a more subtle model for h Aut(G), such
as those discussed and constructed by Davis, particularly for the sake of having
suitable fixed-point spectral sequences.

Now here is the main theorem of this section:

Theorem 3.5. Let n be the p-height of a one-dimensional formal group law G over

Fp,. Supposen is finite. Then the supercuspidal part of the £-adic Jacquet-Langlands
correspondence for Q, is realized in the rational stable homotopy group

(3.24) Q¢ ®3, T1-n (JLe(G)) -

In more detail: for each supercuspidal irreducible Q,-linear representation T of
GL,(Qp), the Qy-linear representation (7r ‘GLn(Zp)> @ 9L(7) of GLy(Zy) x Aut(G)
occurs as a summand in (3.24), where JL(r) is the representation of

Aut(G) = le%/n,@p C D1X/n,Qp

associated to w by the Jacquet-Langlands correspondence constructed in [21] and

[56].

Proof. We begin with a modification to the construction of the vanishing cycles stalk

spectral sequence (2.10). Write 7; as an abbreviation for the fibrant replacement

of the presheaf of spectra S/¢7 A (7(0 Olt\flppm) on (Def(G)flvig;g) . We have a
ét

sequence of fibrant presheaves of spectra

= Fo— F1— Fo.

Let Post(#;) denote the fibrant sectionswise Postnikov tower of #;. Apply the stalk
functor St,. Since all these constructions are functorial in the choice of presheaf,
we have a sequence of towers of fibrations of spectra

-+« — Sty @ Post(F2) — Sty @ Post(F1) — St @ Post(F),

consequently a levelwise homotopy limit holim;_,, St ® Post(;).
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Consider the spectral sequence obtained by taking homotopy groups of the tower
of fibrations holim;_, ., St ® Post(F;). We will call this spectral sequence the “mod-
ified vanishing cycles stalk spectral sequence.” It converges to

T (holim St, ® (S/Kj A (7( o ofv"{’pm))) :

j—o0

by the same analysis we gave, in section [2.2] to identify the abutment of the van-
ishing cycles stalk spectral sequence .

The Ei-term of the modified vanishing cycles stalk spectral sequence is com-
putable by a Milnor sequence:

(3.25) 0— lim ! (R‘*cbmﬂ(fj)) 5 EP 5 lim (R‘gfl)ﬂt(fj)) 0.

J]—00 J—00 x

The lim'-term in (3.25) vanishes, since lim' vanishes on sequences of finite abelian
—_

groups, and since each (RSCIMQ( TJ)) is finite as a consequence of Proposition 4.4
xr

of [7]; this uses the assumption that k is separably closed, and the finiteness of the
disjoint union in Proposition [A:12]
By Theorem for each integer ¢ and each nonnegative integer j, m(7;) is a

constructible sheaf on (Def (G)?ﬁfﬁ) , and it is of torsion order prime to p (since
ét

¢ # p). The group (RS‘I)ﬂ't(f]:j)> vanishes for s < n — 1 and for s > 2n — 2, by
xr

the vanishing argument given in section Consequently E}"™ is concentrated

between the s = n — 1 and s = 2n — 2 lines, and the spectral sequence converges

strongly.

We claim that the modified vanishing cycles stalk spectral sequence in fact has
no nonzero differentials. The argument is very simple: Theorem @ splits 7; as a
wedge of two presheaves of spectra, F; ~ fFj’ VY ij’ . Each of the operations in the
construction of Jacquet-Langlands cohomology in Definition is functorial on
presheaves of spectra, and consequently the modified vanishing cycles stalk spectral
sequence splits as the direct sum of two spectral sequences:

e a spectral sequence converging to m.holim St, ® # ( fj’ ),
J—00

e and an isomorphic copy of that same spectral sequence, with all internal
degrees (t) increased by one.

—_~—

Since . ( fFj’ ) is concentrated in even degrees, the first summand spectral sequence

collapses at F; for degree reasons. The second spectral sequence collapses at E; by
the same argument.
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Consequently m1_,, (JL¢(G)) has a finite filtration in which the filtration quo-
tients are

(3.26)

colimy, ;oo H? ™1 (Def(G)?ﬁifﬁ;ZAO)) , colimy, 0 HY (Def(G)?ﬁfﬂ;Zg(O)) ,
(3.27)

colim,,, oo H™ (Def(G)?\ifﬁ;ZAl)) , colim,, oo H? 2 (Def(G)ﬁig;ﬁ;Zg(l)) ,
(3.28)

colimy,_y oo H3 (Dcf(G)dege“ ~ Zg(?)) , colimy, o0 H™ (Dof(G)degen : Zg(?)) ,

lvlp™> Ivlpm >

(3.29)

eventually ending with the colim,, ., H2"~? summand. Rationally, the filtration
splits GLn(Zp) x Aut(G)-equivariantly. By Theorem after tensoring up to
Qy, the bottommost filtration quotient has colim,, oo H? ™ (Def(G)1y1pm; Qr) as
an G L, (Z,) x Aut(G)-equivariant summand. This summand realizes the supercus-
pidal part of the f-adic Jacquet-Langlands correspondence, by [49], as explained in

appendix O

The middle-dimensional cohomology colim,, . H? ! (Def(G)iy1,m; Q) of the
Lubin-Tate tower is where the supercuspidal representations and, by [49], only the
supercuspidal representations of GL,. In colimy, oo H:(Def(G)1y1pm; Qp) for i >
n—1, one instead finds with principal series representations and non-supercuspidal
discrete series representations of GL,. It follows from the method of proof of
Theorem [3.5}namely, the collapse of the modified vanishing cycles stalk spec-

tral sequence and the splitting of the cohomology of Def(G)?ﬁg;,ﬁ obtained in

Theorem @tha‘c each cohomology group colim,,, ., HE(Def (G)ﬁﬁgﬁi;ig) occurs

GLn(Zp) x Aut(G)-equivariantly in the rational stable homotopy groups Q, ®z,
7 (JLg(G)) of the Jacquet-Langlands spectrum JL,(G). Consequently it is not
only the supercuspidal part of the Jacquet-Langlands correspondence (coming from
the middle-degree cohomology) which is realized in the rational stable homotopy
of JLi(G): the summands providing the rest of the correspondence are all present
as well, but they are spread out across various degrees, and present with many
redundant copies and with various Tate twists, due to the degenerating Lubin-Tate
tower having much more cohomology than just that coming from the natural copy
of the classical Lubin-Tate tower sitting inside of it. See section 4] for an explicit
example at height 1.
As a consequence of Theorem [3.5] we have:

Corollary 3.6. Let n be the p-height of the one-dimensional formal group law G
over F,. Suppose n is finite, suppose £ is a prime distinct from p, and suppose that
X is an L-complete spectrum equipped with an action of Aut(G). Then, for each
integer i and each irreducible subrepresentation p of the Q,-linear representation
Q, ®;, Ti(X) of Aut(G) such that the representation JL(p) of GLy, is supercuspidal,

9L(p) occurs as a factor in w _p_; (F(X, HQ, Ag, JLy(G))! Aut(G)>.
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Proof. We have isomorphisms

S (F(X, HQ, Ag, JLg(G))hA“t(G)>

_ _ h Aut(G)
=M i (FHQ@ (HQZ /\S,g X, HQ, /\95 JLg(G)) >

_ L _ Aut(G)
= homg, (Qz ®z, T T X, Qp ®;, W*JLg(G))

~ homg, (4 uy(c)] (@g ®, E I X, Q ©, JLZ(G)) .
In particular, by Theorem Tl—n—i (F(X7 HQ, Ng, JL(G))" Aut(G)) contains

(3.30) bomg, (y ey (Q @z, TX, Ty @z, m1 0 Li(G))

as a G Ly (7Z,)-equivariant summand. O

4. ¢-ADIC TOPOLOGICAL JACQUET-LANGLANDS DUALITY.

