THE COHOMOLOGY OF THE HEIGHT FOUR MORAVA STABILIZER
GROUP AT LARGE PRIMES.

ANDREW SALCH

AssTrAcT. This is an announcement of some new computational methods in stable ho-
motopy theory, in particular, methods for using the cohomology of small-height Morava
stabilizer groups to compute the cohomology of large-height Morava stabilizer groups. As
an application, the cohomology of the height four Morava stabilizer group is computed
at large primes (its rank turns out to be 3440). Consequently we are able to formulate a
plausible conjecture on the rank of the large-primary cohomology of the Morava stabilizer
groups at all heights.
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1. INTRODUCTION.

This is an announcement of some new computations in homotopy theory, in particular,
the computation of the cohomology of the height four Morava stabilizer group scheme at
primes greater than five, and the computation of the homotopy groups of the K(4)-local
Smith-Toda complex V(3) at the primes at which it exists. These computations are possi-
ble using some new “height-shifting” techniques in computational homotopy theory, which
decompose “higher-height” families of elements in stable homotopy in terms of copies of
“lower-height” families of elements. More specifically, in this document I construct of a
sequence of spectral sequences whose first spectral sequence has as its input the cohomol-
ogy of the height n Morava stabilizer group scheme, and whose last spectral sequence has
as its output the cohomology of the height 2n Morava stabilizer group scheme, at large
primes. In the case n = 2 this set of computations is actually accomplished at primes
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greater than five. I give quite a bit of detail about the computations' in this announcement,
but some parts involve lengthy computer calculations (the cohomology algebra I compute
in the end has F,-rank 3, 440) and due to the difficulty in presenting these kinds of calcu-
lations in a paper, these parts are not yet typed up; I plan to update electronically-available
copies of this document with those details as they are typed up. (Once they are typed up
in their entirety, this document will cease to be an “announcement” and will become an
actual “paper.”)

The computation of the cohomology of Morava stabilizer groups is known to be of
central importance in computational stable homotopy theory, but until now, very little has
been done at heights greater than 2, and as far as I know, nothing has been done at heights
greater than 3; largely this seems to be because computations at each given height start
“from scratch,” i.e., there have been no available techniques to use “lower-height” com-
putations as input for “higher-height” computations. Such techniques are developed and
used in this document, and result in some patterns in the dimensions of the cohomologies
of the Morava stabilizer groups at large heights, which suggest a conjecture about how the
cohomology of the Morava stabilizer group scheme of a given height is “built from” the co-
homology of the Morava stabilizer group scheme at smaller heights; see Conjecture 4.0.1.

Now here is a bit of explanation about what Morava stabilizer group schemes are, and
why they matter. Let p be a prime number and let G be a one-dimensional formal group law
of p-height n over F,. The automorphism group scheme Aut(G) is called the p-primary
height n Morava stabilizer group scheme. The group scheme cohomology H*(Aut(G); F,)
is the input for several spectral sequences of interest in algebraic topology:

e Beginning with H*(Aut(G);F,), a sequence of n Bockstein spectral sequences
computes Cotor*B’;* pp(BP., v, 'BP./I%), the height n layer in the E;-term of the
chromatic spectral sequence, which in turn converges to Cotor‘l;’; pp(BP.,BP,) =
H;;*(Mfg; 0), the flat cohomology of the moduli stack of one-dimensional formal
groups over SpecZ,); this cohomology is, in turn, the E>-term of the Adams-
Novikov spectral sequence, which converges to 7.(S )(,), the p-local stable homo-
topy groups of spheres. See [11] for this material (chapter 6 for the Bockstein
spectral sequences, chapter 5 for the chromatic spectral sequence, chapter 4 for
the Adams-Novikov spetral sequences).

e Beginning with H*(Aut(G);F,), a sequence of n Bockstein spectral sequences
computes H*(Aut(G); E(G).), the cohomology of Aut(G) with coeflicients in the
homotopy groups of the Morava E-theory spectrum E(G),; this is, in turn, the in-
put for a descent spectral sequence converging to m.(Lg(»S ), the homotopy groups
of the K(n)-local sphere spectrum. The long exact sequences induced in homotopy
by “fracture squares” relating Lg S, LEw)S s LE(-1)S , and Lg,—1)Lkn)S allow one
(in principle) to inductively compute Lg,)S from knowledge of Lx)S, Lk1)S, - . ., Lkw)S »
and the chromatic convergence theorem of Hopkins and Ravenel (see [12]) tells
us that the p-local sphere spectrum is weakly equivalent to the homotopy limit
holim,, Lg)S. See [1] and [2] for this material. Since E(G), = T'(Def(G))[u*'],
where I'(Def(G)) is the ring of global section of the Lubin-Tate moduli space of
deformations of G, the computation of H*(Aut(G); E(G).) is perhaps of some in-
dependent interest in number theory.

IThe spectral sequence computations described in this document are of a really substantial scale (see Propo-
sition 3.3.2, for example), and although these spectral sequences have been worked through and checked once,
it would not be unreasonable for the reader to regard the results of these computations as provisional until they
have been completely written up and checked by others.
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o [f the p-local Smith-Toda complex V(n — 1) exists, then H*(Aut(G); Fp)[v;ll] is the
input for the E(n)-based Adams spectral sequence which converges to . (Lg ) V(n—
D) = Lk Vin — 1)).

e More generally, if X is a p-local type n finite complex (i.e., X is E(n—1)-acyclic but
not E(n)-acyclic), then E(n).(X) admits a finite filtration whose filtration quotients
are each isomorphic to F,, and this filtration gives rise to a spectral sequence
whose input is a number of copies of H*(Aut(G); F,) and whose output is the E>-
term Cotorzzn)* E(n)(E(n)*,E(n)*(X)) of the E(n)-based Adams spectral sequence
which converges to 7, (LgnX).

e There are further variations and combinations of these methods for computing
K(n)-local, E(n)-local, or global stable homotopy groups of various finite CW-
complexes.

So, in order to make computations of stable homotopy groups, it is very, very helpful to
be able to compute H*(Aut(G);F,). This has been accomplished when n = 1 (classical;
see Theorem 6.3.21 of [11], but one can even extract it from [8] without any mention
of homotopy theory at all), when n = 2 (see Theorems 6.3.22 and 6.3.24 of [11], and
Theorem 6.3.27 for the p = 2 and n = 2 answer modulo multiplicative extensions), and
when n = 3 and p > 3 (see Theorem 6.3.34 of [11]).

In this document, we construct some spectral sequences which are designed to be used
in conjunction with Ravenel’s spectral sequences, from section 6.3 of [11], to compute
the cohomology of large-height Morava stabilizer group schemes in terms of lower-height
Morava stabilizer group schemes. Here are the main steps from our Strategy 2.0.14:

From a height n formal group to a height » formal module: Let  be a positive in-
teger and let p be a sufficiently large prime (for example, p > 5 suffices when

n = 2, and for arbitrary n, p > 2n + 1 “usually” suffices; the bound on p is so
that the group scheme cohomology H*(strictAut(Gy/,); F,) of the height » Morava
stabilizer group scheme strictAut(G,) is isomorphic to the cohomology of a cer-
tain DGA, as in section 6.3 of [11]). Then there exists a spectral sequence whose
input is a tensor product of H*(strictAut(G,,,); F,) with an exterior algebra on n?
AR

e 2,
generators, and whose output is H*(strictAut(G, ;n »), the group scheme co-

homology of the strict automorphism group scheme of a ZP [ \/]_)]—hei ght n formal
Z,, [ \/ﬁ]-module over F,.

(Conceptually, this is appealing: H *(strictAut(Gﬁ’n[ \/ﬁ]); F,,) is “built from” 2¢")
copies of H*(strictAut(G,,); F),). But for practical computations, this spectral se-
quence can be broken down into a sequence of n intermediate spectral sequences
which are much smaller and more tractable; the n = 2 case of these intermedi-
ate spectral sequence calculations are Propositions 3.2.1 and 3.2.2 in the present
paper.)

From a height » formal module to a height 2»n formal group: We then use a “height-

shifting spectral sequence” whose input is the tensor product of H* (strictAut(G%?’} V7l );Fp)

with an exterior algebra on 2n? generators, and whose output is the cohomology
of a certain differential graded algebra £(2n, 2n, 2n), which, if p > 2n + 1, is iso-
morphic to the cohomology of the restricted Lie algebra PEO]Fp[strictAut(Gl j2n)]
of primitives in the associated graded Hopf algebra of Ravenel’s filtration on the
profinite group ring F,[strictAut(Gy/,)]. The cohomology of this restricted Lie
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algebra is, in turn, the input for Ravenel’s May spectral sequence (see Theo-
rem 2.0.5, or see Theorem 6.3.4 of [11]) which converges to the group scheme
cohomology H*(strictAut(Gy/2,);F,) of the height 2n Morava stabilizer group
scheme.