We continue to assume that the formal group G is defined over a field of char-
acteristic p # ¢. For any spectrum X with an action of Aut(G), the mapping
spectrum F(X, JL;(G)) has an action of GLn(ip), and its homotopy groups are
Zs-modules. By Corollary if we take continuous homotopy fixed-points of the
action of Aut(G) on F(X, HQ, Ag, JL¢(G)), the resulting spectrum has the (-adic
Jacquet-Langlands “dual” of Q, ®3, T«X as a summand in its rational homology.

If the homotopy groups of X are already p-complete (not ¢-complete!), then
F(X,JL(G)) will be contractible. The same is true even if the homotopy groups
of X are merely assumed to be Zp—modules. In algebraic topology, when do we
find ourselves with a spectrum with an action of Aut(G), but whose homotopy
groups are not Zp—modules? The most natural idea is to simply smash a spectrum
Y with the Morava E-theory spectrum E(G), but this idea will not work, since the
homotopy groups of that smash product will be Zp—modules.

When ¢ # p, the author knows only of one reasonably natural source of non-
Eilenberg-Mac Lane f-complete spectra with an action of Aut(G). Let E be an
E-ring spectrum equipped with an action of Aut(G); the most obvious example
is E = E(G). Then the ¢-complete algebraic K-theory spectrum X(E); is also
an E.-ring spectrum, and has an action of Aut(G) by the functoriality of %, but
K(E)) is also ¢-complete. The action of Aut(G) on X(E(G)) has been studied very
recently: see [I8] and [19], for example.

By Corollary whenever the action of Aut(G) on the rationalized ¢-complete
algebraic K-groups

K. (B;Qp) == Q ®;, ™ (K(E)7)
has a summand which is the Jacquet-Langlands dual J£(m) of some irreducible
supercuspidal Q,-linear representation of GL,, the representation m occurs as a
summand in the homotopy groups of F(X(FE);, HQ, Ag, JLy(G))rAut(@),

More broadly: K(E); represents the generalized homology theory which sends
a spectrum X to

(4.31) (K(E)7), (X) = m (K (E)] A X).
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This generalized homology theory takes its values in Z-linear representations of
Aut(G). We also have the generalized cohomology theory which sends a spectrum
X to

(4.32) m. (F(R(E)) A X HT, g, TL(C)) ()

This generalized cohomology theory takes its values in Q,-linear representations of
GLn(Zp). For every summand 7£(r) in the base change of to Q, with 7
irreducible and supercuspidal, 7 appears with multiplicity at least n in . We
will refer to this relationship between summands in and summands in
as “l-adic topological Jacquet-Langlands duality,” or “TJL duality” for short. We
will refer to as the “TJL dual” of X (with respect to G and /).

The author of this paper feels that topological versions of Langlands or Jacquet-
Langlands correspondences only have much value if they have some bearing on
computation, e.g. if they can be used to get a better understanding of homotopy
groups. We therefore owe the reader some explanation of how the constructions of
this paper relate to honest calculations of 7,. Consider the case where the formal
group G is the multiplicative formal group over F,. Then E(G) agrees with p-
complete complex K-theory K U, with a primitive (p’ — 1)th root of unity adjoined
for all i > 1, so that m.E(G) = W(F,)[u™!]. By the argument given in the proof
of Theorem m the algebraic K-theory spectrum X (E(G)); is weakly equivalent
to the f-adic completion of X(F,) V £%(F,), which Suslin rigidity identifies with
H@ V EE’l\Lg

Consequently, for G multiplicative over F,, the generalized homology theory
on the homological side of TJL duality is simply the theory that sends a
spectrum X to (EQ\M)*(X) D E(lgz\u)*(X), two copies of the ¢-complete connective
complex K-homology of X. Meanwhile, it follows from Example [A73] together
with the calculation of H? of the height 1 Lubin-Tate tower in section 3.4 of [I5]
(or Theorem 4.4 of [67] for a more general result), that the TJL dual HQ, Ag,
JLy(G) of K(E(G)) A X splits as a wedge of countably infinitely many copies of
Aut(G) x GL,(Z,)-equivariant Eilenberg-Mac Lane spectra

[T ew V(W) ow),

w

where the coproduct is taken over all the continuous characters w : Z; — @Z where
@Z is equipped with the discrete topology.

Since ht,,(G) = 1, the action of Aut(G) = Z) on K(E(G)); is trivial, by Remark
Consequently, for n = 1, the cohomological side (4.32)) of TJL duality reduces
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to

. F (rfc(E(G»? A X, (HQy A, JMG))M(G))

= _K(E(G))Z) ANX, (H@e Ag, JLz(G))

hAut(G)]

1N\ hAut(©)

1%

K(E(G)); A X, (H (H(w ) eow) VEH((w ) ® w)))

w

(4.33)
& (m v zm) ANX,(HQ,V EH@)HN} :

To be clear, here we are using the standard notation [A, B] for homotopy classes of
maps from a spectrum A to a spectrum B.

This dramatic simplification of the TJL duals in the n = 1 case is in fact
a “feature” and not a “bug.” It is the key@ to proving that, when n = 1, the {-adic
topological Jacquet-Langlands duality preserves the L-factors, in a sense that we
will now explain.

Suppose that n = 1 and that X is a finite CW-complex. The “provisional KU-
local zeta-function” (xyu (s,X) of X is defined in the preprint [58] by taking the
Euler product which defines the Hasse-Weil zeta-function of a variety, replacing
the variety with the CW-complex X, replacing the Weil cohomology theory with
complex topological K-theory, and replacing the Frobenius operators on Weil coho-
mology with the Adams operations on K-theory. In Theorem 2.4 of [58] it is shown
that the resulting Euler product analytically continues to a meromorphic function
é ku(s,X) on the complex plane. Write P for the set of primes consisting of 2 and
all of the primes p at which the cohomology of X has nontrivial p-torsion. By The-
orem 2.8 of [58], if the cohomology H*(X;Z[P~1]) is concentrated in even degrees,
then the special values of (i (s, X) in a left-hand half-plane recover the orders of
the KU-local stable homotopy groups 7. Ly DX of the Spanier-Whitehead dual
DX of X, in the following sense. More precisely: write b for the greatest integer i
such that H?(X;Q) is nontrivial. Then

|T_ok—1(LxuDX)| = denom (éKU(l — k, X))

for all kK > b+ 1, up to powers of irregular primeﬂ and primes in P.
Now . (F(K(E(G))é\ A X, HQq Ag, JLZ(G))hA“t(G)> is a free graded module

over the graded ring

m. (F(K(E@))}, HQ, Ag, TL(G))" @)
(430 = (ku, (HQ v SHQ)"") @ 37 m, (Kur, (HQ, v £HTG) )
which is trivial in degrees > 1, by the connectivity of ku.

145ee observation 1, at the end of this section, for further explanation of why this simplification
is in fact absolutely necessary in order for the L-factors to be preserved.

15t irregular primes, the order of m_g;_1(LxyDX) is still describable in terms of special
values of C kU (s, X), but a more complicated statement is required, given in terms of the “isoweight
factors” of (xyr(s, X). See Theorem 2.8 of [58] for the precise statement.
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The ring is a product of infinitely many copies of the same (trivial) repre-
sentation of GL;(Z,). The large number of “redundant” factors is the price we have
paid for using the degenerating Lubin-Tate tower rather than the classical Lubin-
Tate tower (see Example , which was necessary in order to get the topological
realizations 01"’\?1‘;1, Oltf/’lppz, ... in appendix

We can pare down the redundant factors as follows. Choose a homogeneous basis
B for

A AL h Aut(G)
m. (F(K(E@)} A X, HQy Ag, JLi(G))"A4®))
over the graded ring (4.34]). For each homogeneous generator € B, the submodule
of m, (F(K(E(G))? A X, HQq Ayg, JLZ(G))hA“t(G)) generated by z is again a prod-
uct of countably infinitely many copies of the same representation pC of GLl(Zp).
Assume that p ¢ P. Then, since X was assumed to have rational cohomology
concentrated in even degrees, the homogeneous generator x is in degree 2w, for
some integer w,. Let pC(w,) be the w,th Tate twist of the G Ly (Z,)-representation

p€. Write L(s, p) for the L-factor associated to a representation p of GL1(Z,) (cf.
[33]). By the automorphic L-factor associated to G and X we mean the product

(4.3) T £Gs. € ).
TEB
Now, given the work already done in this paper as well as in [58], it is easy to
prove that TJL duality preserves the L-factors, as follows:

Theorem 4.1. Let X be a finite CW-complex. Suppose that H*(X;Q) is con-
centrated in even degrees. Let p be a prime such that H*(X;7Z) has no nontrivial
p-torsion. Let G be a height 1 formal group law over F,. Then the automorphic
L-factor associated to G and X is equal to the p-local Euler factor in the
provisional KU -local zeta-function éKU (s, X).

Proof. Since Aut(G) acts trivially on X(E(G)); by Remark the automorphic
L-factor (4.35)) is simply the product

(4.36) H (1 —pv=5)Fw,

weZ
where 32, = dimg H?*(X;Q) is the (2w)th Betti number of X. The latter is the
p-local Euler factor of (xp (s, X): see Definition 2.5 of [58]. O

The author would like to again stress that, if TJL duality actually matters,
it matters because it can help to understand and calculate homotopy groups of
finite spectra. Based on the Adams-Baird-Ravenel calculation [53] of m. Ly SY in
terms of special values of the Riemann zeta-function, and the generalizations in [61]
and in [58], the hope is that we ought to be able to use Langlands-like dualities to
associate Galois representations or automorphic representations to a finite spectrum
X in such a way that special values of the L-functions of the representations recover
the orders of the (Bousfield-localization) stable homotopy groups of X.

Consider what we get from TJL duality: we do not get a full-fledged L-function
from a finite spectrum X, but only an L-factor. The deep and mysterious behavior
of special values of complex-analytic L-functions, e.g. the Lichtenbaum conjecture
[43] or Deligne’s conjecture [20] on critical values of L-functions, involve analytically
continuing a well-understood function beyond its natural domain, and evaluating
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that analytic continuation outside the original domain. Trying to do this with only
a single L-factor does not yield much of interest. One needs global data, L-factors at
infinitely many primes, to get Lichtenbaum-conjecture-like phenomena for special
values in the left half-plane.

Hence we are motivated to make a global statement. Let G denote a formal
group law defined over Z, or perhaps Z with finitely many primes inverted. For
each prime p, write G ®y Fp for G base-changed to Fp. For each prime p, suppose
we have decided on a way to pare down the many redundant factors of the TJL dual
G L, (Zy,)-representation of (X(E(G)))), (X); we have already explained how to do
this in the height 1 case. To that f-adic G L, (Z,)-representation, fix an associated
automorphic p-local L-factor. By taking a product over all primes p—i.e., an Euler
product of the p-local L-factors—we get a full-fledged L-function associated to X.
Call this the automorphic Euler product associated to G and X.

If the automorphic Euler product associated to G and X analytically continues
to a meromorphic function on the complex plane, we will call that analytic contin-
uation the automorphic L-function associated to G and X, and we write Lg(s, X)
for it.

Now suppose that G is the formal group law of some complex oriented cohomol-
ogy theory E*.

Question 4.2. For some reasonable class of finite CW-complexes X:

(1) Does the automorphic Euler product associated to G and X analytically
continue? That is, does the automorphic L-function Lg(s, X) associated
to G and X exist?

(2) Suppose that Lg(s, X) exists. Are the orders of the Bousfield E-local stable
homotopy groups of X, m,(LgX), describable in terms of special values of
Lg(s, X)?

As a corollary of Theorem [£.1] in the height 1 case, the Euler product of the
automorphic L-factors associated to G and X is simply the Euler product of the
provisional KU-local zeta-function of X. Hence, as a corollary of the results of
section 2 of [58], we get a positive answer to both parts of Question 4.2|in the case
where E* is complex K-theory:

Theorem 4.3. Let G be the formal group law of compler K-theory, i.e., G is
the multiplicative formal group law over Z. Let X be a finite CW-complex with
torsion-free cohomology, and whose cohomology is concentrated in even degreeﬁ,
Write b for the greatest integer i such that H*(X;Q) is nontrivial. Then the
automorphic L-function Lg(s, X) associated to G and X exists. Furthermore, we
have an equality

|7T_2k_1(LKUDX)| = denom L(G,(l — k, X)
up to powers of 2 and powers of irregular primes, for all integers k > b+ 1.
The author hopes that a positive answer to Question can be obtained for
some formal groups G over Z, or perhaps over Z[P~!] for some finite set of primes

P, such that G has height i > 1 at some primes. The next case of Question to
consider is that of a Landweber exact elliptic curve C' over Z[AZ'], since any such

16A fow familiar examples: X could be taken to be a sphere of even dimension, or a complex
projective space of any dimension.
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elliptic curve has an associated elliptic cohomology theory whose underlying formal
group law agrees with that of C'. Hence the formal group will have p-height 2 at the
supersingular primes p of C. The author is optimistic that this can be made to work
for an elliptic curve C' with complex multiplication by a quadratic imaginary number
field F of class number 1, based on some computer calculations of the critical values
of twists of the Hecke L-function of the Grossencharacter of C'. The author also
has some preliminary calculations, not using elliptic curves or Jacquet-Langlands
correspondences, at heights 2 and 4 using the “height-shifting” method of [57], [59],
and [60] to compare abelian L-values over quadratic and quartic fields to orders of
K(2)-local and K (4)-local stable homotopy groups of finite spectra. These height
> 1 calculations go far beyond the scope of the present paper, though, and will
have to be described elsewhere.

We finish with two observations about , each of which leads to natural
questions that go well beyond the scope of this paper:

(1) The action of GLl(Zp) on is trivial. This made much of the work in
this section of the paper very easy in the case n = 1: there are never any
nontrivial representations of Aut(G) on the homological side of the
duality, or nontrivial representations of GLl(Zp) on the cohomological side
of the duality.

To be clear, triviality of the GLl(Zp)-action on is indeed abso-
lutely necessary for the height 1 automorphic L-functions of finite CW-
complexes to correctly describe the KU-local stable homotopy groups of
those complexes. This is because the TJL dual of (K(E(G))«(X) is
determined by the action of the group of Adams operations 2;; =~ Aut(G)
on a rational spectrum associated to X. But the action of Adams op-
erations is well-known to be rationally diagonalizable, i.e., the associated
automorphic L-factors must be products of Tate twists of L-factors of trivial
GL,(Z,)-representations.

To see a duality in which more interesting representations of GL,,(Z,)
arise, one can of course look to heights n > 1, where the Aut(G) action on
will generally be nontrivial, as explained at the end of Remark
But it is still not clear whether supercuspidal representations of GL,, (Zp)
ever occur in . This ought to be decidable by explicit calculation in
the height n = 2 case, but not by any calculation which is short enough to
reasonably include in this paper. The concern is simply that relatively few
representations of Aut(G) can be realized in the form (X(E);), (X) for E
an Fo-ring spectrum with an action of Aut(G).

The right thing to do is probably to just get rid of the algebraic K -theory
on the homological side of TJL duality. Rather than considering
the action of Aut(G) on (X(E(G));), (X), we should simply consider the
action of Aut(G) on E(G).(X), since the cohomology of that action is the
input for the descent spectral sequence converging to a small extension of
7o (L (n) X ); see [23] for this well-known spectral sequence, which is of great
importance in calculations.