(Again, conceptually, this is appealing: H*(strictAut(Gy,2,); Fp) is “built from”

22™) copies of H*(strictAut(G%’”[ W]);Pp). But for practical computations, this
spectral sequence can be broken down into a sequence of 2n intermediate spectral
sequences which are, again, much smaller and more tractable; n = 2 cases of these
intermediate spectral sequence calculations are Propositions 3.3.1 and 3.3.2 in the
present paper.)

A “formal A-module” is a formal group with complex multiplication by A; the definition
is recalled in Definition 2.0.6, and a few basic properties of formal modules are in the
definitions and theorems immediately following Definition 2.0.6.

Carrying out these computations in the case n = 2 (i.e., to compute the cohomology of
the height 4 Morava stabilizer group scheme using, as input, the cohomology of the height
2 Morava stabilizer group scheme, at primes p > 5), we get:

e In Proposition 3.1.2 we compute the cohomology of the height 2 Morava stabi-
lizer group scheme (which was already known; see e.g. Theorem 6.3.22 of [11]);
H*(strictAut(G 2); F,) has cohomological dimension 4, total rank (i.e., dimension
as an F),-vector space) 12, and Poincar€ series

A+ 921 +s+5)=1+3s+4s> +35 + s*.

For topological applications, one also needs to know topological degrees of co-
homology classes. These topological degrees are are all divisible by 2(p — 1), and
due to v,-periodicity, are only defined modulo 2(p*—1). If we write a two-variable
Poincar€ series for H*(strictAut(G,); F,), using s to indicate cohomological di-
mension and using ¢ to indicate topological dimension divided by 2(p — 1) (e.g.
252" is a 2-dimensional [F,-vector space in cohomological degree 2 and topolog-
ical degree 2p*(p — 1)), then the resulting Poincaré series is

(14 9)(1 + st + st” + °t + s°t" + 7).

¢ In Proposition 3.2.3 we compute the cohomology of the strict automorphism group
scheme of a Zp [ \/ﬁ]-height 2 formal Zp [ \/ﬁ]-module. This is a new computation.

We get that H *(strictAut(G%}’z[ VPl ); F,) has cohomological dimension 8, total rank
80, and Poincaré series

A+ %1 +352+ 5 =1 +45+ 95> + 165> + 205" + 165° + 95 + 457 + 5°.

. . . P N Z,
If we write a two-variable Poincaré series for H*(strictAut(G, ;2[ @]); F,), then
the resulting Poincaré series is
(14 s D1 + $)(1 + st + s + 5°F + s°627 + 5°t + s°1° + 25°
12832 +28°°P + s't+ 4P + 5P+ 5P + St + 017 + 59).

e We carry out (in Propositions 3.3.1 and 3.3.2) two of the remaining five spectral
sequences required to compute the cohomology of the height four Morava stabi-
lizer group scheme. As is evident from the proofs presented in this document,
these computations are not too difficult to do by hand. The remaining spectral

sequences were also run primarily by hand but for some parts computer assis-
tance was used (specifically, I used a computer to find cocycle representatives
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for certain cohomology classes, in order to compute spectral sequence differen-
tials); I plan to update the electronically-available copies of this document with
full details of those computations as I get them typed up. Here are the results I
arrived at from running the remaining spectral sequences: the Poincaré series of
H*(strictAut(Gy/4); F,), the mod p group scheme cohomology of the strict auto-
morphism group scheme of a height 4 formal group over F,, using s to denote
cohomological degree, is:

A+ s* = +52 —x+ D1 +25+55> +95° + 957 +95° + 555 + 257 + 5°)

=1+5s" +185% + 555 + 1295* + 2495° + 409s° + 5515" + 606s°

+ 5515 + 409s5'0 + 249s'" + 12952 + 55513 + 1851 + 551 + 5'°,
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The two-variable Poincaré series of H*(strictAut(Gy/4); F,), using s to denote
cohomological degree and ¢ to denote topological degree divided by 2(p — 1), is:
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The total F,-vector space dimension of the mod p cohomology of the height 0,1, 2, 3,
and 4 Morava stabilizer group schemes, for p > n + 1, is 1,2,12,152, and 3440, re-
spectively. These numbers fit into a distinct recursive pattern which bears some kind of
resemblance to the way that cohomology of large-height Morava stabilizer group schemes
is assembled from cohomology of lower-height Morava stabilizer group schemes, as in
Strategy 2.0.14. I do not know if there is a connection between the numerical phenomenon
and the cohomological phenomenon.

The cohomology H*(strictAut(Gy/4);F,), tensored with ]F,,[v:fl], is the input for the
E(4)-Adams spectral sequence computing m.(Lg4)V(3)), or equivalently (since V(3) is
E(3)-acyclic), m.(Lk@4V(3)). There is no room for nonzero differentials in this spectral
sequence, and consequently H*(strictAut(Gy/4); Fp) ®r, F), [vj"] is isomorphic, after an ap-
propriate regrading, to m.(Lk)V(3)). At primes less than seven, V(3) is known not to
exist, so the computations in this document recover m.(Lg4),V(3)) at all primes at which
V(3) exists. [ have been told that M. Mahowald conjectured that V(3) is the last Smith-Toda
complex to exist, that is, V(n) does not exist for n > 3 and for all primes; if Mahowald’s
conjecture is true, then the computations in this document finish the problem of computing
the K(n)-local stable homotopy groups of the Smith-Toda complex V(n — 1).

Although this document focuses on the cohomology of the Morava stabilizer group
schemes at large primes, the methods in this document can be applied to the case p =
n + 1, in which case H*(strictAut(Gy,,); F,) is known to be infinite-dimensional. The
computations when p = n + 1 are more difficult, partly because the Lie-May spectral
sequences 2.0.1 and 2.0.3 have nonzero differentials, and partly because the algebra is
slightly different: one needs to use formal groups with complex multiplication by Zp [{ p] =
Z,, [ ﬁ], rather than Z,, [ \/ﬁ], and this leads to a slightly different filtration of X(2n, 2n)
from the “arithmetic filtration” defined in Definition 2.0.2.

This project is a continuation of the sequence of ideas found in chapter 6 of Ravenel’s [11],
in which the ideas of Milnor and Moore from [7] and of May from [6] are put to use to
compute the cohomology of Morava stabilizer groups. The profound influence of D.C.
Ravenel on this work should be unmistakable. I am grateful to Ravenel for his generous
guidance and help.

Conventions 1.0.1. All formal groups in this document are assumed commutative and
one-dimensional.

2. SETTING UP THE SPECTRAL SEQUENCES.

The following sequence of integers was defined in Theorem 6.3.1 of [11].

Definition 2.0.1. (Ravenel’s numbers.) Fix a prime number p and a positive integer n.
Let d,,; be the integer defined by the formula

Lo ifi<0
" max{i, pd, .} ifi>0.

(Clearly d,, ; depends on the prime number p, but the choice of prime p is suppressed from
the notation for d, ;.)

The differential graded algebras we consider all admit an action by C,.. We fix a gener-
ator for C,, and we write o for this generator.
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Definition 2.0.2. Let p be a prime, m a positive integer, n a positive integer, and let K(n, m)
denote the Z-graded, Z|2(p" — 1)Z-graded, C,-equivariant differential graded F,-algebra

K(n,m) = A(hij:1<i<m0<j<n)

with differential
i-1

d(h ;) = Z I, hick, j+ics
=l

with the convention that h; ., = hix. The gradings and C,-action are as follows:

o the cohomological grading is given by |h,-,j| =1,

o the Z-grading other than the cohomological Z-grading is called the “Ravenel
grading,” and is given by Hh, j” = d,; (the numbers d,; are defined in Defini-
tion 2.0.1),

o the Z/2(p"—1)Z-grading is called the “internal” (also called “topological”) grad-
ing, and is given by |||h,]||| =2(p' - 1)p/,

e and the Cy-action is given by o(h; ;) = h; j.1. Note that the C,-action preserves
the cohomological gradings and the Ravenel grading, but not the internal grad-
ing; this behavior will be typical in all of the multigraded DGAs we consider, and
we adopt the convention that, whenever we speak of a “multigraded equivariant
DGA,” we assume that the group action preserves all of the gradings except pos-
sibly the internal grading.

If n is even, then filter K(n,m) by powers of the ideal I,,, = (hij — hjjenp : 1 <0 <
m,0 < j < n). We will write EgX(n,m) for the associated graded differential graded
algebra of this filtration on K(n,m).

One checks easily that the ideal I, is a C,-equivariant differential graded Hopf ideal
which is generated by elements that are homogeneous in both the Ravenel grading and the
internal grading. Consequently Eq%(n,m) is a bigraded C,-equivariant Z/2(p"? — 1)Z-
graded differential graded F,-algebra, i.e., Eq%(n,m) has a total of four gradings. (The
reader who is unhappy with a quad-graded equivariant differential algebra will perhaps
be reassured to know that any of these gradings, as well as the C,-action, can be safely
ignored when reading this document, as long as one is not trying to reproduce the spectral
sequence calculations; the only ways in which all these gradings are used is to eliminate
possible differentials in various spectral sequences later on in the document, by observing
that the spectral sequence differentials respect these gradings. The C,-action is similarly
only used to reduce the amount of work in spectral sequence computations, by observing
that certain spectral sequence differentials commute with the C,-action.)

Conventions 2.0.3. We adopt the convention that, given an element x € X(n, m),

o |x| denotes the cohomological degree,

e ||x]| denotes the Ravenel degree,

e and |||x||| denotes the internal degree (that is, the degree in the Z/2(p"? - 1)Z-
grading).

e When we need to describe all three gradings at once, we will say that x is in
tridegree (|x], [|xl, [llxID.

e If x is instead an element of Ey X (n, m), then we will use |x]|, ||x||, |||x]|]| as above,
and we will write ||||x]||| for the arithmetic degree, i.e., the grading on EyX(n, m)
induced by the filtration by powers of I on X(n,m). We then say that x is in
quad-degree (||, [lxll , lllxII], [lIxlID-
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e We also write “graded DGA” to mean a DGA with one grading in addition to its
cohomological grading, ‘bigraded DGA” to mean a DGA with two gradings in
addition to its cohomological grading, and so on.

Proposition 2.0.4. The C,-equivariant trigraded DGA EyX(n,m) is isomorphic to the
exterior algebra

A(hijiwip:1<i<m0<j<n/2,0<j <n/2),

with h; ; in quad-degree (1,d,;,2(p' — 1)p’, 0), with w; j in tridegree (1,d,;,2(p' = 1)p’, 1),
with Cy-action given by o(h; j) = h; j+1 and oo(w; ;) = w; j+1, and with differential given by

i—1
d(h;j) = Z i ik, jkos
p

i-1
d(w;;) = Z (Wk, hick jer + hi jwick, j+k)
k=1
with the convention that h; j ;2 = hi j and wi jin;2 = —w; ;.

Proof. Let h;; € EyK(n,m) be the residue class of h;; € X(n,m) modulo I, ,, and let
wij € EgK(n, m) be the residue class of h; j — hj jin2 € Lnm S K(n, m) modulo I,%’m. Then
it is a routine computation to arrive at the given presentation for Eo X (n, m). O

Recall that, given a formal group G, the strict automorphism group scheme of G, which I
will write strictAut(G), is defined as the group scheme of automorphisms of G whose effect
on the tangent space of G is the identity. In more concrete terms: given a commutative ring
R and a formal group law F(X,Y) € R[[X, Y]], an automorphism of F' is given by a power
series f(X) € R[[X]], and we say that f is strict if f(X) = X mod X?. When G is defined
over a finite field of characteristic p and has p-height n, then strictAut(G) is sometimes
called the height n strict Morava stabilizer group scheme. Reduction modulo the quadratic
and higher terms gives us a short exact sequence of profinite group schemes

1 — strictAut(G) — Aut(G) — G,, — 1

and since R* is usually relatively understandable (e.g. when R is a finite field), when some
knowledge of the cohomology of Aut(G) is required, it is usually possible to arrive at that
knowledge via the Lyndon-Hochschild-Serre spectral sequence, if one can compute the
cohomology of strictAut(G).

Theorem 2.0.5. (Ravenel.) Let G be the formal group law of height n over F, which is
classified by the map BP, — F, sending v, to 1 and sending v; to O for all i # n. Then
there exist C,-equivariant spectral sequences

2.0.1)

! ~ np . n . s
B & ot (y((n, I'p — 1J)) ®r, P(b,-,j 11<i< I'p — 1],0 <j< n) = Cotor;(’;gp[StrictAut(G)]*(Fp,F,,)
d 'E‘Y’t’”’v - Es+l,t,u,v+r—1
re=r r
(2.0.2) EN = CotorSE’i’I';p[strictAut(G)]*(]F,,,]F,,) = H’(strictAut(G); F,)

. Stu s+1,t—ru
d,: ES" — E} ,
where:

o | x] denotes the integer floor of x,
e b, is in quad-degree (2, pd,;,2(p' — 1)p/™1, 1),
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o o(bij) = b1,
o I, [strictAut(G)]" is the continuous F,-linear dual of the profinite group ring F,[strictAut(G)],
o and where EgF ,[strictAut(G)]" is the associated graded Hopf algebra of Ravenel’s

filtration (see 6.3.1 of [11]) on F,[strictAut(G)]".

Proof. Theorem 6.3.4 of [11]. The essential points here are:
e Using the isomorphism Cotorg \icaua (Fp:Fp) = H*(strictAut(G); F,), spec-
tral sequence 2.0.2 is simply the spectral sequence of Ravenel’s filtration of the
Hopf algebra F,,[strictAut(G)]*, analogous to J. P. May’s famous spectral sequence,
from [6], computing the cohomology Ext} (F,, F,) of the Steenrod algebra A by fil-
tering A by powers of its augmentation ideal. Ravenel’s filtration is the increasing
filtration on

F,[strictAut(G)]* = F, ®pp, BP.BP ®pp, F,
=Fylt.n,...1/(t =t forall i)

given by letting the element rl’ be in filtration degree s,(j)dy;, where s,(j) is the
sum of the digits in the base p expansion of j, and d,,; is as in Definition 2.0.1.

e Spectral sequence 2.0.1 is a special case of the lesser-known spectral sequence
from J. P. May’s thesis [6], which computes the cohomology of a restricted Lie
algebra from the cohomology of its underlying unrestricted Lie algebra. I have
been calling this type of spectral sequence a “Lie-May spectral sequence,” to dis-
tinguish it from the spectral sequence of a filtered Hopf algebra, also introduced
in May’s thesis (and of which 2.0.1 is a special case).

The point here is that F, [strictAut(G)] is not primitively generated, but E 0Fp[strictAut((G’,r)]

is; and from [7], the cohomology of a primitively generated Hopf algebra over a

finite field is isomorphic to the cohomology of its restricted Lie algebra of primi-

tives. In Theorem 6.3.4 of [11] Ravenel shows that the resulting Lie-May spectral

sequence splits as a tensor product of a large tensor factor with trivial E,-term with

a tensor factor whose E,-term is the cohomology of a certain finite-dimensional

solvable Lie algebra, tensored with P(b;j : 1 <i < L#J, 0 < j < n); the Koszul
complex of that finite-dimensional solvable Lie algebra is % (n, L%J).

O

We will need a “relative” version of Theorem 2.0.5 in which we compare the cohomol-

ogy of the automorphism group scheme of a formal group with complex multiplication to

the automorphism group scheme of its underlying formal group. This “relative” theorem

is Theorem 2.0.11, but first, here are the necessary definitions:

Definition 2.0.6. Let A be a commutative ring, and let R be a commutative A-algebra. A
(one-dimensional) formal group over R with complex multiplication by A, or for short a
formal A-module over R, is a formal group law F(X,Y) € R[[X, Y]] together with a group
homomorphism p : A — Aut(F) such that p(a) = aX mod X2.

If F, G are formal A-modules over R, a morphism f : F — G of formal A-modules is
a power series f(X) € R[[X]] such that f is a homomorphism of formal group laws (i.e.,
FFX,Y)) = G(f(X), f(Y))), and such that f(a)(pr(X)) = pc(f(a)(X)) for all a € A.