However, algebraic K-theory appeared in because we needed to
get an L-adic representation of Aut(G) for ¢ # p, rather than a p-adic
representation of Aut(G), in order to use the existing results on the ¢-adic
Jacquet-Langlands correspondence. It is entirely reasonable to ask for a
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p-adic (rather than f-adic) topological Jacquet-Langlands duality, which
relates certain p-adic representations of Aut(G) occurring in E(G).(X) to
p-adic representations of GLn(Zp) occurring in the homotopy groups of an
appropriate dual of E(G).(X) along the lines of (£.31). This will be more
difficult than the ¢-adic case, probably involving recent progress toward a
p-adic Jacquet-Langlands correspondence (e.g. as in [62] and [24]), and it
is a subject for another paper.

(2) The cohomological side of TJL duality, (4.33)), is a rational invariant of the
{-adic homotopy type of X. For example, given finite CW-complexes X;
and Xo, (4.33) can distinguish X from X» if and only if Betti numbers can
distinguish X; from Xs.

This insensitivity of is an artifact of the fact that we have taken
a smash product with HQ, in . That smash product was required in
order to get a Q,-linear representation of GLR(ZP), so we could use known
results on f-adic Jacquet-Langlands correspondence. But of course we could
have left out that smash product, and simply considered

. (F(K(E)Q AKX, JLe(G))hA”t(G)) ,

a Z-linear representation of GLn(Zp). This is probably a much richer
invariant of X than the cohomology theory (4.33)), and worth some further
investigation—but not in this paper, which is already too long.

APPENDIX A. TOPOLOGICAL REALIZABILITY AND THE LT TOWER (BY A.
SALCH AND M. STRAUCH)

A.1l. Review of the Lubin-Tate tower. Given a commutative ring A and a
commutative A-algebra R, recall that a formal A-module over R is a formal group
law F(X,Y) € R[[X,Y]] over R together with a ring map p : A — End(F) such
that p(a)(X) = aX modulo X2 for all a € A. For any prime p, formal Z,-modules
are equivalent to formal group laws over commutative Zp—algebras. Consequently
the case A = Zp is the base case, and the most relevant case for the topological
applications which begin in appendix [A73] Nevertheless for the algebraic applica-
tions of the Lubin-Tate tower, cases of A other than A = Zp are also important:
for example, to realize the f-adic Jacquet-Langlands correspondence for a p-adic
number field F', one uses the Lubin-Tate tower of a formal Op-module. We will
present the ideas for general A (satisfying the constraints of Conventions ie.,
A is the ring of integers in a finite field extension of Q,) until it becomes necessary
to restrict to the case A = Zp.

One can define the A-height of a formal A-module in an intrinsic way (see [35]
for a textbook account), but the most relevant facts about A-height are as follows:

e The A-height of a formal A-module is either co or a nonnegative integer.
It is zero if and only if w is a unit in R.

e Suppose F,G are formal A-modules defined over a separably closed field
extension of the residue field of A. Then F and G are isomorphic if and
only if their A-heights are equal.

e Write Frac(A) for the fraction field of A. Then the A-height of a formal
A-module G is equal to the p-height of the underlying formal group law of
G, divided by the degree [Frac(A) : Q] of the field extension Frac(A)/Q,.
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Given a formal A-module F' over R and an element a € A, the power series
p(a)(X) € R[[X]] is often called the a-series of F', and written [a]r(X). The case
in which a = w, a uniformizer for A, plays a special role in Definition This
definition originated with [25]:

Definition A.1. Let m be a nonnegative integer. Let G be a formal A-module,
of A-height n < oo, over a complete local commutative A-algebra B with maximal
ideal mp. By a Drinfeld level w™-structure on G we mean a homomorphism ¢ :
(w™™A/A)" — G(mp) of A-modules such that the w-series [w]g(X) € B[[X]] of
G 1is divisible by the product

I[I &x-é).

ac(w—1A/A)"

Suppose now that G is a formal A-module over a separable field extension k of
the residue field of A. Let R be a complete local Noetherian commutative ring with
residue field k. A deformation of G to R is a pair (F, 1), where F is a formal A-

module over R, and 1 is an isomorphism of formal A-modules F®g k =4 G. There
exists an affine formal scheme Def(G) such that the set of local ring homomor-
phisms I'(Def(G)) — R is in natural bijection with the set of isomorphism classes
of deformations of G to R. The formal affine scheme Def(G) is non-canonically
isomorphic to Spf W (k)[[u1, ..., un—1]], where n is the A-height of G.

More generally, a deformation of G to R with Drinfeld level @™ -structure is a
triple (F, 4, ¢), where (F, %) is a deformation of G to R and where ¢ is a Drinfeld
level w™-structure on F. There again exists an affine formal scheme Def(G)y mm
such that the set of local ring homomorphisms I'(Def(G))yy o= — R is in natural
bijection with the set of isomorphism classes of deformations of G to R with Drinfeld
level w™-structure. This is a consequence of Theorem 4.3 of [25].

Here are some well-known properties of Def(G)jy o= established in [25]:

e In the case m = 0, we have Def(G)}y) o = Def(G).
e Composing the natural inclusion (wf(mfl)A/A)n — (w™AJ/A)" with a
Drinfeld level w™-structure ¢ : (w™"™A/A)" — G(mp) on a deformation
G of G, we get a Drinfeld level ™ '-structure on G. By naturality and
the Yoneda lemma, we get a map of formal schemes
(A.37) Def(G)1y1wm — Def(G) 1y m—1.
This map is flat, but not étale. It is étale after inverting wo, and the resulting
ring map @~ 'T'(Def(G)1y o) — @ T (Def(G)1y1 m ) is a Galois cover with
Galois group GLp(A/w™).
e The resulting sequence of formal schemes
(A.38) ++o = Def(G) 11 w2 — Def (G111 — Def (G )11 0
is called the Lubin-Tate tower of G.

Now suppose that A = Z,. From Goerss-Hopkins [32] it is known that there
exists a presheaf 0*°P of E,-ring spectra on the small étale site Def(G)¢; satisfying
the following properties:

e For each étale open U of Def(G), we have an isomorphism of graded rings
7, 0%P(U) = T'(U)[ut!], with v in degree 2 and I'(U) concentrated in degree
0. In particular, the presheaf of commutative rings 7y o O*°P coincides with
the structure sheaf on Def(G)gt.
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e For each étale open U = Def(G) Xgpew(x) Spf W(F) with I a separable
field extension of k, the ring spectrum 0*P(U) is complex oriented, and the
formal group law on the ring moO'P(U) arising from the complex orientation
of 0"P(U) is equal to the universal formal group law on T'(U). See [2] or
[37] for good expository accounts of complex oriented cohomology theories
and their associated formal group laws.

Even before the publication of [32], the height 1 case was in some ways well-
known: if G is the multiplicative formal group law, then T'(0%P) is the p-complete
periodic complex K-theory spectrum, KU »,» which was known to be an E-ring
spectrum much earlier (e.g. in [48]). The paper [63] established that there cannot
exist an o KUp—algebra B such that 7o (B) is isomorphic to I'(Def(G)iy1,m ) as a
I'(Def(G)yy1 po )-algebra, except in the base case m = 0. That is, even in the height
1 case, the sheaf of E,-rings 0'°P on Def(G)g cannot lift to a sheaf of E..-rings on
any of the higher stages in the Lubin-Tate tower . In that sense, the Lubin-
Tate tower is not “topologically realizable.” The same phenomenon for heights > 1
is demonstrated in [22].

A.2. The degenerating Lubin-Tate tower. We address the problem of topo-
logical nonrealizability of the Lubin-Tate tower by a simple method: we embed the
Lubin-Tate tower into a larger tower, the degenerating Lubin-Tate tower, which is
topologically realizable.