The classical results on p-height and p-typicality (as in [4]) were generalized to formal
A-modules, for A a discrete valuation ring (the second and third claims are proven by M.
Hazewinkel in [3]; the first claim is easier, but a proof can be found in [16]):
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Theorem 2.0.7. Let A be a discrete valuation ring of characteristic zero, with finite residue
field. Then the classifying Hopf algebroid (L*, L* B) of formal A-modules admits a retract
(VA, VAT) with the following properties:
o The inclusion map (VA, VAT) — (LA, L*B) and the retraction map (L*,L*B) —
(VA, VAT) are maps of graded Hopf algebroids, and are mutually homotopy-inverse.
o [f F is a formal A-module over a commutative A-algebra R and the underlying
formal group law of F admits a logarithm 1og(X), then the classifying map L* —
R factors through the retraction map L* — VA ifand only iflogp(X) = 3,51 @, X
for some a1, s, ... € RQ®z Q, where q is the cardinality of the residue field of A.
o VA A[v?, v’g, ... 1 with v4 in grading degree 2(q" - 1).
Definition 2.0.8. Let A be a discrete valuation ring of characteristic zero, with uniformizer
n, and with finite residue field. Let R be a commutative A-algebra, and let G be a formal
A-module over R.

e We say that G is A-typical if the classifying map L* — R factors through the
retraction L* — VA,

o If G is A-typical and n is a nonnegative integer, we say that G has A-height
> n if the classifying map VA — R factors through the quotient map V4 —
VA/(ﬂ,v‘;‘, ... ’V2_1)~ We say that G has A-height n if G has A-height > n but
not A-height > n + 1. If G has A-height > n for all n, then we say that G has
A-height co.

e The inclusion VA — L* associates, to each formal A-module, an A-typical formal
A-module typ(G) which is isomorphic to it. If G is an arbitrary (not necessarily
A-typical) formal A-module, we say that G has A-height n if typ(G) has A-height
n.

The following is proven in [3]:

Proposition 2.0.9. Let p be a prime number.

e Every formal group law over a commutative Zp-algebm admits the unique struc-
ture of a formal Zp-module. Consequently, there is an equivalence of categories
between formal group laws over commutative Zp—algebras, and formal zp—modules.
Under this correspondence, a formal Zp—module is Zp—typical if and only if its un-
derlying formal group law is p-typical. If G is a formal Z,,-module on,,-height n,
then its underlying formal group law has p-height n.

e IfL,K are finite extensions of Q, with rings of integers B, A respectively, if L/K is
a field extension of degree d, and if G is a formal B-module of B-height n, then the
underlying formal A-module of G has A-height dn.

e In particular, if K/Q, is a field extension of degree d, if K has ring of integers A,
and if G is a formal A-module of A-height n, then the underlying formal group law
of G has p-height dn. Consequently, the only formal groups which admit complex
multiplication by A have underlying formal groups of p-height divisible by d.

Let K/Q,, be a finite field extension, let A be the ring of integers of K, and let k be the
residue field of A. It follows from the formal module generalization of Lazard’s classifica-
tion of formal group laws over k (see [4]) that, for each positive integer n, there exists an
A-height n formal A-module over k, and any two A-height n formal A-modules over k are
isomorphic. Under the Barsotti-Tate module generalization of the Dieudonné-Manin clas-
sification of p-divisible groups overk (see [5]; also see [9] for a nice treatment of the theory
of Barsotti-Tate modules), it seems to be standard to write G,/, for any indecomposable,
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slope r/s Barsotti-Tate A-module over k. Every formal A-module of A-height n over k, for
n positive and finite, has an associated Barsotti-Tate A-module, and this Barsotti-Tate A-
module is indecomposable and isomorphic to G, (if we were allowing formal A-modules
of dimension greater than one, then we would get associated Barsotti-Tate modules which
are not necessarily indecomposable, and with summands having slope of numerator greater
than one).

To make computations of stable homotopy groups, we can work with formal modules
defined over F,,, but typically this leads to the need to run an additional spectral sequence,
namely a descent spectral sequence for the resulting Gal(Fp /Fp)-action on all the homotopy
groups we compute. It is more convenient to work with formal modules over F, whenever
possible. To that end, we want to choose a Gal(%/k)—form of Gy, for each n. In more
concrete terms: we want to give a name to one particular convenient choice of A-height
n formal A-module over k for each positive integer n. Here is our notation for this, in the
particular cases we will study most closely in this document:

Conventions 2.0.10. For each prime p and each positive integer n, let Gﬁ’n[ \d

the Z,, [\/ﬁ]—typical formal Z, [\/ﬁ]—module over F, classified by the map vaLvrl F,

sending v%”[\/ﬂ to 1 and sending viZ”[ﬁ] to 0 for all i # n. We let Gy, denote the
G

denote
underlying formal group of

It is clear from Definition 2.0.8 that Gﬁ[ V7] has Zp [ \/ﬁ]—height n. In general, for a to-
tally ramified finite extension L/K, the underlying formal Ox-module of an O, -typical for-
mal Op-module is also Og-typical (see [15] for this fact). Consequently Gy, is p-typical,
and furthermore has p-height 2n, by Proposition 2.0.9. It follows from a computation of
the map BP, — vz Vel (e.g. in [15] or in [13]) that Gy, is the p-typical formal group
law over F, classified by the map BP. — F, sending v, to 1 and sending v; to O for all

i#n.

Theorem 2.0.11. There exist spectral sequences

(2.03)
‘ 2np 2n ‘
ESMY = gt g 2n, | ——=D/Im|®r P|b;;: 1 <i< ,0 < j<n|= Cotor™™" . F,,F
2 Al Lp -1 b/ ’ ) Fr ( i’ Lp -1 ! J EO]F,,[erictAul(GT;;[ﬁ])]*( P p)
d :Es,t,u,v N Es+l,t,u,v+r—l
(2.0.4) Cotor*" (B, F,) = Hi(strictAut(G,7 P B,)

EoF, [strictAut(@, 7 Py

N AL R AT s+1,t—ru
d, E;"" — E;
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and maps of spectral sequences

H***(K(2n, Lz””J)) ®r, P(b;j: 1 <i<[2],0 < j<2n)=——=Cotory

EoF,[strictAut(G2,)]* (Pp ’

| |

H*>**(K(2n, LZ"”J)/Inm) ®r, Pbij:1<i<|[2 21,0 < j < n) == Cotor™""

EoF [strictAut(G; 7 V)

Fp)

Fp.Fp)

COtOr* #,% H* (StriCtAUt(Gl /2”); FP)

Eo]F,,[slrlctAut(Gl/2n)]( P> p)

| |

COtOr* E ( s ]F[)) H*(StrlctAUt(G p[ \/7]) F[))

EoF, [strictAu(@, 7 V-

relating spectral sequences 2.0.3 and 2.0.4 to those of Theorem 2.0.5.
Proof. 1t follows from the usual Hopf algebroid “functor of points” argument that the
automorphism group scheme strictAut(G,,) is corepresented by F,[strictAut(Gy,)[* =

F, ®pp, BP.BP ®pp, F),, with the action of BP, on F, given by the ring map BP, — F,
classifying Gy2,. In section 6.3 of [11] one finds the computation

F, ®sp. BP.BP ®pp. Fp = Fy[11, 12, .. ] /(tfz" 1, forall i).

Now the automorphism group scheme strictAut(G 2LV ‘F]) is corepresented by F [strlctAut(G v

F,®ya VAT Qya F,, and in [13] and in [10], one ﬁnds the computation F, ®y VAT @ya F, =
F,®pp, BP.BP®pp, ]F,,/(tfn —t; for all i). Ravenel’s filtration of F,®gp, BP.BP®pp F, (see
the proof of Theorem 2.0.5) induces a filtration on the quotient algebra F, ®ys VAT ®ya F,,,
hence a map of resulting May spectral sequences; one checks that the associated graded

algebra E (]Fp[strictAut(G oLVP ‘f])] ) is primitively generated and that Ravenel’s splitting of

the Lie-May spectral sequence 2.0.1 is compatible with the quotient map F,®gp, BP.BP®pp,

F, = F, ®y VAT ®yu F,, hence we have a map of resulting Lie-May spectral sequences.
A more detailed proof of these claims, in greater generality (applying to a much larger
class of extensions K/Q,, than those of the form Q,(+/p)/Q,)), appears in versions of [14]
which were already privately circulated. O

Definition 2.0.12. Let p be a prime, { a nonnegative integer, m a positive integer with
€ < m, n an even positive integer, and let E(n, m, ) denote the bigraded C,-equivariant
differential graded subalgebra
E(nm, €)= Ahijowyy 1 Si<m 1 <7 <60<j<n/2,0< ) <n/2)

C EoK(n,m)
of EoK(n, m).
Observation 2.0.13. The important (and easy) properties of the differential graded alge-
bras E(n, m, a, {) are the following:

o E(n,m,0) = K(n,m)/I,,, (as trigraded equivariant DGAs),
o E(n,m,m) = EyX(n, m), (as trigraded equivariant DGAs),
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o E(2n,m,0) = K(2n,m)/ Ly, = K(n,m) as bigraded equivariant DGAs (the right-
hand isomorphism does not respect the Ravenel grading),

¢ we have a short exact sequence of (equivariant, trigraded) differential graded alge-
bras

1 = Em,m,t—1) = E(n,m, ) = A(weo, we ..., Wepp—1) = 1.

Putting these ideas together, we have a strategy for computing the cohomology H*(strictAut(Gy/2,); Fp,)
of the height 2n strict Morava stabilizer group scheme by first computing the cohomology
H*(strictAut(Gy/,); F,) of the height n strict Morava stabilizer group scheme:

Strategy 2.0.14. (1) Compute H***(X(n, I%J)). (This cohomology is the input for
Lie-May spectral sequence 2.0.1, which collapses with no differentials when p >
n + 1. The output of Lie-May spectral sequence 2.0.1 is the input for May spec-
tral sequence 2.0.2, which often collapses with no differentials for dimensional
reasons. In particular, as per the remarks following Theorem 6.3.5 in [11],when
n < p — 1 the smallest values of n and p for which any differentials are known
to be nonzero in spectral sequence 202isn = 9 and p = 11. Consequently,
whenn < p— 1, H"*(X(n, L 71)) is “usually” isomorphic to the cohomology
H*(strictAut(Gy,); ]Fp) of the helght n strict Morava stabilizer group scheme.)
(2) Using H***(X(n, |_ 11)) as input, run the Cartan-Eilenberg spectral sequences for
the extensions of trlgraded equivariant DGAs

I - K(n,m - l) i K(I’l, m) - A(hm,()s hm,la e ’hm,n—l) -1

for m = |25 ]+ 1,125 ] +2,. LQ”" | to compute H***(%(n, LZ”" 1)). (This
cohomology is the 1nput for Lie- May spectral sequence 2.0.3, Wthh again col-
lapses with no differentials when p > n + 1. The output of Lie-May spectral
sequence 2.0.3 is the input for May spectral sequence 2.0.4, which again often col-
lapses with no differentials for dimensional reasons, particularly when n < p — 1.
Consequently, when n < p — 1, H***(K(n, LZ"” 1) is “usually” isomorphic to the

cohomology H*(strictAut(G, ”[‘f]) F,) of the strict automorphism group scheme
ofa Z [ \P ]-height n formal Z [\/_ ]-module )

(3) Using H***(X(n, |_2"pJ)) = H**(E(2n,2| "plj 0)) as input (and adjusting the
Ravenel grading to put every h; j in Ravenel degree oy, instead of d,, ;; see Obser-

vation 2.0.13), run the Cartan-Eilenberg spectral sequences for the extensions of
trigraded equivariant DGAs

1 - £(Q2n, 2|_ J £—1)— EQ2n, 2|_—J ) = AWeo.We s sWenja-1) = 1.

fort=1,2,. |_ 7l
(4) Using H*** *(Z(Zn 2|_ 71, 2|-p_| ) = EgK(2n, 2|_ 7 1), run the spectral sequence

(2.0.5) H™ " (EgK(2n, 2L —2 1)) = H™ (%(2n, 2| 2~ ]))
p—1 p—1

for the filtration of X(2n, ZI_I% ) by powers of /.
(5) Using H***(X(2n, ZL"—"’IJ)) run spectral sequence 2.0.1 to compute Cotor;

EIE

EoF, [strictAut(G)]* (Fl” FF’)

(6) Finally, using Cotor’;" EO]F [strictAut(G)]" .(F,,Fp), run spectral sequence 2.0.2 to compute

H*(strictAut(Gy2,); Fp).
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This strategy is actually usable to make explicit computations, and in the rest of this
document I describe the case n = 2 and p > 5, i.e., I show how to use the cohomology
of the height 2 strict Morava stabilizer group scheme to compute the cohomology of the
height 4 strict Morava stabilizer group scheme, at primes p > 5.

3. RUNNING THE SPECTRAL SEQUENCES IN THE HEIGHT 4 CASE, p > 5.

3.1. The cohomology of %(2,2) and the height 2 Morava stabilizer group scheme G ,.
The material in this subsection is easy and well-known, appearing already in section 6.3
of [11].

Proposition 3.1.1. Suppose p > 2. Then we have an isomorphism of trigraded C,-
equivariant F,-algebras

H""(K(2,2)) = Fpll, hio, hi1, hioma, hiia, hiohine} ®g, A(l),

with tridegrees and the C,-action as follows (remember that the internal degree is always
reduced modulo 2(p2 —-1)):

Coh. class  Coh. degree Int. degree Rav. degree Image under o

1 0 0 0 1

hio 1 20p-1) 1 hiy

hiy 1 2p(p-1) 1 hio

o 1 0 2 i

hiom2 2 2(p-1) 3 —h11n2
(3.1.1) hiima 2 2p(p—-1) 3 —hiom

h10d2 2 2(p-1) 3 hi14>

hi&s 2 2p(p—-1) 3 hi0d>

hiohiima 3 0 4 hiohi1m2

hiom &> 3 2(p-1) 5 —hi1n2d>

hiimds 3 2p(p-1) 5 —homé

hiohuumé 4 0 6 hioh111724>.

where the cup products in F,{1, hio, h11, hion2, hi112, hioh1112} are all zero aside from the
Poincaré duality cup products, i.e., each class has the obvious dual class such that the cup
product of the two is hiohi112, and the remaining cup products are all zero.

Proof. We compute the Cartan-Eilenberg spectral sequence for the extension of C,-equivariant
trigraded DGAs

1 - %K(2,1) = K(2,2) > Alhy, hyy) — 1.

Since the differential on %(2, 1) is zero (see Definition 2.0.2), H***(X(2,1)) = X(2,1) =
A(hyo, h11). A change of F-linear basis is convenient here: we will write {5 for the element
hoo + hy1 € A(hog, ha1). (This notation for this particular element is standard. As far as I
know, it began with M. Hopkins’ work on the “chromatic splitting conjecture,” in which £,
plays a special role.) We will write 7, for the element hyy — hy;.

We have the differentials

di, = 0,
dny —2h1oh11
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A convenient way to draw this spectral sequence is as follows:

1 m O mé
hio
hi
hiohi ,
when p > 2, where arrows represent nonzero differentials. O

The table 3.1.1 has one row for each element in an F,-linear basis for the cohomology
ring H***(%(2,2)), but from now on in this document, for the sake of brevity, when writing
out similar tables for grading degrees of elements in the cohomology of a multigraded
equivariant DGA, I will just give one row for each element in a set of generators for the
cohomology ring of the DGA.

Proposition 3.1.2. Suppose p > 3. Then the cohomology H*(strictAut(Gy)»);F,) of the
height 2 strict Morava stabilizer group scheme is isomorphic, as a graded F,-vector space,
to

H*" (K(2,2)) = Fp{1, hio, h11, hiona, hiimz, hiohiima} ®F, A(L2)

from Proposition 3.1.1. The cohomological grading on H*(strictAut(Gy,»);F)) corre-
sponds to the cohomological grading on H***(%(2, 2)), so that hyo, h11,{» € Hl(strictAut(Gl/z); F,),
hiona, hiimn € Hz(strictAut(Gl/z);]Fp), and so on.
The multiplication on H*(strictAut(G,); F),) furthermore agrees with the multiplica-
tion on H***(%X(2,2)), modulo the question of exotic multiplicative extensions, i.e., jumps
in Ravenel filtration in the products of elements in H*(strictAut(Gy,2); F,).

Proof. Spectral sequence 2.0.1 collapses immediately, since p > 3 implies that 1 > LI%J.
Hence Cotc)rz;’é:[strict Aty Epr Fp) = H(K(4,2)).