There are two fundamental properties of the degenerating Lubin-Tate tower
which make it useful:

(1) Tts topological realizability, as we prove below, in Theorem

(2) The tower admits a stratification, which we construct in this section, and
which we call the stratification by degeneration type. In Proposition [A4] we
show that one of the strata splits off, on the Raynaud generic fibres, as a
coproduct summand, and this stratum is precisely a copy of the classical
Lubin-Tate tower. We use this fact to get a handle on the étale cohomology

of Def(G)!°&" in Theorem and Example

Ivlww™ >
The idea of the degenerating Lubin-Tate tower is straightforward. By definition,
a Drinfeld level w™-structure on a formal A-module G over B is an A-module
homomorphism ¢ : (w™™A/A)" — G(mp) such that

(A.39) H (X — ¢(a)) divides [w]g(X).
ac(w—1A/A)"

Condition (A.39)) is equivalent to:

(A.40) 1T (X — ¢(a)) divides [@™]g(X).
ac(w—mA/A)"

We consider a relaxation of (A.40) in which the Drinfeld divisibility condition (A.40)
is allowed to fail, but only within some fixed subset S of (w™™A/A)", as follows:

Definition A.2. Let m be a nonnegative integer. Let G be a formal A-module of
A-height n over a complete local commutative A-algebra B with maximal ideal mp.
Let S be a subset of (w™™AJA)". By a level @™ structure on G of degeneration
type S, we mean a homomorphism ¢ : (w™™A/A)" — G(mpg) of A-modules such
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that

(A.41) [ (X = 6(a) divides [=™]g(X).

a¢sS
We call such level structures—i.e., level @™ structures of degeneration type S, for
various S—degenerating level @w™ structures.

Here are some observations about degenerating level structures.

(1) In the case that S is the empty set, a degenerating level @™ structure
of type S is precisely a Drinfeld level @™ structure. So Drinfeld level
structures are a special case of degenerating level structures.

(2) In the opposite extreme case, when S is the entirety of (w™™A/A)", a
degenerating level w™ structure of type S is simply an A-module homo-
morphism ¢ : (w™™A/A)" = G(mp).

(3) Given a formal A-module G over a field extension k of the residue field of A,
it is not difficult to see that there exists a formal affine scheme Def (G) {85

which parameterizes isomorphism classes of deformations of G equipped

with level @w™-structure of degeneration type S.

(4) If S is a subset of T C (w ™A/A)", then Def(G)5%5 is a formal sub-

lvlwm™

scheme of Def(G) (8T Consequently, we have a stratification of Def (G)1%8",

by the formal subschemes Def (G)?velg;r:f , Tanging over various subsets S of
(w™™AJA)". We refer to this stratification as the stratification by degen-
eration type. This stratification is only a minor variation of the “typed
subgroups” of Strickland [68].

Below, in Proposition we prove that in the extreme case that S = ()
and T = (w~™A/A)", this inclusion is both closed and open on the generic
ﬁbrﬂ That is, the generic fibre of Def(G)y1 o= is a closed and open

d “mAJA)"
rigid analytic subspace of the generic fibre of Def (G)hig;?,gw /4) , the

deformation space for all degenerating level w™ structures. We will write

Def(G)15 " as an abbreviation for Def(G)degen(W7MA/A) .

Ivlwwm™ Ivlww™
(5) We have a natural map Def(G)5" 5 — Def (G)f\ig;rif_’ls, given by the same

construction as the map (A.37), above. In the case S = (w™™A/A)", We
call the resulting sequence of formal schemes

- = Def (G195 — Def(G)j B — Def(G)y e

vl w2 Ivl w9

the degenerating Lubin-Tate tower.
6) The formal scheme Def(G)%#2, is isomorphic to Spf of the Z,-algebra
( P P p-alg

Ivlwwm™
L'(Def(G))[[X]]/[@™]5(X) @rmet()) - - @ret(c)) L' (Def(G))[[X]]/[™]s(X),

an n-fold tensor power of copies of I'(Def(G))[[X]]/[™]z(X), where G is

the universal deformation of G defined over I'(Def(G)).

Example A.3. Suppose that G has A-height 1. Then, for each positive integer m,
we have a unique maximal-length sequence of A-submodules of (w™™A/A)":

w MAJAD w ™TAJAD - Dw PA/AD w TAJADO.

1Twe suspect that our argument for Proposition generalizes to yield the same conclusion
for general S and T', but there seems to be no immediate need for this extra generality.
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Write S; for the complement of w7 A/A in w7~ A/A. Then Def(G){E"% clas-

Ivlw™

sifies deformations G of G equipped with an A-module map 7 : w™"A/A — G(mg)

whose kernel is contained in the A-submodule w7A/A C w™™A/A.
Consequently, the complement of Def (G)izg;?,,s It in Def (G)?ﬁg;lf 7 is isomorphic

to Def(G)1y1wi- On the generic fibres, we have a splitting of the deformation space

Def (G)ﬁfﬁ:}n with degenerating level w™-structures:

(A.42) Def(G){ %, 22 Def (G)1v1 o

vlw™ —

[T Det(G)rom-
II--

[ Def (G
[ Det (G wo-

The map Def(G)E™, — Def(G)fViggfn,l in the degenerating Lubin-Tate tower
sends the component Def (G)y1 s of the generic fibre to the component Def (G )y i1
of the generic fibre, by the same map as in the classical Lubin-Tate tower. Con-
sequently, on the generic fibres, the height 1 degenerating Lubin-Tate tower is the
disjoint union of countably infinitely many copies of the classical Lubin-Tate tower,

one for each nonnegative integer i, with the ith tower “delayed” by i terms:

(A.43)

Def(G)lvl w2 > Def(G)lVl w2 H Def(G)1V1w1 H Def(G)M 0

Def(G)lvlwl — Def(G)lvlwl H Def(G)lvl w?

Def(G)lvl w0 Def(G)lVl 0 -

We caution the reader that the disjoint union decomposition of the degenerating
Lubin-Tate tower described in and pictured in the right-hand column of
only occurs after inverting w, i.e., it is only a splitting of the generic fibres.

To build intuition, it is helpful to see the splitting more explicitly in a
special case. Let A = Zp, and let G be the multiplicative formal group, so that the p-
series [p]g(X) is simply the polynomial (X +1)? —1. We have Spf Def(G)}y] o = Zp,
and furthermore:

Spf Def(G)yym = Z,[[X])/ [P ]s(X)

vl p™
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where ¢o(Y) = Y and where, for j > 0, the polynomial ¢;(Y) is the mini-
mal polynomial of a primitive p/th root of unity Cpi over Zp[(pj_l]. We have
Spf Zp[[Y]]/qu (V) 2 ][ Def(G)1y1 00 after inverting p. Consequently the generic fi-

bre of Spf Z,[[Y]]/ H;'n:o ¢;(Y") is then the union of the generic fibres of Spf Zp[[YH/@ (Y)
for j=0,...,m.

In Example for each A-submodule V of w™"™A/A, it was convenient to be able

to refer to some subset S; of @w™™A/A such that Def (G)ﬁzg;lsj would classify defor-
mations with a level structure which would satisfy the divisibility condition on the
elements of V. More generally, for arbitrary (finite) heights: for each A-submodule
V of (w™™A/A)", we will write } for the complement of V in (cw=™A/A)". Con-

sequently Def ((G)dege“/v/ classifies deformations with a level structure which satisfies

vlwm™

the Drinfeld divisibility condition on the elements of V.

Proposition A.4. Let m be a positive integer. Let G be a one-dimensional formal
A-module, of finite A-height n, over some field extension k of the residue field A/w
of A. Then Def(G)1y1mm is closed and open in Def(G)degen

vlwwm™*

Proof. For any A-submodule S of (w™™A/A)", consider Def(G)!°€5 as a formal

Ivlw™
subscheme of Def(G)3%°™ | The former is characterized by its classifying those

o vlwom™ >
triples (G, ¢,1)) whose degenerating level structure ¢ : (w™™A/A)" — G(mg)
has the property that the image of ¢ |(5-ma/4)m\s spans an A/ww-submodule of

G(mg)/w which is as large as possible, i.e., isomorphic to a maximal A-submodule
of (w=™A/A)" not containing S. This is an open condition. Hence Def(G){!%& 5

1 Ivlw™
is open in Def(G){ iy, .

The formal scheme Def(G)1%". is isomorphic to

I(Def(G))[[61]]/[™]g (61) @r(pet(c)) T'(Def(G))[[0]]/[w™]5(62)
®r(Def(G)) *** Ar(pet(@)) L (Def(G))[[0n]]/[=™]5(0n)-
In the case S = (), in the proof of the lemma preceding Proposition 4.4 of [25],
Drinfeld gives a presentation for Def (G)?Velg;?,ls = Def(G)y1om by calculating the
power series © such that the joint vanishing of ©(61),...,©(6,,) characterizes the
subset Def(G)jy1m of Def(G)I%E . Vanishing of ©(6,),...,0(6,) is a closed

condition, so Def(G)! % is a closed subset of Def(G)!E . O

lvlww™ vlwm™

A.3. Topological realizability of the degenerating Lubin-Tate tower. We
now demonstrate the topological realizability of the degenerating Lubin-Tate tower,
but there is very little work to do, since the essential calculation is a special case
of the results of the influential paper of Hopkins-Kuhn-Ravenel [36].

Theorem A.5. Let m be a positive integer. Let G be a one-dimensional for-
mal Zy-module, of positive finite p-height n, over some algebraic field extension k

. . top top top
of F,. There exists a compatible sequence Ope1 502 Ot pi> Oyt p2s - - - of presheaves,

where for each m, Oltvolppm is a presheaf of Eoo-ring spectra on the small étale site of

Def(G)ilvig;E. These presheaves satisfy the following conditions:

e For each étale open U of Def(G)ﬁfﬁfﬁ, we have an isomorphism of graded

TiNgs T Olt\(,)lppm(U) =~ T(U)[u*Y], with u in degree 0 and T'(U) concentrated
in degree 0.
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e For each étale open U = Def(G)?velg:ﬁ X spt w (k) SPE W (F) with F a separable
field extension of k, the ring spectrum Oltflppm(U) is complex oriented, and

the formal group law on Oltvolppm(U ) arising from the complex orientation
is equal to the universal formal group law on T'(U).

o Offf;o recovers the presheaf O'°P constructed by Goerss-Hopkins theory, de-
scribed above in appendiz|A. 1)

Proof. Let C}. be the Cartesian product of n copies of the cyclic group Cpm. A
well-known result of [36] establishes that, for any Landweber exact complex oriented
cohomology theory E*, the E-cohomology E*(BC}) is isomorphic to the tensor
product

E*[[X]]/[ple(X) ®p- - - @p- E*[[X]]/[ple(X)
of n copies of E*[[X]]/[p™]|r(X), where [p™|r(X) is the p™-series of the formal
group law F on E* associated to the complex orientation of E*.

In particular, consider the Morava-Lubin-Tate FEo.-ring spectrum E(G) con-
structed in [32], whose fundamental property is that it represents a Landweber-exact
complex-oriented cohomology theory with coefficient ring F(G)* = T'(Def(G))[u*1],
and such that the formal group law on E(G)? associated to the complex orienta-
tion is the universal deformation G of G. Here u is in degree 2, while T'(Def(G)) is
concentrated in degree zero.

Observe that

e the spectrum X°B (C’;’m) is a suspension spectrum, hence it has a diagonal

map,

e and E(G) is an E-ring.
Consequently the function spectrum F (Z‘fB(C’I?m), E(G)) is an F,-ring spectrum.
By the result of Hopkins—Kuhn—-Ravenel, we have

T F (E‘fB(Cgm), E(G)) = E*(B(Cpn))
(A.44) = (T(Def(G))[[X]1/[p™]5(X) @rDet(@)) - -
- ®rer(e)) T(Def(G)[X])/ ™5 (X)) [u™'].

By and observation #6 in the list of observations on degenerating level
structures in appendix the graded FE(G)*-algebra is isomorphic to
[(Defdeeeny,

lvlpm
Hence F (2°B(Cp), E(G)) is an even-periodic Ey E(G)-algebra whose mg
agrees with I'(Def (G)ﬁfﬁfn) For each affine étale open U of T (Def (G)ﬁf’lg;,ﬂ), let
top
Olvlpm

0 (OtoP (U)) =~ T(U) as I'(Def(G)25" )-algebras and such that

Ivlp™ Ivlp™

(U) be the unique-up-to-contractible-choice Eo.-ring F(G)-algebra such that

- (ofjgm(U)) = T(U) ©pper(yioren ) T F (ST B(Cn), B(G)) .

Ivlp™

O

A.4. Review of the role of cohomology of the LT tower in Langlands
correspondences. Given a formal scheme X with ideal of definition contain-
ing the prime p, and given a prime ¢ # p, we will write H}, (X;Qy) for Q ®3,
lim; oo H (X;Z/0Z). The cohomology of the rigid analytic generic fiber of X,
with constructible torsion coefficients of torsion order prime to p, agrees with the
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étale cohomology of X with the same coefficients (see Lemma 2.1 of [6]), so it does
no harm to confuse X and its generic fibre when we write HY, (X;Q,). We also
write H!(X;Qy) for Qg ®z, Imj o0 Hi{X;Z/0Z), where H(X;Z/{Z) is the co-
homology with compact support of the rigid analytic generic fibre of X. Similarly,
H} (X;Q) and H!(X;Q,) will denote H, (X;Q¢) ®q, Q, and H:(X;Qy) ®q, Q,
respectively.

Let G be a one-dimensional formal A-module, of A-height n, over the algebraic
closure of the residue field A/w of A. Write F for the field of fractions of A. The
Galois group of the cover Def(G)y om — Def(G) is isomorphic to GL,,(A/w™), so
in the limit, GL, (A) acts on colimy,oc HE (Def(G)ivi wm; Q¢). The automorphism
group Aut(G) also acts on each stage of the classical Lubin-Tate tower, hence also
on colimy, oo HE (Def(G)iy1om; Q). We may incorporate an action of the Weil
grouplﬂ by extending the base field of the generic fibre Def(G)y) »m before taking
cohomology, so that Gal(F/F"™") acts on Def(G)jy1 wm X pnr F' and hence on its co-
homology. This action of Gal(F/F™") extends to an action of W (see Proposition
2.3.2 of [I4]), so that GL,,(A) x Aut(G) x W acts on colim,, H, (Def(G)iy1 mm X pnr
F;Qy) and on colim,, H*(Def(G)1ywm X pnr F;Qg). In fact a bit more is true:
the automorphism group Aut(G) is isomorphic to the unit group of the maximal
order Op,,, . of the central division F-algebra of Hasse invariant 1/n, and the
action of GL,(A) x Aut(G) x Wg on colim,, H}, (Def(G)iy1wm X pnr F; Q) and
on colim,, H}(Def(G)1mm Xpnr F;Qp) extends to an action of the subgroup of
GL,(F) x D1></n,F x W counsisting of those triples (M, x, o) such that |det M| is
equal to the product of |det z| with the norm of the image of o under the composite

of the projection Wr — W2P with the inverse of the Artin map F* = wgb.
(To be clear, we will not need to make use of all of this structure in this pa-
per: in the new results in this paper we shall only have need to use the action of
GL,(A) x Aut(G) x W, and in fact we will almost always leave off the Weil group
factor, for simplicity, and only work with GL,,(A) x Aut(G).)