We now run spectral sequence 2.0.2. This is, like all May spectral sequences, the spec-
tral sequence of the filtration (in this case, Ravenel’s filtration, described in the proof of
Theorem 2.0.5) on the cobar complex C®(A) of a coalgebra A induced by a filtration on
the coalgebra itself. To compute differentials, we take an element x € H*(C*(EpA)), lift
it to a cochain x € H*(C*(A)) whose image in the cohomology of the associated graded
H*(Ey(C*(A))) = H*(C*(EpA)) is x, and then evaluate the differential d(x) in the cobar
complex C*(A). If d(x) = 0, then x is a cocycle in the cobar complex C*(A) and not merely
in its associated graded EyC*(A), hence X represents a cohomology class in H*(C*(A)); if
d(x) # 0, then we add correcting coboundaries of lower or higher (depending on whether
the filtration is increasing or decreasing) filtration until we arrive at a cocycle which we
recognize as a cohomology class in the spectral sequence’s E|-page.

It will be convenient to use the presentation

Fyltij:i21,0<j<11/(e; foralli, j)
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for E (Fp[strictAut(Gl/z)]*) =ZEy (]Fp[tl JI, ... ]/(l‘lp2 —t; for all l)), where 1 j is the image

in the associated graded of tfj. The coproducton Fp[t;;: 1> 1,0< j < 1]/(t£i for all i, j),
inherited from that of F,[strictAut(G;,;)]", is given by '

i
At ) = Z hj ® tiskks)
=0

forall i < I_;T"’lj; see Theorem 6.3.2 of [11] for this formula.

hio,h11: The class hyg is represented by #; o in the cobar complex C* (Eo (Fp[strictAut(Gl /2)]*)),

which lifts to #; in the cobar complex C* <Fp[strictAut((G‘r] /2)]*). Since ¢, is a coal-
gebra primitive, i.e., a cobar complex 1-cocycle, all May differentials are zero
on h;o. The Cy-equivariance of the spectral sequence then tells us that all May
differentials also vanish on A o.

{»: There is no nonzero class in cohomological degree 2 and internal degree O for ¢,
to hit by a May differential of any length.

hioma, h11m2: The cohomology class kg, in the Koszul complex of the Lie algebra
of primitives in Ey (Fp[strictAut(Gl/z)]*> (of which %X(4,2) is a subcomplex) is
represented by the 2-cocycle 1 0 ®t0—t10®t2,1 —t1,0®1t ot1,1 in the cobar complex
of E (]Fp[strictAut(Gl /2)]*). This 2-cocycle lifts to the 2-cocycle t; ® t, — 11 ® té’ -

He tf *1in the cobar complex of F,[strictAut(Gy,2)]*. Hence all May differentials

vanish on &97,, and by C;-equivariance, also hj17,.

So the May differentials of all lengths vanish on the generators of the ring Cotorzj‘]i;;[smct AutGr)T (Fp, Fp).

So H*(strictAut(Gy2); Fp) = COtOr*E’:gJ[SmctAut(G]/z)]*(Fp,Fp) = H*"(X(2,2)) as a graded

IF,-vector space. O

3.2. The cohomology of £(4,3,0), £(4,4,0), and the automorphism group scheme of
a Z,[ 4/p]-height 2 formal Z,[ +/p]-module.

Proposition 3.2.1. Suppose p > 3. Then we have an isomorphism of trigraded C,-
equivariant Fy-algebras

H*"*(£(4,3,0) = 430 ®, AL),
where

A4.30

=F,{1, hio, hut, hiohso, hiihat, eao, maeao, hiom2hso, huimahst, hionahaohsi, hiimahsohst, hiohiimahsohsi ),
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with tridegrees and the Cy-action as follows:

Coh. class Coh. degree Int. degree Rav. degree Image under o
1 0 0 0 1
hio 1 2(p-1) 1 hiy
hiy 1 2p(p-1) 1 hio
hioh3o 2 4p-1 L+p hi1hs
hi1hs 2 dp(p—-1) 1+p hioh3o
e40 2 0 1+p —e40

3.2.1

( ) M2e40 3 0 3+p 1n2€40
hiom2h3o 3 4p-1 3+p —hiimhs
hi1m2h3; 3 dp(p—1) 3+p —hiomah3o
hion2h3oh3 4 2(p-1 3+2p hi1m2h3ohs
h11mahzohsn 4 2p(p-1) 3+2p hiomahzohs
hiohiimahsohst 5 0 4+2p —hioh11172h30h31
O 1 0 2 £,

where the cup products in 443 are all zero aside from the Poincaré duality cup products,
i.e., each class has the dual class such that the cup product of the two is hiohi1m2hsohsy,
and the remaining cup products are all zero. The classes in table 3.2.1 are listed in order so
that the class which is n lines below 1 is, up to multiplication by a unit in F, the Poincaré
dual of the class which is n lines above hyoh111m2h30h3..

Proof. We use the isomorphism %(2,2) = £(4, 2, 0), from Observation 2.0.13, to compute
the Cartan-Eilenberg spectral sequence for the extension of C,-equivariant trigraded DGAs

1 - £4,2,0) > £4,3,0) = A(hso, h31) — 1.

We have the differentials

dhyy = —hion,
dhyi = hun,
d(hsoh3)) = —hionahsr — hiimahse.

and their products with classes in H***(‘E(4,2,0)). The nonzero products are

d(hithy) = —hiohum

d(hohs1) = —hiohuim
d(hiohsohs1) = hiohiimhao
d(hihaohs1) = —hiohiinahs.

We write ey for the cocycle hjphs; — hi1h3g. Extracting the output of the spectral sequence
from knowledge of the differentials is routine. The Ravenel degrees in table 3.2.1, in
principle, could have differed from those in table 3.1.1 because we have reindexed the
cohomology classes to use the Ravenel numbers d4; instead of d5;; see the remark in
Observation 2.0.13. However, since the only Koszul generators #; ; appearing in table 3.1.1
have i < 2 and since d,; = d4; for i < 2, the Ravenel degrees for the classes that are in both
table 3.1.1 and table 3.2.1 are equal. O
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Proposition 3.2.2. Suppose p > 3. Then we have an isomorphism of trigraded C,-
equivariant F,-algebras

H""(E(4,4,0)) = 4440 ®r, A({2,{4),
where
Agap0 = Fp{l, hio, hi1, hiohso, hiihsy, hions — m2hzo, hiina
= m2h31, n2e40, Riomahzo, hiin2hst, hiohsona, hi1haims, naeso
+4mahzohay, hiomahaohst, hiimehzohat, hiomahaons, hiimhaing, hiomahaohains, hiimahaohsina, hiohiim2hzohsinal,

with tridegrees and the Cy-action as follows:

3.2.2)
Coh. class Coh. degree Int. degree Rav. degree Image under o
1 0 0 0 1
hio 1 2(p-1) 1 hiy
hiy 1 2p(p-1) 1 hio
hiohso 2 4p-1 l+p hi1hs
hi1h3 2 dp(p—-1) 1+p hioh3o
hiona — mh3o 2 2(p-1) 1+2p —h11m4 + mh3o
h11na — mha) 2 2p(p—-1) 1+2p —hiona + mh3
11pX2N) 3 0 3+ p 12€40
hiom2ho 3 4p-1 3+p —himhs
hiimhs 3 dp(p—-1) 3+p —hiomahao
hioh30m4 3 4p-1) 1+3p —hi1h31ms
hi1hzing 3 4p(p—-1) 1+3p ~hiohzons
Naeqo + 4mhzohz 3 0 1+3p naeqo + 4imahzohs
hiomahsohs 4 2(p-1) 3+2p hiimhzohs
hi1mahsohs) 4 2p(p-1) 3+2p hiomhzohs
hiom2h3014 4 4p-1) 3+3p h11m2h3114
hiim2h31m4 4 4p(p-1) 3+3p h1om2h30m4
hiomahaohs1na 5 2p-1) 3+4p —hiimhaohzing
hi1mahsohsing 5 2p(p—-1) 3+4p —hiom2h30h31104
hiohiimahsohzing 6 0 4+4p hiohiimhsohsing
O 1 0 2 O
4 1 0 2p 4.

The classes in table 3.2.2 are listed in order so that the class which is n lines below 1 is,
up to multiplication by a unit in F), the Poincaré dual of the class which is n lines above
hioh11mhszohs na.

Proof. We use H***(E(4,4,0)), from Proposition 3.2.1, to compute the Cartan-Eilenberg
spectral sequence for the extension of Cy-equivariant trigraded DGAs

1 - £4,3,0) = £(4,4,0) = A(hag, hay) — 1.