The upshot is that, given a Q,-linear representation p of Aut(G), for each integer
i we get two Q,-linear representations of G'L,(A) x Wi:

homg (4 ¢y (p, colim,y, HE, (Def(G)iv1 wm X pnr F;Qy))  and

homg (4 () (p, colim,, H!(Def (G m X por F; Q) -

Conversely, given a Q,-linear representation 7 of GL,,(A), we get Q,-linear repre-
sentations of Aut(G) x Wg:

homg;, (7. (a)) (colimy, Hé (Def(G)iwm X prr F3Qy),m) and
(A.45) homg 1 (a)) (colimy,, H.(Def(G )1y mm X pnr F;Qp), ) .

18 nice textbook treatment of the Weil group can be found in [51]. Its one-sentence charac-
terization is as follows: W is the preimage of Z C Z under the canonical map

Gal(F/F) — Gal ((A/w) /(A/w)) =NA
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If 7 is irreducible and supercuspidal, then the representation (A.45) of Dlx/n P
is known [34] to be finite-dimensional, smooth, and to satisfy the relation

Z(—l)””‘l hom@z (GLn(F)] (colimm H! (Def (G)1y1 wm X por F;Qp), 7T) =n-JL(7)
i>0

in the Grothendieck group of admissible representations of Dlx/n’ - Here JL(m)
denotes the representation of D1X/n,  associated to 7 by the local Jacquet-Langlands
correspondence ([21], [56], in the n = 2 case [38]). In this paragraph we have largely
ignored the action of Wp, but if one considers the analogue of with D1X/n, F
replaced by Wpg, one realizes the local Langlands correspondence rather than the
local Jacquet-Langlands correspondence.

We have sketched only the handful of ideas most immediately relevant for this
paper, and this sketch gives only a very incomplete picture of the full story told by
[34].

We recall one further development of the theory. In 4.2.7 of [65], “Hypothesis
(H)” is stated: it is a mild, but unproven, assumption of finite-dimensionality of
the f-adic cohomology of the strata in Strauch’s stratiﬁcatioﬂ of the “mod w
boundary” of the generic fibre of each space in the Lubin-Tate tower.

Both the étale and the compactly-supported cohomology of Def(G)iy1mm X pnr
F are concentrated in degrees < 2n — 2. More specifically, Lemma 2.5.1 of [65]
establishes that

Hét (Def(G)lvl wom X fnr F, @e)
is finite-dimensional for each m, and trivial if ¢ > n — 1, while
H(Def(G)iwm X pnr F;Qy)

is finite-dimensional for each m, and trivial if i <n —1 or ¢ > 2n — 2.
In Theorem 2.5.2 of [65] (conjectured by Carayol in [I5]), it is proven condition-
ally that the cohomology in the middle degree plays a special role:

Theorem A.6. Let £ be a prime distinct from the characteristic p of A/w, and let
L be an irreducible supercuspidal representation of GL,(F) which is realizable over
Q. Suppose that Hypothesis (H) holds. Then, for all i #n — 1,

homg 1. (p)) (colim,y, H(Def(G)v1 wm X prr F;Qp), )
is trivial. Furthermore, in the middle degree, we have
homg 11 (p)) (colimy,, H ' (Def(G) i wm X prr F3Qy),m) 22 9L(m)®™.

That is, the supercuspidal irreducible representations of GL,(F) all occur in the
middle-degree cohomology of the Lubin-Tate tower. In the other degrees, one can
find principal series and Steinberg-like representations instead.

Today Theorem is known unconditionally: it was proven by Mieda in [49],
by a different method, which avoids the assumption of Hypothesis (H).

1975 avoid any possible misunderstanding, we point out that Strauch’s stratification of [65]
degen
vlwwm
stratifications are not defined on the same spaces.

is not the same as the stratification of Def(G) by degeneration type. Indeed, the two
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A.5. Partial Drinfeld level structures and the cohomology of the degen-
erating LT tower. Proposition[A.4]yields an equivariant splitting in cohomology:

Theorem A.7. Let G be a one-dimensional formal A-module, of A-height n, over
some field extension k of the residue field A/w of A. Let m be a positive inte-
ger. Then, for each integer i, the Qg-linear representation H}, (Def(G)y1pm; Qe) of
GL,(A/w™)xAut(G) is a summand in the Qp-linear representation H, (Def(G )?ﬁg;ﬁ ; Qo)
of GL,(A/w™) x Aut(G).
Similarly:
o the Qq-linear representation H:(Def(G)y1pm; Q) of GL,(A/w™) x Aut(G)
is a summand in the Qq-linear representation H:(Def(G )ﬁf’lg;ﬁ, Q) of GL, (A)wm™) x
Aut(G),
o the Qp-linear representation HE (Def(G)yy1pm X pur F; Qp) of GLy (A/w™) X
Aut(G)xWr is a summand in the Qp-linear representation HY, (Def(G)ijvelg;ﬁ
F;Qp) of GL,(A/@™) x Aut(G) x Wp,
e and the Q-linear representation H:(Def (G )1y pm X pnr F'; Q) of G Ly (A)w0™) %
Aut(G)x W is a summand in the Qq-linear representation Hi(Def(G)ﬁﬁg’;ﬁ X pnr
F;Qp) of GL,(A/@™) x Aut(G) x Wg.

X pnr

Example A.8. Consider the case of Theorem[A7]in which G has A-height 1. The
A-submodules of w™"A/A all fit into the sequence

w MAJAD w ™TAJAD - DwtA/ADO.

In Example we wrote S; for the complement of w7A/A in w7/~1A/A, and

we showed that the complement of Def (G)ﬁigg:nsj *'in Def (G)ﬁigg:nsj is isomorphic
to Def(G)jy1wi. Consequently a strengthening of Theorem holds: not only is
the cohomology of Def(G )y m a summand in the cohomology of Def(G)8? it

Ivlwm>

is even true that Def(((})ﬁflg;r}n splits equivariantly as the direct sum of the coho-

mologies of the formal schemes Def(G)yy1 s for each j € {0,...,m}.

Example A.9. Now consider the case of Theorem [A7]in which G has A-height 2.
The A-submodules of (cw=tA/A)? are of three kinds:
(1) the zero module,

(2) A/w-rank 1 submodules of (w™'A4/A)?, which are in bijection with the
(geometric) points in the projective space Ph/w,
(3) and (w™tA/A)? itself.
This yields a decomposition of Def(G)1%} as follows:
Rank 2 degeneration type: We will use a notation introduced in appen-
dix for each rank A/c-linear subspace V of (A/w)?, write ¥ for the
complement of V in (4/w)?.
The complement of U, oy, _ ()1 Def (G)degen)/ in Def(G)%5% classifies

vl ww!

only the trivial degenerating level w!-structure, i.e.,

vl w? vl wwl
rank 4 /o (V)=1

Def(G)d5" U Def(G)X 5% = Def(G),

the classical Lubin-Tate space without level structures.
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Rank 1 degeneration type: For each A/w-rank 1 A/w-linear subspace V
of
(cw=1A/A)?, the complement of Def(G)yy) 1 in Def(G)?ﬁgﬁ/y/ classifies de-
formations of G equipped with a degenerating level w!-structure which
degenerates in V' and only in V. Up to isomorphism, this does not depend
on the choice of V: it is equivalent to giving a deformation GofV equipped
with a map

(A.46) ¢:w LA/A = G(mg)

satisfying the divisibility condition on all elements of w~!A/A. Note that
the domain of is w1A/A, not (w tA/A)?