A change of F,-linear basis is convenient here: we will write {4 for the element h4g + hyy €
A(hgo, hy1), and we will write 14 for hyg — hg;. We have the differentials

diy = 0,
dng hiohsi + h3ohii = esp,



26 ANDREW SALCH

and one nonzero products with a class in H***(E(4, 3, 0)),

d(naesons) = hiohiinahsohs:.

Extracting the output of the spectral sequence from knowledge of the differentials is rou-
tine. The three classes h1on4, 1174, Na€40 in the E,-term are not cocycles in H***(E(4, 4, 0));
adding terms of lower Cartan-Eilenberg filtration to get cocycles yields the cohomology
classes hyons — nahso, hi1ma — nahs1, naeqo + 41203031 . Note that this implies that there are
nonzero multiplications in 444 other than those between each class and its Poincaré dual;
for example, h10(h1014 — M2h30) = —h1012h30. ]

Proposition 3.2.3. Suppose p > 5. Then the cohomology H*(strictAut(G%/”z[ \/ﬁ]);F,,) of

the strict automorphism of the Zp [ﬁ]-height 2 formal Zp [\/ﬁ]-module G?;’z[ VPl is iso-
morphic, as a graded Fy-vector space, to

H*""(E(4,4,0)) = A440 ®F, A2, ),

from Proposition 3.2.2. The cohomological grading on H *(strictAut(GlZ/”z[ ﬁ]);]Fp) corre-
sponds to the cohomological grading on H**"(£(4,4,0)).

The multiplication on H *(strictAut(GlZ/”2[ @]); F,) furthermore agrees with the multipli-

cation on H***(E(4,4,0)), modulo the question of exotic multiplicative extensions, i.e.,
. . .o . s Z,
Jumps in Ravenel filtration in the products of elements in H*(strictAut(G, ;2[ ‘m); Fp).

In particular, the Poincaré series expressing the F,-vector space dimensions of the grad-

Zn[\/ﬁ]); Fp) is

ing degrees in H*(strictAut(G, A

(1+ 97 (1+25 + 45 +65° +45* + 25 + 5°).

Proof. We use Observation 2.0.13 for the isomorphism H***(Z£(4,4,0)) = H***(X(4,4)/14.4),
which appears in the input of spectral sequence 2.0.3. Spectral sequence 2.0.3 collapses

*, % %

. . . . . 4 ~
immediately, since p > 5 implies that 1 > I-EJ‘ Hence Cotor o W])]*(F,,, F,) =

EoF, [slrictAut(GT/2
H***(E(4,4,0)).
We now run spectral sequence 2.0.4. See the proof of Proposition 3.1.2 for the general
method we use. It will be convenient to use the presentation

Fpltij:i>1,0< j<11/(¢; foralli, j)

for E, (]Fp[strictAut(Glz})z[ vl )]*) = Ey (]Fp[l‘hlz, .. ]/(lf)2 —t; forall i)), where ¢;; is the

image in the associated graded of tf’ j. The coproductonF,[#;; : i > 1,0 < j < 1]/ (tf’l for all i, j),

inherited from that of Fp[strictAut(G%;’z[ W])]*, is given by

i
At ) = Z Thj ® tiskis)
=0

foralli < I_;T”lj; reduce the n = 4 case of Theorem 6.3.2 of [11] modulo the ideal generated

2
by tl{’ —t;, for all i, to arrive at this formula.

hio, h11,¢>: There are no nonzero May differentials of any length on these classes, by
the same computation as in the proof of Proposition 3.1.2.
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hiohso, hi1hsi: The class hiohsg is represented by the 2-cocycle

1 2 1 2 1 2 1 3
ho®130—tp®1Lioho— Etl‘o ®ho+ Etl’o Q1 — Etl’o ® ot — §t1,0 ® 11,1

in the cobar complex C* (Eo (]F » [strictAut(G?;’z[ VPl )]*)), which lifts to the 2-cochain

H®L—1 Q1) — %t% ®1 + %zf ®r - %tf @ - %tio ®

in the cobar complex C* (]Fp[strictAut(Gl /2)]*). Since this 2-cochain is also a 2-
cocycle, all May differentials vanish on & gh3 9. The C,-equivariance of the spec-
tral sequence then tells us that all May differentials also vanish on £ A3 .

hiona, h11ms: The only elements of internal degree 2(p — 1) and cohomological de-
gree 3 are scalar multiples of h19{»{s, but hj9l2¢s is of higher Ravenel degree
than hjons. Hence hjgns cannot support a May differential of any length. By
C»-equivariance, the same is true of h;17y.

nes0: The only elements of internal degree 0 and cohomological degree 4 are F,-
linear combinations of {>mae40, {anaean, {n4e40, and {4n4e49,, but all four of these
elements have higher Ravenel degree than 1,e49, S0 again me40 cannot support a
May differential of any length.

hion2hso, hiimahsi, naeqo: Similar degree considerations eliminate the possibility of
nonzero May differentials on these classes.

{4t The class ¢4 is represented by the 1-cocycle

fro+1ta1 — totsy — tt —ltz —ltz + 1ot 1to + fLofit —1t2t2
4.0 4,1 1,043,1 1,1£3,0 ) 2,0 ) 2.1 1,061,142,0 1,0f1,1%2,1 ) 1,0°1,1°

in the cobar complex C* (EO (IF » [strictAut(G%’} VPl )]*)), which lifts to the 1-cochain

1 1 1
P P p 2 2p p+1 p+l.p 2p+2
a4ty =0l — 0= SO = SO0 0T+ = 6T
in the cobar complex C* (]Fp[strictAut(Gl /2)]*). Since this 1-cochain is also a 1-
cocycle, all May differentials vanish on ¢j.

Now suppose that g > 1 is some integer and that we have already shown that d, vanishes
on all classes, for all r < g. Then d,(17,e40 - naesp) = 0, i.e., d, vanishes on the duality class
in the algebra 4440. For each element in that algebra, we have shown that d, vanishes on
either that element, or on its Poincaré dual. Since d, also vanishes on the duality class, d,
vanishes on all elements in that algebra. Since d, also vanishes on ¢, and 4, d, vanishes
on all classes. By induction, the spectral sequence collapses with no nonzero differentials.

" . Z,[ \/13] ~ % % ~ * %k
So H*(strictAut(G” ;F,) = Cotor™™ N F, F,) = H*"(E4,4,0)) as a
( ( 1/2 ) [7) Eg]F,,[slrictAut(GTfZ[W])]*( P [7) ( ( ))
graded FF,-vector space. O

3.3. The cohomology of £(4,4,1) and £(4,4,2).

Proposition 3.3.1. Suppose p > 3. Then we have an isomorphism of quad-graded C,-
equivariant F,-algebras

H*Y*’*q*(Z(A"’ 43 1)) = H*,*,*(£(4’ 4’ 0)) ®1Fp A(Wl,O’ Wl,l)a

with elements in H**"(E(4,4,0)) in quad-degree (s,t,u,0), withw, j in quad-degree (1,1,2(p—
Dp/, 1), and with the Cs-action given by oWy,;) = Wiy and wip = —wy .
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Proof. By Proposition 2.0.4, the differentials on the classes w,; are zero, so the Cartan-
Eilenberg spectral sequence for the extension

1 - £(4,4,0) > £4,4,1) > Awi0,wi,1) = 1

collapses with no differentials. O

In Proposition 3.3.2, we can give a relatively compact description of the cohomology
of the DGA £(4,4,2) if we give a set of generators for H****(E(4,4,2)) as a A(wig, wi1)-
module, rather than an F,-linear basis. We use the following notation for the A(wyo, wi1)-
modules which arise:

e we write Px for the free A(wjg, w;)-module on a generator x (here “P” stands for
“projective”),

we write Myx for Px/wy,Px,

we write M x for Px/woPx,

we write T'x for Px/(wyg, wi1)Px (here “T” stands for “truncated”), and

given a sequence of symbols Nyx;, Noxs, ..., N,x, of the above form, we write
Xo{N1x1, N2xa, ..., N,x,} for the direct sum Nyxpx; & Noxoxo ® ... N,yXxox,.