Drinfeld, in [25], described the space classifying deformations of G equipped
with a map of the form satisfying the stated divisibility condition:
it is the formal scheme Spf L, where L; is the ring

L(Def (G))[[6]]/ ([=]5(6)/0) -

Rank 0 degeneration type: The intersection of the subspaces Def (G)degen/‘/

vl !
of Def (G){%8} , across all A/w-rank 1 A/w-linear subspaces V of (w1 A/A)?,
is Def(G)1y1 1, the classical Lubin-Tate space with Drinfeld level w!-structures.
Consequently the ¢-adic étale cohomology of Def (G)?\flg;? splits GLa(A/w)x Aut(G)-
equivariantly as follows:

1, (Def(G)5%; Qr) = H, (Def (G); Q)
® D Hi (SpfLi;Q)

1
z€P,

® Hé, (Def(G)1y1 15 Qr)

More importantly for our purposes, a similar decomposition holds for compactly
supported cohomology H¢ in place of étale cohomology. It also holds (W g-equivariantly)
for the cohomology of these deformation spaces base-changed to F.

It is not difficult to extend this decomposition of the cohomology of Def (G)ﬁf"lg;?
to higher level and higher heights. We carry this out in Theorem Our argu-
ment for Theorem will require some use of “partial Drinfeld level structures,”
which we now define.

Definition A.10. Let G be a one-dimensional formal A-module.

o Suppose m is a nonnegative integer. By a deformation of G with partial
Drinfeld level @™ structure we mean a deformation G of G together with
an A-module homomorphism D — G(mp), for some A-submodule D of
(w™™AJA)", such that

H (X — ¢(a)) divides [w]e(X).

a€D

We refer to D as the domain of the partial level structure.

e It is not difficult to see that, for a fived choice of A-submodule D of (w™™A/A)",
there exists a formal scheme Def((G)?V[l)wm of deformations of G equipped
with partial Drinfeld level @™ structure. By a partial Lubin-Tate space
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we will mean a formal scheme of the form Def(G)ﬁ,Il)wm for some nonnega-
tive integer m, some formal A-module G of some finite height n, and some
A-submodule D of (w™™A/A)".
e By contrast, we refer to a formal scheme of the form Def(G)iwm, for
any nonnegative integer m and formal A-module of finite height n, as a
Lubin-Tate space of classical type.

Lemma A.11. Every partial Lubin-Tate space of level w! is finite and flat over
a Lubin-Tate space of classical type. Furthermore, after inverting w, every partial
Lubin-Tate space of level w' is étale over a Lubin-Tate space of classical type.

Proof. This is really a result of Drinfeld, expressed in only slightly different lan-

guage. Every A-submodule of (w™1A/A)" is isomorphic to a direct sum of copies

of A/w. For concreteness, suppose D = (w tA/A) C (w tA/A)", with d < n.

Then Def(G)?7_, is described by a result of Drinfeld, from Proposition 4.3 of [25]:
Def(G)9P_, = Spf L,

vlw! —

where Ly is constructed inductively: Lo := I'(Def(G), while

Lj=L;[[0]]/ | [=]g(0)/ 11 (0 — ¢j-1(a))

a€(w—1A/A)I-1

for j > 1. Here ¢;_1 is the universal partial Drinfeld level w’-structure with
domain (ww™1A4/A)7 71, classified by Spf L;_1. Finiteness and flatness of each of the
maps Lo — Ly — -+ — Ly is proven by Drinfeld in Proposition 4.3 of [25]. It is
straightforward to see that the maps are consequently étale after inverting co. [

Proposition A.12. Letm be a positive integer. Let G be a one-dimensional formal
A-module, of finite A-height, over some field extension k of the residue field A/w
of A. Then the generic fibre of the degenerating Lubin-Tate space Def(G)degen

lvlw™

decomposes as a disjoint union of finitely many regular quasi—aﬂ?nﬂ rigid analytic
spaces.

Furthermore, if m = 1, then the generic fibre of Def(G)5™, decomposes as a

Ivlw™

disjoint union of the generic fibres of partial Lubin-Tate spaces.

Proof. We begin by proving the second claim, before moving on to the first claim.
Suppose that m = 1. Given an integer d € {1,...,n}, choose a d-dimensional A /-
linear subspace V of (w~1A/A)". Consider the (d — 1)-dimensional A/ww-linear

subspaces W of V. The complement of Def(G)degeny/ in Def (G)degen"/ classifies

vl ! vl !

20«Quasi-affine” is defined in Definition 5.5 of [7]: a rigid analytic space X is quasi-affine if
each compact subset of X is contained in an affinoid domain which is isomorphic to a rational
domain in the analytification of an affine scheme of finite type over an appropriate base.

For the purposes of this paper, we suggest taking the notion of “quasi-affineness” as a black
box. Quasi-affineness is used in this paper in only two places: in Theorem [A-12} we show that
degenerating Lubin-Tate spaces are quasi-affine; and in Theorem [3.5] we apply the quasi-affineness
of degenerating Lubin-Tate spaces in order to identify the abutment of the modified vanishing
cycles stalk spectral sequence. For the former argument, we use Berkovich’s Corollary 5.6 of [7], a
tool for showing that certain rigid analytic spaces are quasi-affine, which we can deploy in a black
box fashion.
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deformations of G with level structure which is nondegenerate outside of V', and
degenerate somewhere in W. Taking the union over W: the complement of

U pe@p”
rank 4 /oo W=d—1
in Def (G)?Velggiy classifies deformations of G with level structure which is nonde-
generate outside of V', and degenerate everywhere in V. Such a level structure is
uniquely determined by giving a partial level structure with domain of A/w-linear
dimension n — d, i.e.,

(@ rAa/A)" )

Ivl el

Def (G) 5\ U  Def(@)lEn? | =~ Det(G)

lvl ! vl !
rank 4 /oo W=d—1

Consequently, after inverting w, by Proposition Def(G)iﬁggi decomposes as
follows:

—1 n—d
(A47)  Def(G)iEn = ] I1 Def(G)2(  A/4) ,
d=0,...,n VEGry((w—1A/A)™)

where Grq ((w™'A/A)") is the Grassmannian, i.e., the set of d-dimensional A/w-
linear subspaces of (w=1A4/A)".

The right-hand side of is a disjoint union of partial Lubin-Tate spaces.
This proves the second claim. By Lemma the generic fibre of each of those
partial Lubin-Tate spaces is finite, étale, and regular over the generic fibre of some
Lubin-Tate of classical type. Lubin-Tate spaces of classical type are known to be
quasi-affine (e.g. see the proof of Lemma 2.5.1 of [66]). By Corollary 5.6 of [7], quasi-
affineness is inherited by finite étale covers of a quasi-affine rigid analytic space, so
partial Lubin-Tate spaces are quasi-affine, so the generic fibre of Def(G)?\igg} is
quasi-affine. This proves the first claim in the case m = 1.

The first claim is proven by induction on m. In case m > 1, the inductive step
is proven by much the same argument as that of part (b) of the lemma following

Proposition 4.3 of [25]: Def(G)I5". coincides with the formal spectrum of

vlw™

D(Def (G)yfn )[04, - - 0a))/ ([w]@m,l (61) = mm—1(e1),

[w]@m71 (92) - nm—l(e2)a [ERE [w]@vn—l (en) - nm—l(en)> s

where ey, ..., e, is a minimal set of generators for the A-module (= (m~DA/A)",
and where 7,1 : (w~ (M YA/A)" = G,,_1(mg,,_,) is the universal level ™!

structure defined on T’ (Def (G)desen ) . If we have already decomposed the generic

lvlegm—1
fibre of Def (G)ﬁig;rfn as a disjoint union of the generic fibre of finitely many affine
formal schemes X, each of which has generic fibre which is finite, étale, and regular

over that of Def(G), then
SPET(X)[01, - 0]}/ ([, (B1) = mx (en),

[l 02) = nx(e2), . [z (62) = nx(en)

also has generic fibre which is finite, étale, and regular over that of Def(G), com-
pleting the inductive step. ([
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