Proposition 3.3.2. Suppose p > 3. Then we have an isomorphism of quad-graded C,-
equivariant F,-algebras between H****(‘E(4,4,2)) and the algebra:

H{P1, Mowi1wna, Miwiowla, Twiowiiwiawla}
® hio{Mol, Pwna, Mowla, Pwmawds}
® hp{Mi1, Mywna, Pwls, Pwmawd,}
® hiohao{P1, Pwma, Pwly, Pwiawls}
® hihsi{Pl, Pwnp, Pwla, Pwmw(s}

& (hiona — mhzo){P1, Mowiiwma, Miwiowla, Twiow1iwiawls}

® (hiina — mhsi){P1, Mowiiwna, Miwiowda, Twiowniwmw(a}

® mesofT 1, Miwna, Mowla, Pwmw(s}

® hiomhaoiMol, Pwna, Mowla, Pwmaw(s}

® hnmhs{Mi1, Mywn, Pwls, Pwmwds}

® hiohzonalP1, Pwma, Miwiowla, Miwiowiawls}

® hiihzina{P1, Mowiiwina, Pwés, Mowiiwnawds}

® (naeso + 4mhszoh3 ){PL, Mowiiwnz, Miwiowda, Twiowiiwnawls}

& hionahzohs {T1, Mywnp, Mowl, Pwnawls}

® himahaohs{T1, Mywna, Mowls, Pwiawds}

® hiomahzonalP1, Pwma, Pwls, Pwnawls}

® humhsinalP1, Pwna, Pwls, Pwnawds}

& hionahzohzina{P1, Pwima, Miwiowla, Miwiownawls}
® hiimhaohs1ma{P1, Pwma, Mowiiwla, Mowiiwmawl}
® hiohiimhzohzinad{T1, Mywma, Mowls, Pwnawl5}

Proof. We run the Cartan-Eilenberg spectral sequence for the extension

1 - £4,4,1) - E£4,4,2) > A(wao,wa1) — 1.
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A change of F,-linear basis is convenient here: let w{, = wag+wy; and let wipy = wag—woj.
By Proposition 2.0.4, we have d(wn;) = 2hjowy and d(wlp) = —2h;wio. Computing
products of these differentials with classes in (4, 4, 1) requires that we know products of
the classes in 444 with h19 and k. The nonzero products which are nontrivial (i.e., not
procuts with 1, and not Poincaré duality products) are:

(h1om4 — n2h30) hio = —hio12h30,
(h11n4 — m2h31) hiy = —huinahsi,

-3 1 1
(3.3.1 (hioma — n2h30) byt = 4 e — 5(5772774 - §h30h31),

3 -1 1
(3.3.2) (h11ma — n2h31) hig = 770 ~ 0 = s — §h3oh31 ,

1
(3.3.3) (hioh3ona) hiy = —hion2haohs) + 5(5772h30774)
1

(3.34) (h11h31n4) hio = hiimahsohs) — 5(5772h31774)
(3.3.5) (naeao + 4m2h3ohsr) hio = —6hiomahsohar + 6(2haohs)
(3.3.6) (naeao + 4m2h3oh3r) by = —6h11m2h3ohsy + 6(nahaohsi),

where the symbol ¢ in 3.3.1, 3.3.2, 3.3.3, 3.3.4, 3.3.5, and 3.3.6 is the differential in the
DGA Z(4,4,2), not the differential in the spectral sequence.
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Consequently, we get that the spectral sequence differentials are:

d(wm)
dwls)
d ((hions — m2hzo)wnz)

d ((hions — m2h30)wd2)

d ((h11ns — mahz)wna)

d ((hi1na — mh31)wéz)

d ((hohsona)wda)

d ((hi1hs1ma)wnz)

d ((nseso + 4mahzohz)wd)
d ((naeao + 4m2hzohs1)wnz)
d ((hion2hsohz1ma)wiz)

d ((hi1mhaohsz1ma)wnz)

d (wmwiz)

d ((hiona — n2hz0)wiw(s)

d ((h11ms — mahz)wmawls)

d ((hiohzona)wnawéz)

d ((h11hz1na)wnawds)

d ((naesqo + 4n2hzphs))wnawd)
d ((hmomhaohszina)wnawls)

d ((hiimahaohs1na)wiawls)

2h1owi1
—2hywio
—2h1om2h3owii

S M2€40W10
2

5772640W11
2hi1mahziwio
2hiomahzohziwio
2hy1m2h30hz 1w
12h11m2h30h3iwio
—12hiomhzohz 1w
=2hioh111m2h30h31174W10
=2h1oh11mhzohs1nawi
2hiowiwla + 2hi wiown2

3
—2hion2hzowiiwls — STes0W10Wn:

2hiymhziwiowns + %772640W11W§2
—2hiomhzohz1wiown2

2hy1m2hzohs 1w wds

—12hyon2hz0h31wiiwls — 12h11m2h30h31wiowina
2hioh11m2h30hs1maw10w2
=2hioh11m2h30h31maw11W 00,

along with products of these differentials with wig and w;;. Computing the output of the
spectral sequence from knowledge of the differentials is routine (although tedious). O

3.4. The remaining spectral sequences. The remaining spectral sequences are more dif-
ficult to typeset due to their size, and especially by the time one reaches the last spectral
sequence 2.0.2, some computations (of cocycle representatives for certain cohomology
classes) are prohibitively difficult to do by hand, although not difficult to do by computer.
I do not know yet what the best way is to visually depict these computations. (The absence
of these spectral sequences from this document is the main reason that, as written several
times already, this document is an “announcement,” not an actual paper.)
The spectral sequences remaining to be added to this document are:

(1) the Cartan-Eilenberg spectral sequence for the extension

1 = £4,4,2) = £4,4,3) > A(wsg, w31) = 1,

(2) the Cartan-Eilenberg spectral sequence for the extension

1 = £(4,4,3) > £(4,4,4) = A(wao, war) = 1,

(3) the “height-doubling” spectral sequence 2.0.5:
H*""(E(4,4,4)) = H""(EgK(4,4)) = H™(K(4,4)),
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(4) the Lie-May spectral sequence 2.0.1, which is easily seen to collapse immediately,
yielding the isomorphism
H***(K(4,4)) = Cotor." (Ep, Fp),

E()]FI, [strictAut(Gy/4)]*

(5) and the May spectral sequence 2.0.2,

k% % * s .
COtorEO]F,,[strict Am(Gl/m*(FP,]F,,) = H(strictAut(Gy/4); Fp),

which also collapses with no differentials (although arriving at this conclusion
requires substantial computation!).

4. WHAT OUGHT TO HAPPEN AT HEIGHTS GREATER THAN FOUR?

For each nonnegative integer n and each prime p such that p > n+1, the F,-vector space
dimension of H*(strictAut(Gy,,);Fp) is divisible by 2"; since H*(strictAut(Gy,); Fp) ®,
F,[vi!] is the input for the first of a sequence of n Bockstein spectral sequence comput-
ing the height n layer in the chromatic spectral sequence Ej-term (or, dually, the input
H*(Aut(Gy/,); E(Gy/n).) for the descent spectral sequence used to compute m.(Lg)S)),
and since each one of these Bockstein spectral sequence halves the F,-vector space di-
mension of “most” of the v,-periodized copies of H*(strictAut(Gy;,);F,), the quotient
(dim]pp (H *(strictAut(Gy p); ]P',,))) /2" is an important number: it gives us an excellent esti-
mate of the “size” of the nth Greek letter family in the stable homotopy groups of spheres,
at large primes. Here is a table of these numbers, again assuming that p > n + 1:

n  dimg, (H *(strictAut(Gyp); Fp)) quotient by 2"
0 1 1
1 2 1
4.0.1
( ) 2 12 3
3 152 19
4 3440 215

The sequence 1, 1,3, 19,215 is the initial sequence of Taylor coefficients of the generating
function

4.02) A=Y [:7 [ A(kt)),
" k=1

n>0

that is, if

ay ,

(4.0.3) A(f) = Z i
n>0

satisfies 4.0.2, then ay, a1, a», as, aq are equal to 1, 1, 3, 19, 215, respectively. (Thanks to the

contributors and editors of the Online Encyclopedia of Integer Sequences, without which I

would not have found this generating function!)

Conjecture 4.0.1. Let ay, ay, ... be the Taylor coefficients in the power series 4.0.3 satisfy-
ing the equation 4.0.2. Then the mod p cohomology of the height n strict Morava stabilizer
group scheme at primes p > n + 1 has total F,-vector space dimension 2"a,. That is,

dimg, H* (strictAut(G,): F,) = 2"a,.
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In particular, table 4.0.1 continues:

n  dimg, (H* (strictAut(Gy ,); F,)) quotient by 2"
0 1 1

1 2 1

2 12 3

3152 19

4 3440 215

5 128512 4016

6 7621888 119092

7 704410240 5503205

8 100647546112 393154477.
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